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Preface

This book entitled Introduction to Numerical Methods in Chemical Engineering is designed for
a course on Numerical Methods in Chemical Engineering and the associated Computer
Applications Laboratory course offered as part of undergraduate programmes in chemical
engineering. Also, for the courses on Chemical Engineering Mathematics or Applied
Mathematics in Chemical Engineering, this book can be used for the numerical solution aspects
of chemical engineering problems.

The computer programs are listed in C++. The author assumes that the students are at
least moderately familiar with the C++ language. In addition to the computer examples, there
are several much shorter examples appearing throughout the text. These shorter examples
usually illustrate a particular point by means of hand calculations. 33 sample programs in C++,
arranged by chapter, are presented in the Appendix and about 148 exercises (including chapter-
end exercises with answers) are solved. The numerical solutions of algebraic (linear and
nonlinear) and differential (ordinary and partial) equations encountered in subjects such as
General Chemical Engineering, Chemical Engineering Thermodynamics, Chemical Reaction
Engineering, and Heat Transfer are discussed using introductory but efficient numerical
methods. The students can also use the programs and build up their own programs to solve
specific Design Project problems in chemical engineering. The author feels that before using
chemical engineering software (which use advanced numerical methods), the students should
have some hands-on experience on small programs and introductory numerical methods as well
as their usage in chemical engineering. The experience gained from using these programs helps
in the development of basic understanding of numerical methods and confidence in handling
numerical techniques. Some problems whose analytical solutions are available are also solved
and the numerical and analytical results are compared. By changing various parameters the
student can find out the conditions under which correct results are obtained as well as those
under which correct results are not obtained.

For the solution of linear algebraic equations, the tridiagonal matrix algorithm (TDMA),
Gauss elimination, and Gauss—Seidel methods are discussed. For the solution of nonlinear
equation(s), Newton’s method is discussed and for initial value problems in ordinary
differential equations the Runge—Kutta fourth order method is discussed. For the solution of
boundary value problems the Finite Difference method is used. The Finite Difference method
is a simple yet very powerful tool for the solution of boundary value problems, but requires
a structured grid. It is the basis for the Advanced Finite Volume and Finite Element methods.
In this book the following Finite Difference methods are discussed: Central Difference Scheme
(CDS) for discretization of diffusion terms, Upwind Difference Scheme (UDS) for

xi



xii Preface

discretization of convection terms, Forward in Time and Central in Space (FTCS) difference
scheme for discretization of the one-dimensional transient conduction/diffusion equation
adopting the Explicit, Implicit and Crank—Nicolson methods, and the Alternating Direction
Implicit (ADI) method for the numerical solution of two-dimensional steady and transient heat
conduction.

Chapter 1 contains an introduction to the numerical solution of a system of linear
algebraic equations. The numerical solution of a single as well as two (simultaneous) nonlinear
algebraic equation(s) and the calculation of pressure drop in a pipe under nonlaminar
conditions, minimum fluidization velocity and terminal velocity are all discussed in Chapter
2. The numerical solution of computer-oriented problems in Chemical Engineering
Thermodynamics is discussed in Chapter 3. Various problems in vapour—liquid and chemical
reaction equilibria are discussed. Vapour-liquid equilibrium calculations are done for systems
following Raoult’s law, modified Raoult’s law, Gamma-Phi approach and Phi—Phi approach.
The numerical solution of initial value problems in ordinary differential equations, along with
the initial value problems in double pipe heat exchanger and stirred tanks with coil heater, and
in batch, stirred and plug flow reactors are discussed in Chapter 4. The numerical solution of
boundary value problems in ordinary differential equations and convection—diffusion problems
are discussed in Chapters 5 and 6 respectively. The numerical solution of tubular reactors with
axial dispersion and simultaneous chemical reaction and diffusion in spherical catalyst pellets
are discussed in Chapters 7 and 8 respectively. The numerical solution of one-dimensional
transient heat conduction/diffusion is discussed in Chapter 9, and that of two-dimensional
steady and transient heat conduction is discussed in Chapter 10. The Finite Difference method
is used for the solution of boundary value problems in Chapters 5-10.

The books referred to by the author for the preparation of class notes, on which the
contents of this book are principally based, is given in the Bibliography. The author expresses
his thanks to all those authors, too numerous to acknowledge individually. The author is
indebted to all his colleagues for many positive interactions and discussions and also to all his
friends for their constant appreciation, invaluable advice and encouragement. The author
would like to thank the Department of Science and Technology, New Delhi, for providing
partial financial support and Prof. S.N. Upadhyay, Director, Institute of Technology, Banaras
Hindu University, Varanasi, for providing the major part of the funds for the purchase of
Fluent 25 Users Perpetual License software in the Department of Chemical Engineering and
Technology, which proved immensely useful in the process of writing this book.

The author is also thankful to all his B.Tech. Chemical Engineering students who have
taken up the Computer Laboratory course and various computational and other chemical
engineering courses so enthusiastically and helped in many ways in developing this work.
Their inquisitive questions and enthusiasm towards the numerical solution of algebraic and
differential equations in chemical engineering inspired the author to create a work of this kind,
in which the numerical solution of various equations in chemical engineering is provided under
one cover. Feedback from students has critically guided the development and evolution of the
book, taking it from a handwritten collection of notes to the present form. The book is thus
dedicated to all his students. The author is grateful to Mr. Sudarshan Das, Mr. Abhjit Baroi
and Mr. Pankaj Manohar of PHI Learning for their cooperation.
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The author is indebted and extremely thankful to his mother Kamla Ahuja, to his father
A.D. Ahuja, and his wife Preeti Bala Ahuja, for their care, help and understanding, as without
their support this work could never have been completed.

In spite of all efforts to the contrary, some errors might have crept into the book. The
author would be rather grateful if such errors are pointed out. He would also very much
appreciate any criticism or suggestion for improvement of the contents of the book from the
readers.

Pradeep Ahuja



Chapter 1

Linear Algebraic Equations

A system of linear algebraic equations can be solved by direct or iterative methods. The direct
methods discussed in this chapter are the TriDiagonal Matrix Algorithm (TDMA) and Gauss
Elimination methods, and the iterative method discussed is the Gauss-Seidel method.

A tridiagonal or block tridiagonal set of linear algebraic equations is formed during the
discretization of ordinary and partial differential equations. The discretization of differential
equations using the finite difference method is discussed in Chapters 5 to 10. All types of linear
algebraic equations can be solved using the Gauss Elimination method, but if the equations are
of tridiagonal type, then TDMA is very fast as compared to the Gauss Elimination method. The
Gauss—Seidel method is used for the solution of two-dimensional steady heat transfer, which
is discussed in Chapter 10.

1.1 Tridiagonal Matrix Algorithm (TDMA)

TDMA is a direct method. Consider the following tridiagonal set of linear algebraic equations:

b ¢ X d
a b, ¢, X, d,
a; by o X3 d,
a, b, ¢ X4 d,
= ... (1.1)
ayy by ey || Xna dyy
L ay by Jlxy | [dy J

N linear algebraic equations can be written in the form Ax = d. The matrix A contains elements

on the diagonal (b;, i = 1 to N), sub-diagonal (a;, i = 2 to N), and super-diagonal (¢;, i = 1 to

N — 1), and thus is called a tridiagonal matrix. The algorithm for the solution of this sort of

linear algebraic equation is called the TriDiagonal Matrix Algorithm or the Thomas algorithm.
1



2 Introduction to Numerical Methods in Chemical Engineering

The equations are of the type

a;x;_; +bx; +¢;x;, =d, where a; =0, cy =0 (1.2)

Let us write the solution at x; in terms of x;,; as

CiXiyl

Xi =Yi —T (1.3a)
Then we can also write
Xiy =Yy — L1 (1.3b)
1— - .
Bi-i
where f§; and % are obtained by substituting Eq. (1.3b) into Eq. (1.2). Thus we get
a; (?’m - ﬂ} +Dix; +¢ixyy = d;
Bi
The above equation can be written as
a,c;_
(bi ——1in =d; —a;Y; | — ¢iXiy
Bi-i
Thus
d —av. .
x; = i ~4Yia _ i Xi
a;c; ac;
bi_ tl—lJ (bi_ tt—lJ
( Bi-i Bi-i
Comparing with Eq. (1.3a), we get
a.c.
Bi =¥, - 1.4
B (-4
¥, = di—ayi, _di—ay,
(b,- —“"c"*j h (L5)
Bi-i
a; = 0; therefore
Bi = b (1.6)
and
— dl
14! _b_1 (1.7)

The algorithm for the solution of a tridiagonal set of linear algebraic equations is given below:
(i) Calculate §8; and ¥ for i = 1 to N.

CNXN+1

(ii) Calculate xy =yy — . Since cy = 0, therefore xy = Yy.

N
CiXisl .
(ii1) Calculate x; =Y%; _T fori=N-1,N-2,...,3,2, 1.
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EXAMPLE 1.1 Solve the following set of linear algebraic equations using TDMA

Solution We have

1 x | [-240]
-2 1 Xy -40
1 -2 1 X3 -40
1 -2 1 x4 |=| —40
1 2 1 X —40
I -2 1} x4 -40
I -2|[x;] | —60]
Bi=b=-2
1=ﬂ=_240=120
b, -
1
ﬁ2=[72_azqz—2——=—g
A 2 2
y _dy—ayy; —40-1x120 -160 320
, = - - bt
B> _3 33
2 2
asc 1 4
By=bs- 32 -2 =——
B, 3 3
2
320
—40 - 222
ds — a3y, 3
Y5 = =110
Bs _4
3
a,c 1 5
=p, — A3 __ - __ =
By =b, B, 4 4
3
}/4:514—%]/3:—40—110:120
Ba _3
4
asc, 1 6
Bs=bs - 42— =——
B S 5
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ds —asy, _—40-120 _ 400

A A T
5
ac.c 1 7
=p -5 __y_ = __ L
ﬁG 6 /35 _é 6
5
400
, Cdg-agys T3 1040
6= = =
Bs 7 7
6
a;Cq 1 8
= - :—2——:——
ﬁ7 b7 ﬁG _z 7
6
_0_1040
y7:d7_a776: 7 _365
B; _8 2

Now let us compute the solution starting with x;.

X5 =Y; =74ﬂ=182.5

xg —y, —Ce¥1 1040 730 6 55

CsXg :ﬂ—i- 305x5 _13875

Xs=Ys— B 3

womyy =% g0 38TIXE_ 45
5
4
iy =y =% 110+ BB g3

cy¥y 320 4325 _ 305

BER TR TS

=y, =92 100438 3175
B 2
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Program 1.1 uses the above method for solving the tridiagonal system of linear algebraic
equations and is given in the Appendix.

1.2 Gauss Elimination Method

Gauss Elimination is a direct method. The Gauss Elimination method reduces the system of
equations to an upper triangular system which can then be solved by back substitution.
Consider the following system of three linear algebraic equations:

ayX) + apX, +a3x; =d,

Ay Xy + Ay, + Ay Xy =d,

a3 X + aspX, + a3 x; =ds
The augmented matrix is

a4, ag|d
a a a, |d
21 G 3| (1.8)

a3 Gy as|ds

Take the element a; as the pivot. Multiply the first equation by %1 and then add it to the

second equation, which then becomes an

419 G143 _ ay
(azz_— Xy +| Q3 — Xy =d, ——d,

ap ap a))

Thus x; is eliminated from the second equation. Similarly, eliminate x; from the third

a
equation by multiplying the first equation by ——L and then adding it to the third equation.
ap,

At the end of the first stage the augmented matrix becomes
ay  ay  ald

0 az,z aéS dé (19)
0  ay au|dy

’

a
Now take the element a5, as the new pivot. Multiply the second equation by —% and then
add it to the third equation. Thus x, is eliminated from the third equation. At thé’end of the

second stage the augmented matrix becomes
ay  ay  ald

0 @ ayld, (1.10)
0 0 dai|d;
The values of x;, x,, and x3 can be obtained by back substitution. The pivots should be chosen

in such a way that they are nonzero. Rows can be exchanged so that the pivot is nonzero. This
procedure is called partial pivoting.
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EXAMPLE 1.2 Solve the following set of three linear algebraic equations in three variables
using the Gauss Elimination method:

10x; +x, +2x; =44
2x; +10x, + x5 =51

Solution The augmented matrix is

10 1 244
2 10 1|51
1 2 106l

2
Multiply the first equation by T and then add it to the second equation. We get

10 1 2 |44
0 9.8 0.6/42.2
1 2 10 |61

Multiply the first equation by —% and then add it to the third equation. We get

10 1 244
0 9.8 0.6/42.2
0 1.9 9.8|56.6
L.
This completes the first stage. Multiply the second equation by o8 and then add it to the
third equation. We get ’
10 1 2 44
0 938 0.6 422

0 0 9.68367|48.418367

From the previous equation we get
9.68367x; = 48.418367
Solving, we get x3 = 5.
From the second equation we get
9.8x, + 0.6x3 = 42.2

_422-0.6x5
9.8

Thus Xy 4

From the first equation we get
10x1 + X + 2)C3 =44
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_44-4-2x5

Thus X 10

3.

Program 1.2 uses the Gauss elimination method for solving a system of linear algebraic
equations and is given in the Appendix.

EXAMPLE 1.3 Solve the following set of three linear algebraic equations in three variables
using the Gauss Elimination method:

3% +x, —2x3=9

X =Xy +4x; =1
Solution The augmented matrix is

3 1 2|9
-1 4 -3]-8
1 -1 4|1

Multiply the first equation by % and then add it to the second equation. We get

3 1 =219
0 4.3333 -3.6667|-5
1 -1 4] 1

. : . 1 . . .
Multiply the first equation by 3 and then add it to the third equation. We get

3 1 -2| 9
0 4.3333 -3.6667|-5
0 -1.3333 4.6667|-2

Multiply the second equation by 0.3076923 and then add it to the third equation. We get

3 1 -2 9
0 4.3333 -3.6667 -5
0 0 3.5384|-3.5384

From the previous equation, we get
3.5384x; = —3.5384

Solving, we get x5 = —1.
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From the second equation, we get
4.3333x, — 3.6667x3 = -5

 —5-3.6667

Thus Xy =
4.3333

From the first equation, we get
3X1 +.X'2—2.X3:9

L 942-2

Thus X
3

3.

EXAMPLE 1.4 Benzene (1), toluene (2), styrene (3), and xylene (4) are to be separated in
the sequence of distillation columns shown in Fig. 1.1. Determine molar flow rates of streams
Dy, By, D,, and B,. The composition of the feed stream and the streams D, B;, D,, and B, is
shown in the figure. Also, determine the molar flow rates and compositions of streams B and
D. The molar flow rate of the feed stream is 70 mol/min.

D, x = 0.35
x, = 0.54
x; = 0.04
X4 = 007
X = 016
xy = 0.42

x = 0.20 _ x; = 0.24

x, = 0.40 10 mol/min ¥ = 0.18

x; =025

x4 = 0.15 x; =021
x, = 0.54
x; = 0.10
xy = 0.15
x; = 0.01
x, = 0.10
x; = 0.65
x, =024

Fig. 1.1 Schematic diagram for Example 1.4.

Solution The material balance equations for benzene (1), toluene (2), styrene (3), and xylene
(4) are given below.
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0.20 x 70 = 0.35D, +0.16B, + 0.21D, + 0.01B,
0.40 x 70 = 0.54D, +0.42B, +0.54D, +0.10B,
0.25x 70 = 0.04D, +0.24B, +0.10D, + 0.65B,
0.15x 70 =0.07D, + 0.18B, +0.15D, + 0.24B,

The above equations can be written as

035 0.16 0.21 0.01 || D, 14
0.54 042 054 0.10 || B 28

0.04 0.24 0.10 0.65| D, 17.5
0.07 0.18 0.15 0.24 || B, 10.5
Solving by using the Gauss Elimination method, we get

Dy = 26.25 mol/min

B, = 17.5 mol/min

D, = 8.75 mol/min

B, = 17.5 mol/min.

B = D, + B, = 26.25 mol/min.

The composition of stream B is given by

0.21D, +0.01B,

Nip = =0.0767
gy, 2 O340 H010B; 0
B
v, 2 010D, +0.658, _ o0
~ B
v, 2 015Dy <024, o)
B

D = D; + B; = 43.75 mol/min.

The composition of stream D is given by

g, 2 035D 0168, _ o,
D

oy = 0.54Dll-;0.4231 0492
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v, Q04D T 0248, o
: D

v, = Q0T OI8B,
D

Now, let us check the solution obtained. B + D is 70 mol/min, which is correct. Now, let us
back-calculate the feed composition.

Dx,, + Bx;p —02
70

Dx,p + Bx,p —04
70

Dxzpy + Bxsp — 025

Dx,, + Bx,p —015

70

1.3 Gauss—-Seidel Method

Gauss—Seidel is an iterative method. Consider a system of N linear algebraic equations in N
variables. The first equation can be written with variable x| on the left hand side and the rest
of the terms on the right hand side. Similarly, the second equation can be written with variable
X, on the left hand side and the rest of the terms on the right hand side, and so on. Now we
can assume some values of the variables, and compute the new value of x; from the first
equation and the new value of x, from the second equation, and so on. In the Gauss—Seidel
method, when the new value of x, is computed from the second equation then on the right hand
side for the variable x| the updated value calculated from the first equation, is used. Similarly,
when the new value of x5 is calculated from the third equation, then on the right hand side for
the variables x; and x, the updated values calculated from the first and second equations are
used. By doing this a higher convergence rate is obtained. So the latest values of the variables
are always used.

In the above explanation it is assumed that in the first equation the coefficient of x; is
the highest among the coefficients of the other variables, and in the second equation the
coefficient of x, is the highest among the coefficients of the other variables. All the equations
have many variables in them. A survey of the given system of linear algebraic equations is
made and that variable which has the highest coefficient is kept on the left hand side. The
variable whose coefficient is the largest is used to express that variable in terms of the others.

The Gauss—Seidel method has the disadvantage of not always converging to a solution
and of sometimes converging very slowly. However, this method will always converge to a
solution when the magnitude of the coefficient on the left hand side is sufficiently dominant
with respect to the magnitudes of the other coefficients in that equation.
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EXAMPLE 1.5 Solve the following set of three linear algebraic equations in three variables
using the Gauss—Seidel method:
10x1 + X + ZX3 =44

2x1 + 10)(?2 + X3 = 51
X1 + 2)62 + 10)63 = 61

Solution It can be seen that the coefficient of x; is dominant in the first equation, and the
coefficient of x, and x; are dominant in the second and third equations, respectively. Thus

n+l 44—x£l _2x§l

X =
! 10
w1 _ S1=2x" )
: 10
n+l _ 01- xanrl — ZXEHI
)C3 -
10

Let us assume x, = 0, x3 = 0. The initial values used will not affect the converged solution, but
will affect the number of iterations required for convergence.
First Iteration:

X, :w:4_4
10
x2:51_2X4'4_0:4.22
10
X :61_4'4_2X4'22:4.816
10
Second Iteration:
X = 44 — 422 —2x4.816 30148
10
X, = 51-2x3.0148 —4.816 401544
10
X = 61 —3.01481—02><4.01544 _4.995432

The final converged solution is X, = 3, X, = 4, X;=5.

Program 1.3 uses the Gauss—Seidel method for solving a system of linear algebraic equations
and is given in the Appendix.

EXAMPLE 1.6 Solve the following set of three linear algebraic equations in three variables
using the Gauss—Seidel method:
3x +x, —2x3,=9
—x; +4x, —3x;,=-38

X =Xy +4x; =1
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Solution Let us write the first, second and third equations in the form

n n
nr _ 9= Xy +2x5

x5 = 3
,H1:—8+xl”+1 +3x%
: 4
n+l :1_x1n+1 +x3+1
: 4
Let us assume x, = 0, x3 = 0.
First Iteration:
x1:9_0+0:3
3
2_—8+3+0:_1.25
4
321_3;1'252—0.8125

Second Iteration:

~9+1.25-2x0.8125

X =2.875
3
X, = -8+2.875-3x0.8125 — _1.8906
4
X = 1-2.875-1.8906 09414
; 4
The final converged solution is x; = 3, x, = -2, x3 = —1.
Exercises
1.1 Solve the following using TDMA:
2 -1 1% ] [100]
-1 2 -1 X, 0
-1 2 -1 X3 0
-1 2 -1 Xl |0
-1 2 -1 xs| | 0
-1 2 -1 X 0
-1 2 -1|lx 0
L -1 2][x | [200

(Ans: x; = 111.11, x, = 122.22, x; = 133.33, x; = 144.44, x5 = 155.55,
xg = 166.66, x; = 177.77, x3 = 188.88)
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1.2 Solve the following linear algebraic equations using the Gauss elimination method:
2x; — x, = 100
- X +2x%-x3=0
— X+ 2x3—x4=0
—X3+2x4—x5=0
— X4+ 2x5 — x4 =0
— X5+ 2x6—x7=0
—Xg+2x;—x3=0
- x7 + 2xg = 200

Note that the augmented matrix for this problem is

2 -1 0 0 0 0 0 0|10
-1 2 -1 0 0 0 0 0l 0
0 -1 2 -1 0 0 0 00
0 0 -1 2 -1 0 0 00
0 0 0 -1 2 -1 0 00
0 0 0 0 -1 2 -1 00
0 0 0 0 0 -1 2 -1| 0
0 0 0 0 0 0 -1 2[200]
(Ans: x; = 111.11, x, = 12222, x5 = 133.33, x;, = 144.44, x5 = 155.55,
xg = 166.66, x7 = 177.77, x5 = 188.88)

1.3 Solve the equations in Problem 1.2 using the Gauss—Seidel method.
Note that the equations are expressed in the form

n
w100 + X2
X =

2

n+l n

nel _ X% T3

Xy =
2

n+l n

n+l X + X4

X3 =
2

n+l n

n+l _ X3 + X5

x4 =
2

n+l n
n+l _ Xg  + Xg

2
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n+l n
n+l _ X5 + X7
6 —————

2

n+l n
n+l _ xﬁ + x8
; =

2

i1 200 + X
Xy =——/——
2
(Ans: x; = 111.11, x, = 122.22, x3 = 133.33, x, = 144.44, x5 = 155.55,
xg = 166.66, x; = 177.77, xz = 188.88)

1.4 Solve the following linear algebraic equations using the Gauss elimination method:
4x; + 2x, + x5 = 11
X+ 2x, =3
2x; + X + 4x3 = 16

Note that the augmented matrix is

4 2 111
-1 2 0|3
2 1 4j16

(AHS: X = 1, Xy = 2, X3 = 3)

1.5 Solve the linear algebraic equations of Problem 1.4 using the Gauss—Seidel method:
Note that for Gauss—Seidel to converge the equations are expressed in the form

n n
n+l _ 11 —2X2 — X3
=

4
n+l
n+l _ 3+ X
x2 -
2
n+l n+l
pr 16 - 2x77" —x,
3 =
4
(AnS: X = 1, Xy = 2, X3 = 3)

1.6 Solve the following linear algebraic equations using the Gauss elimination method:
3%, —2x, +7x3 =20
X +6x, —x; =10
10x; —=2x, +7x5 =29
(Ans: x; = 1.2857, x, = 1.9286, x3 = 2.8571)



Linear Algebraic Equations 15

1.7 Solve the linear algebraic equations of Problem 1.6 using the Gauss-Seidel method:
Note that for Gauss—Seidel to converge the equations are expressed in the form

nel 29+ 2x5 —Tx3
==
10
w1 10— X X
e
6

n+l n+l
ol 20 -3x" +2x;
4 =
7

(Ans: x; = 1.2857, x, = 1.9286, x3 = 2.8571)

1.8 Solve the following linear algebraic equations using the Gauss elimination method:

4 1 0 1 0 0 0 0 0|T,] [ -40]
1 4 1 0 1 0 0 0 0T, -20
0 1 4 0 0 1 0 0 O0fT,5]| [-420
1 0 0 4 1 0 1 0 0T, -20
0 1 0 1 -4 1 0 1 0fT,|=| o0
0 0 1 0 1 -4 0 0 1||Th;]| [-400
0 0 0 1 0 0 -4 1 0T, —40
0 0 0 0 1 0 1 -4 1|7, -20
0 0 0 0 0 1 0 1 —4|Ty;]| [-420]

Note that for using the Gauss elimination method the equations have to expressed
in the form of augmented matrix as

4 1 0 1 0 0 0 0 0|40
1 4 1 0 1 0 0 0 020
0O 1 4 0 0 1 0 0 0420
1 0 04 1 0 1 0 0f-20
0O 1 0 1 4 1 0 1 0 0
0 0 1 0 1 -4 0 0 1/-400
0 0 0 1 0 0 —4 1 0f-40
00 0 0 1 0 1 -4 1]-20

0 0 0 0 0 1 0 1 —4-420]

(AnS: Tl,l = 4714, T1’2 = 9125, T1,3 = 18286, T2,1 = 5732, T2,2 = 11500,
T2’3 = 22018, T3‘1 = 4714, T3‘2 = 9125, T3’3 = 18286)
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1.9 Solve the following linear algebraic equations using the Gauss—Seidel method:
4T, +T, +T,;, =-40

L, -4T,,+T3+T,, =20
T, 4T 5+ T,; =-420
L, =4l +T,, +T;, =20
Ly, +T,, =41, +T,3+T;, =0
T3+ Ty, —4T, 5 +T;5 =-400
T, =41, + T, =40
Ty +T5, =4T5, + T3 =20

Ty5+ T, — 4T3 =420
Note that for Gauss—Seidel to converge the equations are to be expressed in the

form
n n
T 40+T, + T,
I
4
n+l n n
Tl ny +T5+T,,+20
L2 =
4
n+l n
Tl L, +T1,; +420
13 =
4
n+l n n
Tl Iy +T,,+T;; +20
21 =
4
n+l n+l n n
Tl T, +T,y +T,5+15,
22 =
4
n+l n+l n
T TIi5 + T, +T3; +400
23 =
4
40 + TH + TP
Tl 21 32
3 B —
4
n+l n+l n
T T, +T5; +T35 +20
32—
4
n+l n+l
Tl I, +T,; +420
33 =

4
(AHS: Tl,l = 4714, T1’2 = 9125, T1,3 = 18286, T2,1 = 5732, T2,2 = 11500,
T2’3 = 22018, T3‘1 = 4714, T3‘2 = 9125, T3’3 = 18286)



Chapter 2

Nonlinear Algebraic Equations

Newton’s (or Newton—Raphson) method for the numerical solution of a nonlinear algebraic
equation is described first in this chapter. Examples discussed include the calculation of
pressure drop in a pipe in nonlaminar range, and the calculation of minimum fluidization
velocity and terminal velocity. Thereafter the solution of two simultaneous nonlinear algebraic
equations is discussed using Newton’s method.

2.1 Newton's Method

The function fis formulated in such a way that the polynomial or the expression whose root
is to be determined is of the form f(x) = 0. Newton’s method is given by

xn+1 :xn _% (21)
where x" is the value of x at the start of the iteration and x**! is the updated value after the
iteration. First an initial value of x is assumed, and the function value and its derivative are
determined at this assumed value. The assumed value is updated by using Newton’s formula,
and again the function value and its derivative are determined at this new value of x (see
Fig. 2.1). The value of x is again updated and the procedure is repeated till there is no change
in the previous and updated values of x. By taking different starting (old) values, different roots
can be obtained, if more than one real root occurs. Note that when the root is obtained, there
is no change in the value of x. That is, X1 = ¥ which implies f = 0, which is the required
condition, that function value should become zero at the root. Note that Newton’s method
works only if, at f = 0, the derivative of the function is not zero. In Fig. 2.1, the function value
becomes zero at the root x,. In this case the starting value is taken to be x;.

The algorithm of Newton’s method is:

(i) Take an initial value of x",

daf

(ii) Calculate f and f' :d_ at the value of X",
x

(iii) Calculate the new value of x, using x"*' = x" _%,
xn+1 _ xn

(iv) Check if < g; if yes, stop, else

17
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(v) Make x" =x""! and go to Step (ii) and repeat the procedure till the condition stated
in (iv) is satisfied. € is the convergence criterion and may be of the order of 1075,

f A
J ) S
I
I
I
I
I
I
I
1
i
-
1
i
i -
1
L > x
0 X1 X2 X3 :\

Fig. 2.1 Concept of Newton’s method.

The derivation of Newton’s formula is presented below. Let a nonlinear algebraic equation be
represented as f(x) = 0. Let us start with an initial guess x° of the solution and let us assume
that it is close to the actual solution x,. We make a Taylor series to approximate f{x) in the

vicinity of x” as follows:
2 2
(x_xo)+iﬂ (r=x) +--
XO 2! dx2 XO

0y, 9
x)=flx")+—
F)=r ()
At the solution, f(xg) = 0 and the Taylor series yields

2
0= 1)+ ] =)o E b=
If x° is sufficiently close to x,, then
‘xs _XO‘>>‘xS —xo‘z > ‘xs —xor > ..

In this case, as long as the first derivative is nonzero at x°, we obtain a reasonable
approximation of the solution, xl, from the rule

O:f(x0)+%

L) 2.2)

Successive application of this rule yields Newton’s method for solving a single nonlinear
algebraic equation in the form
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where f” denotes the derivative of the function with respect to x. The iterations are stopped
when the previous and updated values of x are less than &, that is

"X < gy (2.3)

or

< 8rel (24)

Consider that the real roots of the equation x> — 2x* — x + 2 = 0 have to be determined.
Different roots are obtained by taking different starting values of x. Newton’s method
discussed here determines only the real roots. For the above equation the starting values taken
and the corresponding roots are listed in Table 2.1.

Table 2.1 Different roots obtained by taking different starting values in Newton’s method

Starting value Real root of x* — 2x* — x + 2 = 0 by Newton’s method

4.0 2.0

1.5 -1.0

0.5 1.0
0.25 1.0
0.0 2.0
-1.0 -1.0
-2.0 -1.0
—4.0 -1.0
-100.0 -1.0
100.0 2.0

Thus the three roots on which the solution converges are (2, 1, —1). Various iterations in
Newton’s method to determine the real root of the equation x* — 2x* — x + 2 = 0 with starting
value x = 4 are listed in Table 2.2.

Table 2.2 Various iterations in Newton’s method for starting value of X = 4

n+l n f
Iteration number  Starting point f f’ X =X - ?
1 4.0 30.0 28.0 2.92857
2 2.92857 7.03533 13.01529 2.38803
3 2.38803 1.82478 6.55594 2.10969
4 2.10969 0.37852 3.91362 2.01297
5 2.01297 0.03959 3.10426 2.00022
6 2.00022 0.00066 3.00176 2.00000
7 2.00000 0.00000 3.00000 2.00000

In Table 2.2, f=x* =2 —x+ 2, and " =3x> —4x — | .
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EXAMPLE 2.1 Apply Newton’s method to determine a real root of the equation
f)=x"-5x+1=0
Take the initial approximation as xy = 0.5.

Solution With an initial value of 0.5, it can be checked that the solution is 0.201640.

2.2 Pressure Drop in Pipe

The pressure drop in a pipe of length L is given by the relation

ap=ILVP
2D
where V/ is the average velocity in the pipe of internal diameter D and the fluid density is p.
When the pressure drop is given by Eq. (2.5), the friction factor under laminar flow conditions
is given by

(2.5)

64
~ f= Re (2.6)
where Re = pVD . For the entire nonlaminar range the friction factor is given by the Colebrook
relation K
1 e/D 251
—=-20log| —+ ——
i (3-7 Reﬁj @)

For the laminar conditions the friction factor can be easily determined. But for nonlaminar
conditions the Colebrook equation has to be solved using Newton’s method as described in the
example below.

EXAMPLE 2.2 Air at 25°C and 1 atm flows through a 4 mm diameter tube with an average
velocity of 50 m/s. The roughness is € = 0.0015 mm. Calculate the friction factor using the
Colebrook equation

L:_z.OIOg(g/—D 251 j

+ [
i 37 ReJT
Determine the pressure drop in a 1 m section of the tube using the relation
72
Apo VP
2D

Density of air at 25°C and 1 atm is 1.23 kg/m® and viscosity is 1.79 x 107 kg/m-s.

Solution We have

£ 0.0015

— =0.000375
D
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_pVD  123x50x4x107°

Re S =13743
u 1.79x 10~
Thus
L —_2.0log 0.000375 . 2.51
77 L EEEN
or

—4
= 2.010g(1.01 x 107 + w}

1
Jf Jr
Let us define a function, F, as

-4
J 2.010g(1.01 x107* + w}

Jf Jf

The derivative of the function with respect to the friction factor is given by
2.0x1.83x107 x (=0.5) £
1.01x107™ +1.83x107* f703

Using Newton’s method, we get f = 0.0291. Under these conditions the pressure drop in a 1 m
section of the pipe is given by

F'=—05f"+

~0.0291x 1x 50% x 1.23
2x0.004

Program 2.1 for calculating the pressure drop in a pipe under nonlaminar conditions is given
in the Appendix.

=11185.3 N/m? = 11.19 kPa

2.3 Minimum Fluidization Velocity

Ergun proposed the following general equation applicable for low, medium and high Reynolds
number for pressure drop across a packed bed:

_150pvAL (1-¢€)° L L75pvaL (1-¢)

AP
¢52 d; P 3 ¢S dp e 3

(2.8)

where v is the superficial velocity of the fluid, d, is the particle diameter, ¢, is the sphericity
of the particle, € is the voidage in the packed bed, and AP is the pressure drop across the
packed bed of length AL - p and p are respectively the density and viscosity of the fluid. At
the point of incipient fluidization the force obtained from the pressure drop across the fluidized
bed (AP X A) is equal to the gravitational force exerted by the mass of the particles minus the
buoyancy force. If L,y is the height of the packed bed at the point of minimum fluidization
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and g, is the voidage of the packed bed at minimum fluidization, then the total volume of the
bed at minimum fluidization is L X A and thus the volume of solids at minimum fluidization
is Ls A(1 — &,¢). The gravitational force of the particles minus the buoyancy force is given
by volume of the solid particles X (p, — p)g. Thus at minimum fluidization conditions

APx A =Ly A(l-g,)(p, - p)g (2.9)
or
AP
L—:(I—Emf)(pp -p)g (2.10)
'mf

Substituting this value in the Ergun equation for packed bed, we get

[1.75;)@} ) [150!1@

3 mf 212 3
¢s d p Emf ¢S d p Emf

}vmf—(l—emf)(pp—p)gﬂ (2.11)

The real roots of the minimum fluidization velocity can be obtained using Newton’s
method.

EXAMPLE 2.3 Solid particles having a diameter of 0.12 mm, shape factor ¢, = 0.88, and
a density of 1000 kg/m® are to be fluidized using air at 2.0 atm and 25°C. The
voidage at minimum fluidization is 0.42. The viscosity of air under these conditions is
1.845 x 107 kg/m-s. The molecular weight of air is 28.97.

Solution The density of air at 2.0 atm and 25°C is given by

= PM _2x101325x2897x 107

=2.374 kg/m®
RT 8.314 % 298.15

The diameter of the particle is d b= 1.2#10* m. The function is

1- 1= &)
; {mp_( )} {_150” (—)} ~(1-eu)(p, - P)e

‘ 2 42 3
¢s d )4 Emnf ¢s d p Emf

and the derivative of the function with respect to Vv, is

2
1- 1-

fon 1.75p ( fmf) vmf+1520”( fmf)
¢sdp £§nf d)vd

PE
Starting with an initial value of v,y = 0.1 m/s, the converged value is v, = 0.0046 m/s.

2
P mf

Program 2.2 for calculating the minimum fluidization velocity is given in the Appendix.
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24 Terminal Velocity

Consider a particle of mass m kg falling at velocity of v m/s (see Fig. 2.2). The momentum
balance equation is given by

dvp
m?:Fg—Fb—FD (2.12)

Gravitational force minus the buoyancy force on the particle is given by
m
’%‘Fb:Vp(Pp‘P)g:p_(Pp‘P)g (2.13)
P
where Vp is the volume of the particle and m is the mass of the particle.

Fg_sz(pp_p)Vpg

Fig. 2.2 Various forces acting on particle falling in stationary fluid.

The terminal velocity or free settling velocity is a constant velocity fall and is given when
dv

d_p =0; thus
t
F,~F,=Fy (2.14)
Fp/A
Cp is given by Cp, = lD 2 Thus Eq. (2.14) becomes
EPVrZ
m 1 2
—(py = P)s=5p4,Cpv, (2.15)
Py

where A, is the projected area of the particle on a plane at right angles to the direction of
motion and V, is the terminal velocity of the falling particle. As the velocity of particle rises
the drag force also increases till the drag force balances the (gravitational — buoyancy) force.

Thus,
= 2g(pp —p)m
' ppApCDp
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For spherical particles,

4 3 T 3
M=3 Py :gdppp

and the projected area is given by

nd>
A =mri=—2L
P 14 4

Thus for spherical particles the expression for terminal velocity becomes

4(p, —p)sd
) = 4(py—p)ed, (2.16)
3Cpp
For laminar flow (Re, < 1), that is, in the Stokes law region
24
Cp=—
?~Re, (2.17)

vd
where Re, is the particle Reynold’s number and is given by Re, = p L. We get the

following expression for terminal settling velocity in the laminar flow regime

_ gdzz)(pp —p)
C18u

For turbulent flow, Cp = 0.44 (Re, > 1000 to 2 X 10°). But for intermediate values of the
particle Reynolds number, there are many correlations. The Schiller and Nauman correlation
is applicable for Re, < 800 and is given by

24

Re p

(2.18)

t

The terminal velocity for the case of intermediate values of particle Reynolds number is
determined using the following steps:

(1) A value of terminal velocity is assumed.

(i) At the assumed value the particle Reynolds number is calculated and thereafter Cp,
is determined.

4(pp B p)gdp

(iii) The terminal velocity is recalculated using v, = .
3Cpp

If the assumed value and recalculated values are different, the new calculated value becomes
the starting value for the next iteration. The procedure is repeated till the absolute value of the
difference between the new value and the previous value of the terminal velocity in an iteration
is negligible.
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EXAMPLE 2.4 Oil droplets of diameter 2 mm are to be settled from air at 25°C and 1 atm.
The density of oil is 900 kg/m>. Calculate the terminal settling velocity of the particles. For
air at these conditions, u = 1.85x 107 kg/m-s. Cp, is given by

Cp = A(l +0.15Re)* )

Rep

Solution The following data are given: d, = 2 X 103 m, i = 1.85 x 107> kg/m-s. The density
of air under the given conditions is given by

_PM _101325x28.84x107°
Pkt 8.314 x 298.15

=1.18 kg/m’

The particle Reynolds number is given by

_Pvd, 118xv,x2x10°

Re S
il 1.85x10™

, =127.57v,

The calculations are presented in Table 2.3.

Table 2.3 Calculations in Example 2.6

Assumed v, Re, Cp \Z
0.03 3.83 8.63 1.5
1.5 191.35 0.82 4.9
4.9 625.0 0.52 6.2
6.2 790.0 0.47 6.47
6.47 825.38 0.47 6.52

The terminal velocity obtained is 6.5285 m/s.

Program 2.3 for calculating the terminal velocity is given in the Appendix.

2.5 System of Nonlinear Equations

We now extend Newton’s method to solve a set of N simultaneous nonlinear algebraic
equations for N unknowns.

-fl (xlexz,X3,...,xN):O
f2 (xlexz,X3,...,xN):O
0

S (xl,xz,)@,...,xN):

fN (xl’xz,X3,...,xN):0

We define the vector of unknowns
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T
)C:[xl .xZ X3 e XN]

and write the system of equations as

fx) =0
We use a Taylor series expansion to obtain Newton’s method, representing the ith function in
the vicinity of the current estimate x" as

N N N 2
O B 3 O L9 0y e P

ox,,0x,
Assuming that x" is sufficiently close to the true solution xg, we can drop the quadratic and
higher order terms

n
(1, — )

xﬂ

n
(xS,m X )

n

Ozfi(x")+i%

ox,, ;

For convenience we collect the first partial derivatives into the N X N Jacobian matrix

m=1

J ——afi
im = o, y (2.20)
The truncated Taylor series expansion then becomes
N
Ozfi(x”)+ZJi'fn (fo1 —xZ)
m=1
or
0 1
DTn At == £ (x") (2.21)
m=1
where the update vector is given by
Ax}’lJrl — xi’l+1 _ xn (222)

The terms on the left hand side of Eq. (2.21) are the ith component of a matrix—vector
product. The linear system is

JnAanrl —_ f(xn) (223)
Iterations are performed till there is no change in X, X,, X3,..., Xy, that is

n+l n+l n+l
‘Axl Ax; Ax3

< 8abs 4

< 8abs 4

n+l
< Eypgrens ‘AxN

a

< gabs (224)

Let us consider two nonlinear equations fj(x;, x») and f>(x;, x,). To start the iteration, some
initial values of x; and x, have to be assumed. The change in the values of x; and x, are
determined using Eq. (2.23).

A Nh

o om || Ax _ h
o WAy | | f (2.25)

E sz
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Now we have to find the inverse of the Jacobian matrix. The inverse of a nonsingular

2 X 2 matrix A:{“ﬂ “12} is given by A™' = 1 [ I _alz}. Thus Eq. (2.25) can be
@) Ay det Al -ay  ay
written as
9% _Nh
[Axl:lz_l ox, ox, {f]:'
An] Dl LS (2:20)
ox;  ox
where
o o, 9 Iy
p="0L% _h 9
dx, dx, 0Ox, dx; 227
Thus
o _ 9
Ban Mo, (2.28)
Ax, = > :
and
I _ I
Moy oy (2.29)
A.xz D ‘

The algorithm for solution of two simultaneous nonlinear algebraic equations is given below:

(1) Assume x; and x,,

(i) Calculate fi, f>, ai ai % and ai
dx; dx, Ox; ox,

(ii1) Calculate Ax; and Ax,, and
(iv) Calculate new values of x; and x,.

n+l

_h n+l n
X X -

Go to (ii) till <& and |x) )| <E.

EXAMPLE 2.5 Obtain the values of x and y that satisfy the following two nonlinear algebraic
equations:

f(xy)=e"+xy-1=0
g(x,y)zsinxy+x+y—1:O

Solution The partial derivatives of function f are given by

g—{c=ex+y
Jf
—=x

dy
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The partial derivatives of function g are given by

9
—gzycosxy+1
ox

a—gz xcosxy +1
dy

Let us assume x = 0.1 and y = 0.5.
f(xy)=e" +xy-1=0.1552
g(x,y) =sinxy +x +y—1=-0.3991

a—fzex +y =1.6052
ox
a—f =x=0.1
dy
Jg
—=ycos xy +1=1.5000
ox
g
—=xcos xy +1=1.1000
dy
p=Y% ¥k _, s
dx dy dyodx
o
Ax = dy dy =_0'3991XO'1_0'1552X1'1=—0.13036
D 1.6157
o _ o
Ay= ox °ox _0.1552x1.5+0.3991 x1.6052 — 0.5406
D 1.6157
New x = 0.1 — 0.13036 = —-0.03036
New y = 0.5 + 0.5406 = 1.04006
The iterations are summarized in Table 2.4.
Table 2.4 Summary of iterations in Example 2.5
. y 7 g I % &, A Ay
ox dy ox dy
0.1 0.5 0.1552 -0.3991 1.6052 0.1 1.5 1.1 1.6157 -0.13036 0.5406

—-0.03036 1.0406 -0.0615 0.0097 2.0107 -0.03036 2.0406 0.9696 2.0115 0.0295 -0.0721
—0.00086 0.9685 -0.0017 -0.0324 1.9676 —0.00086 1.9685 0.99914 1.9676 0.00088 0.0307
0 0.9992 0.0000 —-0.0008 1.9992 0 1.9992 1 1.9992 0 0.0008
0 1 0 0 2 0 2 1 2 0 0
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The solution of the given nonlinear algebraic equations is x = 0 and y = 1. Note that when
f =0 and g = 0 the solution is obtained.

Program 2.4 for the solution of the above two simultaneous nonlinear equations is given in the

Appendix.

EXAMPLE 2.6 Modify Program 2.4 to solve the following system of two nonlinear algebraic
equations:

fi(x,x;) =3x] +4x; —145=0
fo(x.x,)=4x7 —x; +28=0
Solution For the given nonlinear equations

ai aizsxz aﬁ:&c1 and a£=—3)€§
ox, ox, X, ox,

Program 2.4 can be modified to obtain the following solution: x; = 3 and x, = 4.

2
= 9x1

Exercises

2.1 Determine the root of the equation

15x° —68x* +95x —47=0
which is close to 2.5.
(Ans: 2.5034)

2.2 Airat 25°C and 1 atm flows through a 4 mm diameter tube with an average velocity
of 25 m/s. The roughness is € = 0.0015 mm. The friction factor is given by

1 e/D 251
—=-20log| —+——
Jr 37 Ref
Determine the pressure drop in a 1 m section of the tube using the relation

72
ap= VP
2D

The density of air at 25°C and 1 atm is 1.23 kg/m’ and the viscosity is
1.79 x 107> kg/m-s.
(Ans: f = 0.03467, AP = 3.33 kPa)

2.3 Solid particles having a diameter of 0.05 mm, shape factor ¢, = 0.88, and density
of 1000 kg/m® are to be fluidized using air at 2.0 atm and 25°C. The voidage
at minimum fluidization is 0.39. The viscosity of air under these conditions is
1.845 x 107 kg/m-s. The molecular weight of air is 28.97.

(Ans: 0.000611 m/s)
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2.4 Solve Exercise 2.3 for solid particles having a diameter of 0.25 mm. The voidage
at minimum fluidization is 0.48.
(Ans: 0.0327 m/s)

2.5 Oil droplets of diameter 0.2 mm are to be settled from air at 25°C and 1 atm. The
density of oil is 900 kg/m>. Calculate the terminal settling velocity of the particles.
Viscosity of air under these conditions is 1.85 x 107 kg/m-s. Cj, is given by

Cp = ﬁ(l +0.15Rey )

Rep

(Ans: 0.6462 m/s)

2.6 Solve Exercise 2.5 for oil droplets of diameter 0.02 mm.
(Ans: 0.0105 m/s)



Chapter 3

Chemical Engineering
Thermodynamics

The calculation of molar volume using the van der Waals, Redlich—-Kwong, and Peng—
Robinson cubic equations of state at the given temperature and pressure is discussed first in
this chapter. After this, bubble point, dew point, and flash calculations using Raoult’s and
modified Raoult’s law are discussed. The determination of vapour pressure at the given
temperature for a pure substance following a cubic equation of state is thereafter discussed.
The determination of system pressure and vapour phase composition at the given temperature
and liquid phase_composition is discussed using the gamma—phi (yl.Pd;l. = XY, fl.) and phi—phi

v;Py, = x,-Pd),-L approaches. The solution of two simultaneous chemical reactions in
equilibrium in the homogeneous phase and the calculation of adiabatic flame temperature are
also discussed in this chapter.

3.1 Solution of Cubic Equations of State

The molar volume of both the saturated vapour and saturated liquid can be calculated using
cubic equations of state. The cubic equations of state can have three real roots or one real root
and two complex roots. When there is only one real root, then only one phase exists—liquid
or vapour—and when three real roots exist, then there are two phases. The smallest root is the
molar volume of saturated liquid and the largest root is the molar volume of saturated vapour.
The intermediate root is of the no physical significance. To determine the molar volume of the
liquid phase, the starting value taken is V = b, and to determine the molar volume of the vapour

. . RT
phase, the starting value taken is V:?.

The van der Waals equation of state is

_RT a
Vb v 3.
The cubic form of the van der Waals cubic equation of state is given by
RT) », a ab
V| b+ — |V +ZV-==0
( P ) P P (3.2)
22
where = 2R, and b= R1,
64P, 8P,

31
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P
pressure and given critical properties of the substance, the only unknown in this equation is

the molar volume V. The derivative of the function f with respect to the molar volume is given
by

RT b
Let us define the function as f =V° — (b + 3 v ily - a?. At the given temperature and

RT a
=3V 2| b+ — |V +—
f ( P j P (3.3)
A value of molar volume is assumed. At the assumed molar volume the value of the
function f and its derivative f” are determined and the new molar volume is determined using
Newton’s method [see Eq. (2.1)]
vn+1 _ vn _ i 21
Iz (2.1)
Thereafter, the new molar volume becomes the old molar volume, and fand f * are determined
again at this molar volume. The procedure is repeated till there is a very meagre change
between the new and old molar volumes, that is, |V — V”‘ <107°.
The Redlich-Kwong equation of state is

P RT a
Vb TI/ZV(V N b) 3.4)
The cubic form of the Redlich-Kwong cubic equation of state is given by
RT RT
V3——V2—(b2+b _a JV_ ab 0 335)
3 P Jrp) TP
27725
. . 4RT.
where ue 0.42748R"T; and b 0.08664RT. ‘
F. B
Let us define the function as f=V? _RT o [ (BRT a1y 9P ¢ the given
P P Jrp) rP

temperature and pressure and given the critical properties of the substance, the only unknown
in this equation is the molar volume, V. The derivative of the function f with respect to the
molar volume is given by

RT »  bRT a
o2y (i T ) |
P P TP (3.6)
The Peng—Robinson equation of state is
RT a
P= - 3.7
V-b V?+2bV-b’ G7)

The cubic form of the Peng—Robinson cubic equation of state is given by

v3+(b—%)v2—(3b2+212Tb—%)\/+b3+R—:b2—“7f’=0 (3.8)
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0.45724(RT,)’
= f(x

c

e

m = 0.37464 +1.542260 - 0.269920°
_ 0.07780RT,
P

c

a

b

Let us define the function as

f=V+ po BT V2 _[gp2 (2RI _a)y, s RT ;> ab
P P P P P
At the given temperature and pressure and given critical properties of the substance the only

unknown in this equation is the molar volume V. The derivative of the function f with respect
to the molar volume is given by

RT 2RTh a
=3V 42| b — |V |3+ = - =
f ( P) ( P P) (3.9)

EXAMPLE 3.1 Calculate the molar volume of saturated liquid water and saturated water
vapor at 100°C and 101.325 kPa using van der Waals, Redlich—-Kwong and Peng—Robinson
cubic equations of state. For water: T = 647.1 K, P = 220.55 bar, and @ = 0.345.

Solution Program 3.1 for calculating the molar volume at the given temperature and pressure

using various cubic equations of state is given in the Appendix. The result obtained from the

program is given below.
Saturated liquid volume using Peng—Robinson equation of state = 2.25 x 10~ m*/mol
Saturated vapour volume using Peng—Robinson equation of state = 0.030352 m?/mol
Saturated liquid volume using Redlich—-Kwong equation of state = 2.64 x 10° m*mol
Saturated vapour volume using Redlich-Kwong equation of state = 0.030400 m*/mol
Saturated liquid volume using van der Waals equation of state = 3.90 X 107 m?/mol
Saturated vapour volume using van der Waals equation of state = 0.030469 m*/mol.

3.2 Bubble Point and Dew Point Temperature Calculations
Using Raoult's Law

3.2.1 Bubble Point Temperature Calculation

When the liquid phase composition is given, the governing equation is P = x, P + x, " . In
this problem, along with the liquid phase composition the system pressure is given and the
bubble point temperature and the vapour composition have to be determined. Newton’s method
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is used to determine the temperature which satisfies the equation P =x,P™ + x,P,™ . Let us
formulate a function f.

f=P—-x P — x,P5" (3.10)
Using Antoine equation
sat B
InP _A_TJ,-C (311)
we get
B B
=P —xexp| A, ——— |- x,exp| A, - —=
f | p(l T+q] 2 P(z T+QJ (3.12)

In the above equation the Antoine parameters, system pressure and liquid composition are
given. The only unknown is the temperature. The derivative of the function f with respect to
temperature is given by

r_ x P B, _ x,P"B,
(T+c )2 (T +C2)2

(3.13)

A value of temperature is assumed. At the assumed temperature the value of function f and its
derivative f” are determined and the new temperature is determined using [see Eq. (2.1)]

n+l _ n f
=T T (2.1)
Thereafter the new temperature becomes the old temperature and again at this temperature, f
and f’ are determined. The procedure is repeated till there is a very meagre change between
the new and old temperatures, that is, |7 —T"| <107*. This equation can also be written as
Tn+1 _T"

Tn+l

<107

The assumed temperature is calculated from the relation 7" = Zxﬂ;sat . The saturation
temperatures 7, and 7, are calculated for the given pressure using the Antoine equation

B p—
A-InP

sat
= (3.14)
Once the temperature that satisfies the equation P =x B™ + x,P,* is determined, the vapour

sat sat
xR _xph
and y, =
P

phase composition can be determined using y, =

3.2.2 Dew Point Temperature Calculation

1
When the vapour phase composition is given, use is made of —= 2y y—z. In this problem

sat sat
P 1 P 2

system pressure is given along with vapour phase composition and dew point temperature and
liquid phase composition have to be determined. Newton’s method is used to determine the

temperature which satisfies the equation =N 4 %y ys formulate a function f.

P P]Sat stat
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_F_ Psat - stat (315)

B
Using the Antoine equation InP*™* = A .o e get
+

1 B B
=——yexp| —A +—L1— |-y, exp| A, + —=
f p N p( 1 T+C1J Y2 p[ 2 T+C2J (3.16)

Here in this equation the Antoine parameters, system pressure and vapour composition are
given. The only unknown is the temperature. The derivative of the function f with respect to
temperature is given by

f’ _ B " 2B,
P (T+C) P(T+C,)

3.17)

A value of temperature is assumed. At the assumed temperature the value of the function f and
its derivative f' are determined and the new temperature is determined using

n+l _ n f

" =T —7
Thereafter, the new temperature becomes the old temperature and f and f' are determined
again at this temperature. The procedure is repeated till there is a very meagre change between
the new and old temperatures, that is, |77+! — 77| <10™* . This equation can also be written as

Tn+1 _ Tn ~ ] )
<10, The assumed temperature is calculated from the relation 7" = Zy-Tsat.
Tn+l it
Once the temperature that satisfies the equation re % + % is determined, the liquid
AT B
h .. be d ined usi Y = V1 d N
phase composition can be determined using X; = e AN X, = ot
1 2

EXAMPLE 3.2 Calculate the bubble point and dew point temperatures for the acetone (1) —
water (2) system at 101.325 kPa for feed composition z; = 0.5. Assume the system to follow
Raoult’s law.

Solution Program 3.2 for calculating the bubble and dew point temperatures for a system
following Raoult’s law is given in the Appendix. The result obtained from the program is
bubble point temperature = 71.81°C, dew point temperature = 87.08°C.

3.3 Flash Calculations Using Raoult's Law

The aim here is to calculate the compositions of the vapour and liquid phases at the given
temperature and pressure under flash conditions, assuming Raoult’s law to be true. For a
mixture at the given pressure, if the temperature lies between the bubble point and dew point
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temperatures or at the given temperature, if the pressure lies between the dew point and bubble
point pressure, both liquid and vapour exist. In this section we shall determine the equilibrium
liquid and vapour phase compositions if the temperature, system pressure and feed composition
are given. The overall composition is denoted by z; and L and V denote the amount of moles
in the liquid and vapour phases respectively. Let the initial total number of moles before
flashing be 1. The distribution coefficient (K;) for a species is defined as its composition in the
vapour phase divided by its composition in the liquid phase. We can write for a particular
species that

Vi
K, =—+ (3.18)

sat
For a system following Raoult’s law, K, = ;D ; therefore, if the temperature and the pressure

of the system are given, then the K values of all the components can be calculated. The
composition of the vapour in terms of K; and feed composition is given by

_ Kz,
i -V + VK, (3.19)
and the composition of the liquid phase is given by
[ —
" 1-V+VK, (3.20)
Finally we should have
K.z
2= -V + VK, (3.21)
where the summation is over all the components, and also
Z.
X, = —t =1
Z ' ZI—V+VKi 3.22)

Therefore let us define a function

K~ 1)z
f=dy-2x5=) % (3.23)

The function has to be formulated in such a way that its required value is zero. In this equation
the only unknown is V, which is the number of moles in the vapour phase per unit mol fed
to the system. The derivative of the function with respect to V is given by

o (Ki _1)2 <
f=-2 -V + VK ) (3.24)

A value of V is assumed. At the assumed V the value of the function f and its derivative f’
are determined and the new V is determined using

Vn+1 — Vn _i
f’
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Thereafter, the new V becomes the old V and again at this V the function f and its derivative
f’ are determined. The procedure is repeated till there is a very meagre change between the
new and old values of V, that is, ‘V”” - V”‘ <107°. Once V is determined, the vapour and
liquid phase composition can be determined.

EXAMPLE 3.3 Calculate the compositions of the liquid and vapour phases for the acetone
(1)—acetonitrile (2)—nitromethane (3) system. The feed composition is z; = 0.3, z, = 0.3 and z3
= 0.4. At the given temperature, Pls'“lt = 195.75 kPa, stat = 97.84 kPa, and P;at = 50.32 kPa.
The pressure of the system is 100 kPa. Assume the system to follow Raoult’s law.

Solution Program 3.3 for calculating the composition of the liquid and vapour phases under
flash conditions for a system following Raoult’s law is given in the Appendix. The result
obtained from the program is given below: x; = 0.25057, y; = 0.490491, x, = 0.301341,
v, =0.294832, x3 = 0.44561, y; = 0.224231. The number of moles in vapour phase is 0.206026.

3.4 Bubble Point and Dew Point Temperature Calculations
Using Modified Raoult's Law

The modified Raoult’s law is given by
»P=xyR" (3.25)
P = x7, " (3.26)
The activity coefficients can be determined using various models. In the present case the
Wilson model is used, because for a given system the activity coefficients can be determined

as a function of the temperature and the liquid composition. The Wilson parameters are given
by

vy ap

A, =—exp|—=
12 v, P( RT) (3.27)

Vi Ay

A =—c¢ =
21 v, XP( RT) (3.28)

The activity coefficients are given by

A A
Iny, =—In(x; + x,A,) +x 12 - 2
14! () +x,A,) 2|:xl T AL % +xAy (3.29)

Ap _ Ay } (3.30)

Iny, =—1In(x, + x,Ay;) — x
72 tor i) 1|:X1J”C2A12 X, + XA

Calculation of bubble point pressure

(1) Enter the temperature and the liquid composition.
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(ii) Calculate the vapour pressure of the components at the given temperature.
(iii) Calculate the activity coefficients at the given temperature and liquid composition.

sat

(iv) Calculate the bubble point pressure using the relation P = x;7,P™ + x,7,P}

Calculation of bubble point temperature
(1) Enter the pressure and the liquid composition
(i) At the given pressure, calculate the saturation temperature of the components and the
assumed temperature using T" = Zx, 7.
(i) At the assumed temperature, calculate the vapour pressure of the components and the
activity coefficients.

(iv) Update the vapour pressure of Component 1 using the relation

P
sat —

R = sat
2

XY+ XY, st
I

(v) From the updated value of P*', calculate the temperature using

B
T=—" ¢
A —InP?

(vi) Go to Step (iii) and repeat the procedure till convergence in temperature is obtained.

Calculation of dew point pressure
(1) Enter the temperature and the vapour composition.
(i) Calculate the vapour pressure of the components at the given temperature.

(ii1) Initially assume the activity coefficients to be one and calculate the system pressure

using
p= 1
N —+ Y2 .
nB" Py
P P
(iv) Calculate the liquid composition using x, = 4 and x; = 2 .
sat Psat
V) Y255
Xy

(v) Update the liquid composition using X, = and X, =1-x,.
X, + X,
(vi) At the liquid composition, calculate the activity coefficients.
(vii) Go to Step (iv) and repeat the procedure till convergence in activity coefficients is

obtained.

(viii) Calculate the system pressure using
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P=
N Y2

Psat + Psat
Y15 Y212

(ix) Go to Step (iv) and repeat the procedure till convergence in the pressure is obtained.

Calculation of dew point temperature
(i) Enter the pressure and the vapour composition.
(i1) At the given pressure, calculate the saturation temperature of the components and the

assumed temperature using 7" =Xy 7" . Initially take 7, = p» = 1.

(iii) At the assumed temperature, calculate the vapour pressure of the components.

P
(iv) Calculate the liquid composition using x; = i o0 and x, = -
7h 163

(v) Update the liquid composition using x; =

and x, = 1 — xj.

(vi) At the liquid composition, calculate the activity coefficients.

(vii) Go to Step (iv) and repeat the procedure till convergence in activity coefficients is

obtained. psit
(viii) Update the vapour pressure of Component 1 using the relation P™ = P R + yz—lt
i 1P
. . . B
(ix) From the updated value of P, calculate the temperature using T = ﬁ -
A —InP

(x) Go to Step (iii) and repeat the procedure till convergence in temperature is obtained:

EXAMPLE 3.4 Consider a binary vapour—liquid equilibrium system. The Antoine equations
of the components are given by

In B = 16,678 — —0202
T +219.61

In P = 16.2887 — 01044
T +227.02

where the temperature is in °C and the vapour pressure in kPa. The parameters in the Wilson
equation are: ay, = 437.98 cal/mol and a,; = 1238 cal/mol. The molar volume of the
components is V; = 76.92 cm*/mol and V, = 18.07 cm*/mol. Assume the system to follow the
modified Raoult’s law.

(1) Calculate the bubble point pressure at 100°C and x; = 0.5.
(i) Calculate the bubble point temperature at 101.325 kPa and x; = 0.5.
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(iii) Calculate the the dew point pressure at 100°C and y; = 0.5.
(iv) Calculate the dew point temperature at 101.325 kPa and y; = 0.5.

Solution Program 3.4 for the bubble point and dew point calculations for a system following
the modified Raoult’s law is given in the Appendix. The result obtained from the program is
given below: (i) 204.264 kPa, (ii) 80.93°C, (iii) 184.10 kPa, and (iv) 83.82°C.

3.5 Flash Calculations Using Modified Raoult's Law

In flash the vapour and liquid phases coexist at the given temperature and pressure. The feed
composition is given and the compositions of the liquid and vapour phases are to be
determined using the modified Raoult’s law. For the given temperature and feed composition,
first the bubble point and dew point pressures are determined. Then a pressure is chosen
between the bubble point and dew point pressures.

(i) Enter the temperature.

(i1) At the given temperature calculate the vapour pressure of components.

(iii) Calculate the activity coefficients by assuming the total feed as liquid.

(iv) Calculate the bubble point pressure using the relation P =xy,P™ + x,y,P5"

(v) Record the bubble point pressure (Ppyppie) and the activity coefficients (77, and y ).

(vi) For the calculation of the dew point pressure (total feed as vapour), first assume the
activity coefficients to bel.

(vii) Calculate the pressure using P = !
N, N
,y Psat ,y Psat
1 25 P P
(viii) Calculate the liquid phase compositions using x; = il and x, = Y2 -
P 7P

(ix) Update the liquid composition using x, =

and x, = 1 — xj.
x1+x2

(x) At the liquid composition, calculate the activity coefficients.

(xi) Go to step (viii) and repeat the procedure till convergence in activity coefficients is
obtained.

(xii) Calculate the system pressure using P =
N, N

sat sat

14851 VP

(xiii) Go to step (viii) and repeat the procedure till convergence in pressure is obtained.

(xiv) Store the dew point pressure (Pg.,) and the activity coefficients (¥, and ¥,,).
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(xv) Enter the pressure between the bubble point and dew point pressures.
. . . . Bouoie — P
(xvi) The assumed number moles in vapour phase is calculated using } = ——bubble -~
bubble Pdew

(P - Pdew)(71b —71(1)

(xvii) The assumed value of y, is calculated using y, = + Y14 -
(Pbubble - Pdew)
P-P -
(xviii) The assumed value of ¥, is calculated using ¥, =( tew) (V20 ~724) + Yoy
(Pbubb]e - Pdew)

. Psat sat
(xix) Calculate K, W0 K, _h
P P

K,z Kz,
Calculat =—— and Y, =
() Caleulate w1 =379 and 2 =797V
(xxi) Calculate x, = and X, =1);—2.

1 2

(xxii) Define a function f=y —x +y, —x,.

I (k. -1) 7,
(xxiii) f'=- _ .
2 (1-V+VK,)
. Vn+1 — Vn _i )
(xxiv) Iz

(xxv) Go to Step (xx) and repeat the procedure till convergence in V is obtained.
(xxvi) Calculate ¢ and 7.

(xxvii) Go to Step (xix) and repeat the procedure till convergence in activity coefficients is
obtained.

EXAMPLE 3.5 Calculate the composition of the liquid and vapour phases for the system
acetone (1)-water (2) at 100°C and 200 kPa. The feed composition is z; = 0.3. The Antoine
equations of the components are given by

In ™ =14.39155 - 2795817
T +230.002
In P;* =16.26205 — 37199887
T +226.346

where the temperature is in °C and the vapour pressure in kPa. The parameters in the Wilson
equation are: aj, = 292.66 cal/mol and a,; = 1445.26 cal/mol. The molar volume of the
components is V; = 74.05 cm*/mol and V, = 18.07 cm*/mol. Assume the system to follow the
modified Raoult’s law.
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Solution Program 3.5 for calculating the composition of the liquid and vapour phases under
flash conditions for a system following the modified Raoult’s law is given in the Appendix.
The result obtained from the program is: bubble point pressure = 310.47 kPa, dew point
pressure = 142.80 kPa. The system pressure chosen is 200 kPa and after convergence the
number of moles in the vapour phase is 0.546235. x; = 0.045019 and y; = 0.511817.

3.6 Vapour Pressure Using Cubic Equation of State

The cubic equations of state are applicable for both the liquid and vapour phases. At a given
temperature, a cubic equation of state can be used to determine the vapour pressure of a pure
substance. A pressure is assumed and the fugacities in the liquid and vapour phases are
determined. If at the assumed pressure the fugacities are not identical, then another pressure
is assumed and the pressure at which the fugacities are the same (f© = f") is the vapour
pressure. The algorithm for calculation of vapour pressure is given below.

(1) Assume a pressure.
(ii) At the given temperature and the assumed pressure, calculate V¥ and V" as described
in Program 3.1.

(iii) Calculate f£ and f" using cubic equation of state.

ff=r

(iv) If .

<0.00001, stop.

f

L
(v) Calculate the new pressure using, P, = Fyq = and go back to Step (ii) and repeat

f

the procedure till Condition (iv) is satisfied.

For the Peng—Robinson cubic equation of state, the fugacity of a pure substance is given by

ij_ p 1V+(1+\/§)b

pez-1m|
In==Z-1-In|Z-— n
P RT) 2\2bRT v +(1-+2)b (33D

The fugacity of the liquid phase is given by

L
fL 3 . Pb a %4 +(1+\/2)b
P RT) 2J2bRT y* +(1—\/2)b :

where

_PV*
RT

ZL
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and the fugacity of the vapour phase is given by

A . Pb u VV+(1+\/5)b
P RT) 2\2bRT VV+(1—ﬁ)b '
where
SV PV
RT

EXAMPLE 3.6 Calculate the vapour pressure of water at 100°C using the Peng—Robinson
cubic equation of state. For water: T = 647.1 K, P- = 220.55 bar, and @ = 0.345.

Solution Program 3.6 for calculating the vapour pressure using the cubic equation of state
is given in the Appendix. The vapour pressure of water at 100°C as obtained from the program
is 96071.375 Pa.

3.7 P-x-y Diagram Using Gamma-Phi Approach

In the Gamma-Phi approach, the vapour-liquid equilibrium is described using the equation
y1P‘131V =x Y h (3.32)

»P9) = X721, (3.33)
At the given temperature and liquid phase composition, the equilibrium pressure and the
vapour composition are determined. Then again at the same temperature and at a different
liquid phase composition, the equilibrium pressure and vapour composition are determined.
This is used to generate the P—x—y diagram at the given temperature.
The algorithm is given below.

(1) Read T, X1, T{‘l’ Prla T{‘2, PFZ’ w;, W, ZCI’ ZCZ’ Plsat’ 2sat'
(i) x, =1 — x;.
(iii)) At the given temperature and liquid phase composition, calculate the activity
coefficients 7 and 7.

(iv) At the given temperature, calculate B;;, B, B> and 0;».

(v) Calculate the initial value of the total pressure using P = x,y, L™ + x,y, P, (only to
start the solution do we assume the modified Raoult’s law to be true) and the
YR

P
(vi) At the total pressure, calculate the fugacity of the pure liquid species 1(f;) and 2(f>)

at the given temperature and calculated pressure, using the relation

L sat
B. pst V (P - P, )
- P_sat ex 11 ex
Ji= B exp RT P RT

sat
Xy, A

composition in vapour phase using the relation y; = and y, =
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(vii) Calculate the fugacity coefficient of the species 1( q;l ) and 2( ¢32) in the vapour phase.

(viii) Caleulate K, =10 ana k, = 2202
o P o, P
(ix) Calculate S=K; xx +K, xx,.

KIXXI Kz ><x2

(x) Calculate y, = and y, = . Go to Step (vii) and repeat the procedure

till 8 < &. (This is because the composition of the vapour phase has changed and
therefore the fugacity coefficients of the species in the vapour phase get changed.)

VAV ]
U

.. . . X X
compositions in the vapour phase using y, =—<—— and ¥, =22/—Zfz
| b

(xi) Calculate the new pressure using P = and calculate the new

. Go to Step
(vi) and repeat the procedure till 6P < &.

EXAMPLE 3.7 Consider the methanol (1) — water (2) system in vapour—liquid equilibrium.
The temperature of the system is 100°C and the liquid phase composition is x; = 0.958.
Determine the system pressure and the vapour phase composition. Use the Gamma—Phi
approach. The Antoine equations of the components are given by

InP™ =16.5938 — 36443
T +239.76
In P;* =16.2620 — 37989
T +226.35

where temperature is in °C and vapour pressure in kPa. The parameters in the Wilson equation
are: aj, = 107.38 cal/mol and a,; = 469.55 cal/mol. The molar volume of the components is
V, = 40.73 cm*/mol and V, = 18.07 cm¥mol. T,,; = 512.6 K, P, = 80.97 bar, @, = 0.564,
Z.4 =0224, T, = 647.1 K, P., = 220.55 bar, m, = 0.345, Z., = 0.229.

Solution Program 3.7 for P-x—y calculations using the Gamma-Phi approach is given

in the Appendix. The result obtained from the program is given below: pressure = 344930.59
Pa and y; = 0.980694.

3.8 P-x-y Diagram Using Cubic Equation of State

For the Peng—Robinson equation of state the fugacity coefficient of component 1 in the liquid
phase is given by

. b pp*
gt =(zF —1)2 —n| 2t -2
o = )bL ( RTJ
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z* +(1+x/§)PbL

~ \/ELL 2()616111 ‘szaﬂ) _b_1L:|1n RY; (3.34)
2\2b"RT a b ZL+(1—\5)&
RT

and the fugacity coefficient of component 1 in the vapour phase is given by

. b PbY
e’ =(z" -1)—L -1In| Zz¥" - —
i (2 )2 -2

A +(1+\/§)va

v 2
_ \/jl . [ (na, ::h"lz) —b—‘]/:|1n RC (3.35)
226" RT a b Zv+(1_ﬁ)Pb
RT

The fugacity coefficient of component 2 in the liquid phase is given by
. b Pb"
L_(-L {\P2 L o
Ing; =(z l)bL h{z - J
L
zk + (1 +2 )&
RT (3.36)
ZF + (1 -2 ) LC
RT
and the fugacity coefficient of component 2 in the vapour phase is given by

. b Pb¥
vV _ \%4 2 \4
Ingy =(z —1)—bv —ln[Z ——RTJ

L L
a b

a* 2 (xla12 + xzazz) b,
- _ Dy,
220" RT

zv +(1+x/§)I;bTV

a’ {2(}’1012 + aay) b_2:|1n

22’ v v v 3.37
2\2b" RT a b 7V . (1 B \/5) I;bT ( )
where
at = x12a“ + x%a22 +2x,x,4a,, (3.38)
b* = x,b, + x,b, (3.39)
a’ = y12a11 + ygazz + 2y )01, (3.40)
b" =y,b, + y,b, (3.41)
PV*
zt = (3.42)

RT



46 Introduction to Numerical Methods in Chemical Engineering

pv’
z" = (3.43)
RT
For a binary VLE mixture the phase equilibrium equations are
WP é =xP ¢ (3.44)
nP ¢ =P ¢y (3.45)

and variables are T, P, x|, and y;. Thus, if any two variables (T or P, x; or y;) are specified
the other two can be determined.

Since the compositions of the liquid and vapour phases are different, @ and b for each
phase are different. Calculate a and b for the liquid phase and then Z“ and V* (the smallest
root), and a and b for the vapour phase and then Z" and V" (the largest root). The molar volume
is calculated by solving the cubic form of the Peng—Robinson equation of state. The algorithm
for the calculation of the bubble point pressure and the vapour phase composition at the given
temperature and the liquid phase composition for a binary mixture using the cubic equations
of state is given below.

(i) Read T, x|, T,y, P.y, Tea, Pay @y, 3

(i) Calculate x, = 1 — x3

(iii) Calculate ayy, ax, a,, =,/@,,8,, » by, by

(iv) Calculate for liquid phase: a" =xjay + x3ay +2x,x,a,, and pt = x,by, + x,b, -

(v) Assume some pressure (P) and composition in the vapour phase y; (assume y; greater

than x; if component 1 is the more volatile component).

(vi) Using Newton’s technique, calculate V* using a”, b*, x,, x,. Take V4 = b* because
PV*

the liquid phase molar volume is to be calculated. From V%, calculate Z% = o7

(compressibility factor in the liquid phase).
(vii) Calculate the fugacity coefficient of the components q;lL and quL in the liquid
mixture.

(viii) Calculate for the vapour phase: a’ = )’12 a, + y;%z + 2y, %41, and b = b+ y:by .

. . . . RT

(ix) Using Newton’s technique, calculate VY using a”, b", 1, 2. Take V ,, = —— because
g q g Vi Y od = 7p

PV

RT

the vapour phase molar volume is to be calculated. From VY, calculate Z¥ =

(compressibility factor in the vapour phase).

(x) Calculate the fugacity coefficient of the components (ﬁlv and ¢sz in the vapour phase

mixture.
A .
. O >
(xi) Calculate K, = ~ and K, =

1 2
(xii) Calculate Sum =K, x x; + K, x x,.
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K, x x; K, x x,

Sum
till 6(Sum) < € . This is because the composition of the vapour phase has changed;

(xiii) Calculate y, = and y, = . Go to Step (viii) and repeat the procedure

therefore " and 5" get changed.

(xiv) Calculate the new pressure using P,
procedure till SP <€ .

=P,q xSum. Go to Step (vi) and repeat the

W

EXAMPLE 3.8 Consider the CO, (1) — n-pentane (2) system in vapour—liquid equilibrium.
The temperature of the system is 377.65 K and the liquid phase composition is x; = 0.5.
Determine the system pressure and the vapour phase composition using the Peng—Robinson
cubic equation of state. 7,.; = 304.2 K, P.; = 73.83 bar, @w; = 0.224, T, = 469.7 K, P, = 33.70
bar, and w, = 0.252.

Solution Program 3.8 for P—x—y calculations using the Peng—Robinson cubic equation of
state is given in the Appendix. The result obtained from the program is given below: Pressure
= 6524432 Pa and y; = 0.81127.

3.9 Chemical Reaction Equilibrium—Two Simultaneous
Reactions

The solution of two simultaneous nonlinear algebraic equations is described in Section 2.5. The
application in chemical reaction equilibrium in the homogeneous phase is described in the
example below.

EXAMPLE 3.9 In the production of synthesis gas the following two independent reactions

take place
CH, + H,O0 —» CO + 3H,

CO + H,0 — CO, + Hy

Starting with 5 moles of steam and 1 mole of methane, calculate the equilibrium composition
of the resulting mixture at 600°C and 1 atm. At this temperature the equilibrium constants for
the first and second reaction are 0.574 and 2.21 respectively. Assume the gas mixture to follow
ideal gas behaviour.

Solution Let X; be the reaction coordinate for the first reaction and X, for the second. The
number of moles of components at equilibrium is as follows:
CHy 1 - X,
HO:5 - X; - X5
CO: X; — X,
H,: 3X, + X,
CO,: X,
Total: 6 + 2X;
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Since the pressure is 1 atm, therefore K = KpK, = K.

(X, - X,)(3%, + X,)’

> =0.574
1-X)G-X, - X,)(6+2X,)
X
,(3X, + X,) oy
The two nonlinear algebraic equations are
3
X, - X X, +X,)
fio— K X)GK 1 Xy) - —0.574
(1-X)(5-X, - X;)(6+2X,)
X, (3X, +X,)
H= -2.21
(X -X)(5-X - X,)
and their derivatives are
(12X, -8%,)(3X, + X,)’

Xy (1-x,)(5-X, - X,)(6 +2X,)’ -

(X, = X,)(3X, + X,)" (8X +6X,X, - 24X, +2X, - 16)

(1-x)°(5- X, - x,)* (6+2x,)’

o _3(X - X,)(3x, +X2)2 -(3x, +X2)3

0X, (I—Xl)(S—X1—X2)(6+2X1)2

(X1 = X,)(3X, + X, )3
(1-X)(5- X, _X2)2 (6+2X1)2

ks 3X, X (3X + X,)(5-2X,

X, _(Xl _XZ)(S_Xl _Xz) (X1 —XZ)Z(S—X1 -X,

of 3X, +2X, X (3% +X,)(2X, -5

0X, (XI_XZ)(S_Xl_XZ) (XI—XZ)Z(S—Xl—X2

The algorithm is described in Section 2.5. Program 3.9 for solution of two chemical reaction
equilibrium equations is given in the Appendix. The solution is X; = 0.912 and
X, = 0.633. Thus at equilibrium: moles of CH, = 0.09 mol, moles of H,O = 3.465 mol, moles
of CO = 0.285 mol, moles of H, = 3.355 mol, moles of CO, = 0.625 mol, and total number

of moles = 7.82 mol.
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3.10 Adiabatic Flame Temperature

First the inlet species are laised from inlet temperature (7)) to adiabatic flame temperature (7)
and then the reaction at temperature 7 is carried out. The total enthalpy change is zero as there
is no heat and work exchange with the surroundings. The algorithm for the calculation of
adiabatic flame temperature is described below.

1)
(ii)
(iii)
(iv)

)

(vi)

(vii)

(viii)

(ix)

Read the various constants of molar heat capacity at constant pressure for various species.
Read the various stoichiometric coefficients (V;) and moles of each species (n;) entering.

Read the standard enthalpy of formation for various species and calculate the
standard enthalpy change of reaction. Read the standard temperature (7)) and inlet
temperature (77).

Calculate sa, sb, sc, sd using the relations
sa=ma, +n,ya, +nya; +nua, sb=n,b, +nyb, + nyb; +n,b,
SC=nc; + NyCy + N30y + NyCy sd =md, +nyd, + nydy +nyd,
Calculate the heat required to raise the inlet species from the inlet temperature (7;)

to the adiabatic flame temperature (7)) using
sd

sb (o 2 SC (3 3 4 4
sa(T—Tl)+?(T -T, )+?(T -T, )+T(T -T)
Note that this formula is valid for the molar heat capacity given by the equation

Cp=a+bT +cT* +dT’
Calculate

Aa=v,a, +Viay +V,a, +Vq Ab=v,b, +V3by +V,b, +V b
Ac =V, ey +Vi05 +V,50, +V G Ad =v,d, +Vid, +V,d, +Vv,d;
Calculate the standard enthalpy change of reaction at the adiabatic flame temperature
(T) with respect to the standard enthalpy change of reaction at temperature (7))
Ab Ac Ad
0 22 33 4 3
AHY + Aa(T ~T, +7(T ~T; )+?(T —TO)+T(T -T)

Assume an adiabatic flame temperature and at that temperature calculate the value of
the function

f:sa(T—Tl)+%(T2 —7‘12)+%(T3 —T13)+¥(T4 -1

+ AHY +Aa(T—T0)+A7b(T2 ) A _T03)+T(T4 )

and its derivative
f'=sa+sbxT+scxT*+sdxT> +Aa+AbxT +AcxT* +Ad xT?

f

Calculate new temperature using Newton’s formula 7" =T" — =, take this as the

old temperature and go to Step (V) and repeat the procedure till there is no significant
change in temperature (6T < ).
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EXAMPLE 3.10 Calculate the adiabatic flame temperature of a gas initially at 25°C
containing 1 mol C,Hg (1), 4 mol O, (2), 10 mol CO, (3) and 0 mol of H,O (4). The ethane
is completely burned. The standard heat capacity is given by C% =a + bT + cT* + dT*, where
T is in K and 02 in cal/mol-K.

Species a b x 10° cx 10° d x 10°
C,Hg 1.648 4.124 —-1.530 1.740
0, 6.085 0.3631 -0.1709 0.3133
CO, 5.316 1.4285 —0.8362 1.784
H,O(g) 7.700 0.04594 0.2521 —0.8587

The standard enthalpy of formation at 298.15 K is: AH.(;’ co, =—94.052  kcal/mol,
AH] 4 o ==57.7979 keal/mol, AH? ., =—20.236 kcal/mol.

Solution The reaction with stoichiometric amount of oxygen is
7
C,H¢ + 502 — 2CO, +3H,0

and the reaction with 4 mol of O, and 10 mol CO, is
C,H, +40, +10CO, — 12CO, +3H,0 +0.50,

Program 3.10 for the calculation of adiabatic flame temperature (AFT) is given in the
Appendix. The result obtained from the computer program is AFT = 2090.39 K.

Exercises

3.1 Calculate the molar volume of saturated liquid water and saturated water vapour at
180°C and 1.0 MPa using the van der Waals, Redlich—-Kwong and Peng—Robinson
cubic equations of state. For water: T = 647.1 K, P- = 220.55 bar, and ® = 0.345.

(Ans: V" using the Peng—Robinson equation of state = 2.47 x 107 m*/mol, V" using
the Peng—Robinson equation of state = 0.003570 m*/mol, V" using the Redlich—
Kwong equation of state = 2.95 x 10 m*mol, V¥ using the Redlich—-Kwong
equation of state = 0.003605 m*/mol, V* using the van der Waals equation of state
=4.31 x 10 m*/mol, V¥ using the van der Waals equation of state = 0.003647 m*/mol)

3.2 Calculate the bubble point and dew point temperatures for the acetone (1)-water
(2) system at 101.325 kPa for feed composition z; = 0.9. Assume the system to
follow Raoult’s law.

(Ans: Bubble point temperature = 58.58°C, dew point temperature = 66.93°C)

3.3 Calculate the composition of the liquid and vapour phases for the acetone
(1)— acetonitrile (2)-nitromethane (3)—system. The feed composition is z; = 0.25,
7, = 0.5 and z3 = 0.25. At the given temperature: P = 195.75 kPa, P;* = 97.84
kPa, and P* = 50.32 kPa. The pressure of the system is 100 kPa. Assume the
system to follow Raoult’s law.
(Ans: x; = 0.175384, y; = 0.343313, x, = 0.504845, y, = 0.493941, x; =
0.320819, y; = 0.161436. The number of moles in the vapour phase is 0.444331.)
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34

3.5

3.6

3.7

Consider a binary vapour—liquid equilibrium system. The Antoine equations of the
components are given by

InP™ =16.678 — _3640.2
T +219.61

In 5" =16.2887 - 381644
T +227.02

where the temperature is in °C and the vapour pressure in kPa. The parameters in
the Wilson equation are: a5, = 437.98 cal/mol and a,; = 1238 cal/mol. The molar
volumes of the components are V; = 76.92 cm*/mol and V, = 18.07 cm*/mol.
Assume the system to follow the modified Raoult’s law.

(1) Calculate the bubble point pressure at 100°C and x; = 0.3.

(i) Calculate the bubble point temperature at 101.325 kPa and x; = 0.3.

(i) Calculate the dew point pressure at 100°C and y; = 0.3.

(iv) Calculate the dew point temperature at 101.325 kPa and y; = 0.3.
[Ans: (i) 193.78 kPa, (ii) 82.18°C, (iii) 140.78 kPa, and (iv) 91.00°C]

Calculate the composition of the liquid and vapour phases for the acetone (1)-
water (2) system at 100°C and 200 kPa. The feed composition is z; = 0.5. The
Antoine equations of the components are given by

In ™ =14.39155 - 2795817
T +230.002
In P;* =16.26205 — 37199887
T +226.346

where the temperature is in °C and the vapour pressure in kPa. The parameters in
the Wilson equation are: a;, = 292.66 cal/mol and a,; = 1445.26 cal/mol. The molar
volume of the components is V; = 74.05 cm*/mol and V, = 18.07 cm®/mol. Assume
the system to follow the modified Raoult’s law.

[Ans: Bubble point pressure = 334.97 kPa, dew point pressure = 195.68 kPa,
number of moles in vapour phase = 0.974685, x; = 0.045018, y; = 0.511817]

Calculate the vapour pressure of water at 120°C using the Peng—Robinson cubic
equation of state. For water: T = 647.1 K, P = 220.55 bar, and @ = 0.345.

(Ans: 191689.125 Pa)

Consider the methanol (1) — water (2) system in vapour-liquid equilibrium. The
temperature of the system is 100°C and the liquid phase composition is x; = 0.5.
Determine the system pressure and the vapour phase composition. Use the Gamma-
Phi approach. The Antoine equations of the components are given by

3644.3

InP™ =16.5938 — ————
T +239.76
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3.8

3.9

3799.89
T +226.35
where the temperature is in °C and the vapour pressure in kPa. The parameters in
the Wilson equation are: a;, = 107.38 cal/mol and a,; = 469.55 cal/mol. The molar
volumes of the components are V; = 40.73 cm®/mol and V, = 18.07 cm*/mol.
Tcp = 512.6 K, Py = 80.97 bar, w; = 0.564, Zq = 0.224, T, = 647.1 K,
P, = 220.55 bar, w, = 0.345, Zq, = 0.229.

(Ans: Pressure = 253786 Pa, y, =0.757692)

In P;* =16.2620 —

Consider the CO, (1) — n-pentane (2) system in vapour—liquid equilibrium. The
temperature of the system is 377.65 K and the liquid phase composition is x; = 0.35.
Determine the system pressure and the vapour phase composition using the Peng—
Robinson cubic equation of state. Ty = 304.2 K, Pry = 73.83 bar, @, = 0.224,
Ty = 469.7 K, P = 33.70 bar, m, = 0.252.

(Ans: Pressure = 4572206 Pa, Y, =0.782462)

Calculate the adiabatic flame temperature of a gas initially at 25°C containing 1 mol
C,Hg (1), 5 mol O, (2), 10 mol CO, (3) and 0 mol of H,O (4). The ethane is
completely burned. The standard heat capacity is given by C% = a + bT + cT?
+ dT? where T is in K and C% in cal/mol-K.

Species a b x 10? cx 10° d x 10°

C,Hg 1.648 4.124 —-1.530 1.740

0, 6.085 0.3631 -0.1709 0.3133

CO, 5.316 1.4285 —-0.8362 1.784
H,0(g) 7.700 0.04594 0.2521 —-0.8587

The standard enthalpy of formation at 298.15 K is: AH?, co, = —94.052 kcal/mol,
AH} o =—57.7979 keal/mol, and AHY ., =-20.236 kcal/mol.

(Ans: AFT = 2024.45 K)



Chapter 4

Initial Value Problems

d
Consider two simultaneous differential equations d_y =2z and & =—y. The analytical solution
X

of the differential equations is y = A sin(x + &) and z = A cos())cc + ). There are two constants
of integration A and ¢. In general, a system of N first order equations has N constants of
integration. If the values of the dependent variables y and z are specified for a value of x, then
the problem of determining the values of y and z at some future x is called an initial value
problem. Alternatively, the values of some of the dependent variables may be specified at a
number of different values of x, then the problem is called a boundary value problem. The
most common form is a two-point boundary value problem where the function values are given
for two values of x. Boundary value problems are discussed in Chapters 5-10.

The examples discussed here include the calculation of temperature profile in a double
pipe heat exchanger, of a single stirred tank with coil heater and also of a series of stirred tanks
with coil heater. The velocity profile of a solid particle in a pneumatic conveyor, and the
calculation of the concentration profile in the batch, stirred and plug flow reactors is also
discussed in this chapter.

4.1 Solution of Single Ordinary Differential Equation

Consider an ordinary differential equation

dy _
= (x.y) 4.1

with the initial condition: at x = xy, y = yo. The ordinary differential equation has to be
integrated to determine the value of y at some x. A step size, &, is chosen in the independent
variable. At the initial condition both x and y are known and after a step size in independent
variable, i.e. at x = xy + h the value of y is computed. Then this becomes the starting point
for the next value of independent variable, x = xo + 2k at which the value of dependent variable
is determined. This procedure is repeated till the value of x at which the y-value is to be
determined is reached. For each problem there exists an optimum step size. The step size
should not be high, otherwise the truncation errors will be high, and if the step size is very
small, then round-off errors are high. At the optimum step size the total error (truncation error
+ round-off error) is the least, and thus the numerical results are accurate.
53
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In the numerical formulation of the problem some terms are left out; those errors are
called truncation errors. When the step size is small, these errors are less. If the step size is
very low, then the truncation errors are less but the round-off errors are high. Consider a step
size of 107° m; then to go from 1 to 10 m, the number of iterations required is 107, which is
huge. Whenever the new concentration is computed, the number is not completely stored, it
is stored up to some decimal places only, depending on the compiler used. So to avoid round-
off errors the step size should not be very small and to avoid truncation errors it should not
be very large. So there is an optimum step size and it varies with the problem. To determine
the optimum step size, at a particular value of independent variable x the value of the
dependent variable y is determined using various step sizes. When for two consecutive step
sizes the value of y is the same, then the higher of the two is the optimum step size.

In the Runge—Kutta fourth order method the following are computed:

ky=hx f(xo’)’o) 4.2)
1 1

ky=hxf| xg+=hy, +=k (4.3)
2 2
1 1

ks =th(xo +5h,yo +5k2] (4.4)

ky=hx f(xp +hyy +ks) 4.5)

1
Y=y + g(k1 +2ky +2ky + ky) (4.6)

From the initial condition (xy, yg) we have determined the value of y at xy + h. Now again the
above calculations are carried out to determine the value of y at xy + 2h. But before carrying
out the next calculation the following statements, due to which the value of y; becomes y, and
Xo + h becomes x,, are executed:
Xo = Xo + h (47)
Yo =M1 (4.8)

EXAMPLE 4.1 Integrate the ordinary differential equation

dy
L =x+
dx Y

using the Runge—Kutta fourth order method. The initial condition is: at x = 0, y = 0. Determine
the value of y at x = 0.2. The analytical solution is given by y = ¢ — x — 1.

Solution Let us take step size of 4 = Ax = 0.1. The function is f = Z—y =x+y. To compute
y at x = 0.1 the starting point is xy = 0 and yy = 0. The calculations a)lcre given below.
£(0,0) = 0; therefore k; = 0.1 x f{0,0) = 0;
£(0.05,0) = 0.05; therefore k, = 0.1 X 0.05 = 0.005;
£(0.05,0.0025) = 0.0525; therefore k3 = 0.00525;
£(0.1,0.00525) = 0.10525; therefore k4 = 0.010525.
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Thus
Y= Yo Jr%(k1 +2k, +2k; + k, ) =0.0051708 at x = 0.1
Now let us compute the value of y at x = 0.2. For this computation the starting point is
xo = 0.1 and y, = 0.0051708. The calculations are given below.
f(0.1, 0.0051708) = 0.1051708; therefore k; = 0.01051708;
f(0.15, 0.01042934) = 0.16042934; therefore k, = 0.0160429;
f(0.15, 0.01319225) = 0.16319225; therefore k3 = 0.016319225;

(0.2, 0.02149) = 0.22149; therefore k, = 0.022149.
Thus

y=0.0051708 + %(0.01051708 +2x0.0160429 + 2 x0.016319225 + 0.022149) =0.0214025

Thus the value of y (at x = 0.2) = 0.0214025.
The analytical solution at x = 0.2 is y = "2 — 0.2 — 1 = 0.0214028, which is close to the
numerical solution.

EXAMPLE 4.2 Solve the following ordinary differential equation:

dy y

dx  1+x

with the initial condition y(0) = 2. Determine y at x = 2.5 using the fourth-order Runge—Kutta
method.

Solution The initial condition is: at x = 0: y = 2. We have to determine y at x = 2.5. The result
from Program 4.1 (given in the Appendix) at step size of 0.01 is: at x = 2.5, y = 0.57.

4.2 Double Pipe Heat Exchanger

The schematic diagram of the inner pipe of the double pipe heat exchanger is shown in Fig. 4.1.
The outer pipe contains steam at temperature Tg and the fluid in the inner pipe is heated.

l

ch (Tz - Tref) ch (Tz+Az - Tref)
—> —>

Heat entering through whole
circumference = UQRnRAz)(Ts — T)

Fig. 4.1 Schematic diagram of double pipe heat exchanger.
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Consider a differential section of the inner pipe. Through the circumference of the inner pipe
heat enters from steam in the outer pipe. Under steady conditions (Input — Output = 0)

Cp (T, = Toog ) = 11Cp (T p, = Tg) + UnDAZ(Ts —T) =0

ref

Dividing by Az, we get
T . —T.
—Cp (M] +UnD(Ty —T)=0
Az
As Az — 0, we get

. dT

—mCPd—+U7rD(TS -T)=0 (4.9)
Z

where T is the temperature of the fluid in the inner pipe and is a function of length, Ty is the

temperature of steam in the outer pipe and is constant, and m is the mass flow rate of fluid in

inner pipe. The analysis of the double pipe heat exchanger is described in the example below.

EXAMPLE 4.3 On one side of a double pipe heat exchanger is saturated steam and water
is flowing in the inner tube. The temperature of entering water is 20°C and the velocity of
water is 1 m/s. The inner diameter of the inner pipe is 2.4 cm. Under steady conditions,
determine the temperature of water at the length of 5 and 10 m from the inlet. The total length
of the heat exchanger is 10 m. Assume that the temperature does not change along the radius
of the pipe. The density of water is 1000 kg/m® and the specific heat capacity is 4184 J/kg-
K. The overall heat transfer coefficient based on the inside area of the inner pipe is 200 W/
m?-K and the temperature of saturated steam is 250°C.

Solution The mass flow rate of water is

2
i = pvA =1000 x 1 x 7 (%j =0.4524 kg/s

Eq. (4.9) becomes

0.4524 x 41847 1 200 % 3.1416 % 0.024 x (250-T)=0

dz

T 797107 (250-7)

dz

The initial condition is: at z = 0, 7 = 20. The temperature is to be determined at z = 5 and
z = 10. The differential equation is integrated using the Runge—Kutta fourth order method.
Program 4.1 can be modified, and with step size of 0.01 m, we get at z =5 m, T = 28.97°C
and at z = 10 m, T = 37.60°C.

Let us now check the answer. The exit temperature of water at z = 10 m is 37.60°C. The
heat taken up by water is equal to UAAT|,q» and from the energy balance equation we get

URDLAT,,, = mCp(T, —T})
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where T; is the temperature of the inlet water, 7, is the temperature of the exit water, and
L = 10 m. The temperatures in the double pipe heat exchanger are shown in Fig. 4.2.

250°C 250°C
Steam temperature

20°C 37.60°C
> Water temperature

Fig. 4.2 Diagram for Example 4.3.

The log mean temperature difference is given by

AT, = 230-212.4 ~91.08

230
In| ——
2124
Substituting the values in the energy balance equation, we get
~mCp(T, —T;)  0.4524x 4184 x17.6
nmDLAT,,, 7 x0.024x10x221.08

which is close to the given value. In this problem the overall heat transfer coefficient is given
and temperature of water is determined. Usually in heat transfer laboratory experiments, the
exit temperature of water is known and the overall heat transfer coefficient is determined.

=199.86 W/m-K

4.3 Stirred Tank with Coil Heater

The schematic diagram of a stirred tank with coil heater is shown in Fig. 4.3.

m — —>m
M = Mass

<+—1—of fluid
in tank

T

1

T —_Z
—

Fig. 4.3 Schematic diagram of stirred tank with coil heater.
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The energy balance equation is given by Accumulation = Input — Output. The input is due to
energy input by the entering stream and the heat input from the steam, and the output is energy
carried away by the exit stream. From the energy balance equation, we get

MCP%=MCP (h,-T)+0 (4.10)
where T is the temperature of the entering stream and 7 is the temperature of exit stream and
is equal to temperature of water in the stirred tank. The heat transfer between the steam in the
coil and the fluid is given by Q = UAAT,,,¢ = UA(Ts — T). The temperature throughout the coil
is Tg as the steam is saturated, and outside the whole coil, that is inside the tank uniform
temperature, T exists as the vessel is stirred; therefore AT}, = Ts — T. Note that though the
temperature in the tank is uniform, it varies with time.

EXAMPLE 4.4 Consider a stirred tank heater. It is a square tank 0.5 m on its sides and 2
m high and is filled with water at 20°C. Water is fed to the tank at a flow rate of 1L/s and
exits out at the same flow rate from the top of the tank. The temperature of inlet water is 20°C.
At time t = 0 s, water in the tank is heated by a coil containing steam whose overall heat
transfer coefficient based on the outside area of the coil is 200 W/m*-K. The outside area of
the coil through which heat exchange takes place is 1 m> The temperature of the steam is
250°C. The specific heat capacity of water is 4184 J/kg-K. After how much time is the
temperature of exit water 28°C? What is the maximum temperature that can be reached in the
tank?

Solution Volume of tank = 0.5 x 0.5 x 2 = 0.5 m>. Since the density of water is 1000 kg/m®,
therefore the mass of water in the tank is 500 kg. Thus M = 500 kg, Cp = 4184 J/kg-K,
Q =UA(Ts—-T) =200(Tg — T), and m =1 kg/s, and Eq. (4.10) becomes

500 x 4184‘;—T=1x 4184 % (20— T)+200% (250 - T)
t

Simplifying, we get

d—T =0.064 - 0.0021T
dt

The initial condition is: at t = 0, T = 20°C. We have to determine t at 7' = 28°C. Program 4.1 can
be modified, and with step size of 0.1 we get T = 28°C at t = 700 s. The variation of
temperature of the fluid in the tank with time is shown in Table 4.1.

Table 4.1 Variation of fluid temperature in tank with time in Example 4.4

Time (s) Temperature (°C)
500 26.81
750 28.31
1000 29.19
3000 30.46

5000 30.48
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. . . . . . dT
The steady state temperature is obtained when in the differential equation — =0; thus

4
the steady state temperature is given by 0.064 — 0.0021 7 = 0 or T = 30.48°C. The same is
also obtained from the numerical solution. Note the temperature at 5000 s in Table 4.1.

EXAMPLE 4.5 Consider a stirred vessel which initially contains 760 kg of solvent at 25°C.
12 kg/min of solvent flows into the stirred vessel at 25°C and exits out also at the same rate.
At t = 0 the flow of steam is started in a coil in the stirred vessel. The heat supplied by steam
to the solvent is given by Q = UA(Ts — T), where UA is the overall heat transfer coefficient
multiplied by coil area through which heat exchange takes place and Ty is the temperature of
steam and is 150°C. UA = 11.5 kJ/min-K. The specific heat of the solvent is C, = 2.3 kJ/kg-
K. Show that

[:Z_T (°C/s) =0.023 - 0.000373T
t

Determine the solvent temperature after 50 min. Also determine the maximum temperature that
can be reached in the tank.

Solution From the energy balance equation we know: Accumulation = Input — Output. Here
input energy is due to incoming fluid and steam and output is due to outgoing fluid.
Substituting the values in Eq. (4.10), we get

760x 239 - 12, 2.3(25 —T)+E(150 -T)
dr 60 60
Note that ATy = Ts — T, where T is the temperature of the fluid in the stirred tank. In the

coil throughout the temperature is 7g and the fluid temperature is 7. Simplifying the above
equation, we get

d—T =0.023-0.000373T

dt
The initial condition is: at + = 0, 7 = 25°C. We have to determine T at ¢t = 3000 s.
Program 4.1 can be modified, and with step size of 0.01 we get: at t = 3000 s, 7' = 49.69°C.

The variation of temperature of the fluid in the tank with time is shown in Table 4.2.

Table 4.2 Variation of fluid temperature in tank with time in Example 4.5

Time (s) Temperature (°C)
1000 36.41
2000 44.27
3000 49.69
5000 55.98
7500 59.43

10000 60.78

15000 61.53

20000 61.64

25000 61.66
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The steady state temperature is obtained when in the differential equation, CCZI—T:O, thus the
t

steady state temperature is given by 0.023 — 0.0003737 = 0 or T = 61.66°C. The same is also
obtained from the numerical solution. Note the temperature at 25000 s in Table 4.2.

4.4 Pneumatic Conveying

Consider a pneumatic conveyor in which solids are inserted from the bottom along with the
flowing gas. The forces acting on the particle are: drag force acting upwards, buoyancy force
acting upwards and gravitational force acting downwards. The momentum balance equation
becomes [see Eq. (2.15)]
) dv, Fp+F,—F,
Podr v,

where p, is the density of the particle, v, is the upward velocity of the particle, F, is the drag
force acting on the particle, F} is the buoyancy force acting on the particle, F, is the
gravitational force acting on the particle, and V,, is the volume of the particle. The drag force
is given by

FplA,

1 2
2 Py (Vg B Vp)
where p, is the density of the gas, A, is the projected area of the particle on a plane at right
angles to the direction of motion, and v, — v, is the relative velocity. The gravitational force
minus the buoyancy force on the particle is given by [see Eq. (2.17)]

Fy—F, :Vp(pp —pg)g

The various forces acting are shown in Figure 4.4.

CH =
P (4.11)

1 A

EngD 7P|Vg - Vp|("g —vp)

(pp - pg)g

E

Fig. 4.4 Various forces (divided by volume of particle) acting on particle during pneumatic
conveying.
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Thus the momentum balance equation becomes

dvp 1 A

ppgzchng—j(Vg—Vp)z+(pg_pp)g 4.12)

Note that the terms have units of force acting on the particle divided by the volume of the
particle. Dividing both sides of the equation by p,, we get

dv, 1 p, A 2 [ p
L —CD—g—p(vg—vp) +(—g—1Jg

a2 "p,V, P,

The derivative

dv dv

p 14
—_— Y —
a ' dz
where z is the direction along the length of the pneumatic conveyor. Thus the momentum
balance equation can be written as

dv, 1 p, A 2 P
Do Lo Pelp V| Pe
Yp dz 2P p, V, (vg Vp) (Pp ]g (4.13)

Program 4.2 uses the Runge—Kutta fourth order method for integrating the above ordinary
differential equation and is given in the Appendix.

EXAMPLE 4.6 Determine the velocity of the solid particles of diameter 3 X 10™ m along
the length of the pneumatic conveyor. The initial velocity of the particle is zero and superficial
velocity of air is 12 m/s. The density of the particle is 900 kg/m>. Air is fed at 25°C and 1
atm and the viscosity of air under these conditions is 1.8 x 107> kg/m-s. Neglect wall effects.
Use the following relation to determine Cp:

Cp = ﬁ(l +0.15Re)*”)

Rep

where Re, is the particle Reynolds number based on relative velocity and is given by

_ Py (Vg _Vp)dp

Re, m
Solution The following data are given:
d, =3 x 10 m
v, =12 m/s
U = 1.8 x 107 kg/m-s.

The density of air under the given conditions is given by

_PM _101325x28.84x107°
Pe = Rt 8.314x298.15

=1.1789 kg/m>
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The projected area of the particle divided by the volume of the particle is given by

- -4
v, in’r3 r, d 3x10

A r?
» ) 075 1.5 15 _ 5000 m"!
P

The particle Reynolds number is
P (v =v,)d, 1.1789x(12-v,)x3x10™

b u 1.8x107°

The momentum balance equation is

Re

=19.648(12-v,)

dv, 5000 _ 1.1789 2 (1.1789
vy —B =T 12-v +( —1]9.81
P ds 2 P 900 ( ”)

1 dv; 2
———=32747C,(12-v ) —9.797
2 dz P ( p)

2.
Let Y=V, thus

dy 2
1.~ 655C (12-/y) —19.504

24

where Re, =19.648(12-/y) and Cp=r-
€p

(1+0.15Re%687). The initial condition is at

7z =0, y = 0. The problem can be solved using the Runge—Kutta fourth order method. The
velocity of the particle along the length of the pneumatic conveyor as obtained from
Program 4.2 is presented in Table 4.3. The step size of 0.01 m is taken.

Table 4.3 Velocity of particle as obtained from Program 4.2

z (m) v, (m/s)
0.0 0.00
0.1 5.84
0.2 7.24
0.3 8.06
0.5 9.01
1.0 10.06
2.0 10.67
3.0 10.83
5.0 10.90

10.0 10.90
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4.5 Solution of Simultaneous Ordinary Differential Equations

Consider a system of two ordinary differential equations

= (x.7:2) (4.14)
d
d—z—fz(x ¥:2) (4.15)

with the initial condition: at x = x(, y = yy and z = zo. The ordinary differential equations have
to be integrated to determine the value of y and z at some x. A step size, h, is chosen in the
independent variable and after a step size in independent variable, i.e., at x = xy + & the value
of y and z are to be computed. In the Runge—Kutta fourth order method the following are
computed:

ky = hx fi (%001 %) (4.16)
1 1 1

ky =hx fi| x, +5h,y0 +5k1,20 +Ell (4.18)
1 1 1

b=hx fo| %+ Shoyo + kg + (4.19)
1 1 1

ky=hx f, x0+2h y0+2k27Z0+212 (4.20)
1

L :hxfz(xo +—hyy + < kz’Zo 21 j (4.21)

ky=hx fi(xg +h.yy +k3.zo +13) (4.22)

L=hx fy(xg +hyy +ks.29 +15) (4.23)

Y =Y +€(k1 +2ky +2ky + ky) (4.24)

1
7 =2 +g(ll +20, + 20 + l4) (4.25)

From the initial condition (xy, yg, zo), we have determined the value of y and z at xy + h. Now
again, the above calculations are carried out to determine the value of y and z at xo + 2h. But
before carrying out the next calculation the following statements are executed, due to which
the value of y; becomes y,, z; becomes z; and x, + & becomes xg:

.X0=.X0+h
Yo = )1
20 = 11
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EXAMPLE 4.7 Integrate the ordinary differential equations

dx
—=X+2
dt y
y

—— =3X+2
dt y

using the Runge—Kutta fourth order method. The initial condition is: at t = 0, x = 6, y = 4.
Determine the values of x and y at 7 = 0.2. The analytical solution is given by x = 4¢* + 2¢7
and y = 6e* — 2¢7.

dx
Solution Take step size of # = Ar = 0.1. The functions are fl:E:anZy and

b :%: 3x +2y. To compute the value at r = 0.1 the starting point is 7, = 0, xo = 6 and y,
= 4. The calculations are given below.

£1(@0, 6, 4) = 14; therefore k; = 1.4;

(0, 6, 4) = 26; therefore [, = 2.6;

£1(0.05, 6.7, 5.3) = 17.3; therefore k, = 1.73;

£(0.05, 6.7, 5.3) = 30.7; therefore I, = 3.07;

f1(0.05, 6.865, 5.535) = 17.935; therefore k3 = 1.7935;

/>(0.05, 6.865, 5.535) = 31.605; therefore I3 = 3.16065;

f1(0.1, 7.7935, 7.1665) = 22.1265; therefore k, = 2.21265;

f>(0.1, 7.7935, 7.1665) = 37.7135; therefore I, = 3.77135.
Thus

X, = X, Jr%(k1 +2k, + 2k + k, ) =7.7766 (at t = 0.1)

Y=Y, +%(l1 +21, +21, +l4):7.140725 (at = 0.1)
Now let us compute the value of y and z at # = 0.2. For this computation the starting point is
to = 0.1, xo = 7.77606, and y, = 7.140725. The calculations are given below.
Sf1(0.1, 7.7766, 7.140725) = 22.05805; therefore k; = 2.205805;
f>(0.1, 7.7766, 7.140725) = 37.61125; therefore [; = 3.761125;
f1(0.15, 8.8795, 9.0212875) = 26.922075; therefore k, = 2.6922075;
f>(0.15, 8.8795, 9.0212875) = 44.681075; therefore I, = 4.4681075;
S1(0.15, 9.12270375, 9.37477875) = 27.872206; therefore k3 = 2.787226;
f>(0.15, 9.12270375, 9.37477875) = 46.1176687; therefore I3 = 4.61176687;
/1(0.2, 10.563826, 11.75249187) = 34.06881; therefore k4 = 3.406881;
/>(0.2, 10.563826, 11.75249187) = 55.19646; therefore I, = 5.519646.



Initial Value Problems 65

Thus at r = 0.2
x, =7.7766 + é(z.zossos +2%2.6922075 + 2 x 2.787226 + 3.406881) = 10.5385

v, =7.140725 + é(3.761 125+ 2% 4.4681075 +2x 4.61176687 + 5.519646) =11.7141

From the analytical solution at r = 0.2: x = 10.5396, y = 11.7158, which is close to the
numerical solution.

EXAMPLE 4.8 Solve the following ordinary differential equations:

dy
2,
dx
dz _
dx Y

with the initial condition y(0) = 2, z(0) = 1. Determine the value of y and z at x = 3. Compare
the numerical solution with the analytical solution. The analytical solution of the given
differential equations is y = Asin(x + &) and z = Acos(x + @).

Solution The two simultaneous ordinary differential equations can be written as

_dy
Y dx
dz
fz_dx_ y

The initial condition is: at x = 0, y = 2, z = 1. We have to determine y and z at x = 3. The
result from Program 4.3 at step size of 0.01 is: at x = 3: y = —1.84, z = —1.27. Now let us check
the numerical result with the analytical solution. First let us determine the constants A and o
At x =0: y =2, z=1, and thus

2 =Asin(0 + @)

1 =Acos(0+ )

Thus tan o = 2 or & = 63.435° and thus A = 2.236. From the conversion of radians to degrees
we know that 3.1416 radians = 180°. Thus x = 3 = 171.887°. At x = 3 the following is obtained:
y = 2.236 sin(171.887 + 63.435) = —1.84
7 = 2.236 cos(171.887 + 63.435) = —-1.27

which is the same as numerical solution.

EXAMPLE 4.9 Solve the following ordinary differential equation:
Iy _
dx*

with the initial conditions y(0) = 2, y'(0) = 1. Determine the value of y at x = 3.

—yx
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Solution Let us take

d
_y:Z
dx

Then the given differential equation can be written as

d_

—yx
dx Y

The two simultaneous differential equations can be written as

dy
Y :E:Z
dz
fz:az_yx

The initial condition is at x = 0, y = 2, z = 1. We have to determine y at x = 3. Program 4.3
can be modified (only the functions funcl and func2 have to be changed) and with step size
of 0.01 we get at x = 3: y = -1.90, z = -1.15.

4.6 Series of Stirred Tanks with Coil Heater

The schematic diagram of a series of stirred tanks with coil heater is shown in Fig. 4.5. The mass
in each tank shall be assumed constant as the tank volume and density of oil are assumed
constant. The energy balance of tank 1 (accumulation = Input — Output) gives

MC, Sl =i, (1, ~T,) + UA(T, - T;)

where M is the mass of oil in the tank and m is the flow rate of oil. 7 is the inlet temperature

m kg/s T, T, T,
v >

|

=S =S A=/

Fig. 4.5 Schematic diagram of series of stirred tanks with coil heater.
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of the oil. Ty, T,, and T3 are the temperatures of the first, second and third tank respectively.
T is the temperature of steam. The energy balance of tank 2 gives

MC, 2 =i, (1, ~T,) + UA(T, - T,)

The energy balance of tank 3 gives

MC, B =i, (T, ~T,) + UA(T, - )

The analysis is described in the example below.

EXAMPLE 4.10 Three tanks in series are used to heat oil (see Fig. 4.5). Each tank is initially
filled with 1000 kg of oil at 20°C. Saturated steam at 250°C condenses within the coils
immersed in each tank. Oil is fed into the first tank at a rate of 2 kg/s and overflows into the
second and third tanks at the same flow rate. The temperature of the oil fed to the first tank
is 20°C. The tanks are well mixed so that the temperature inside the tanks is uniform and the
outlet stream temperature is the temperature within the tank. C, of oil = 2000 J/kg-K. The rate
of heat transferred to the oil from the steam is given by O = UA(TS —T), where A is the outside
area of the coil in one tank, A = 1 m? and the overall heat transfer coefficient is based on the
outside area of the coil, U = 200 W/m*-K. Determine the steady state temperature in all the
three tanks. What time interval is required for 75 to reach 99% of this steady state value?

Solution UA = 200 W/K. From the first differential equation we get

1000 x 2000‘;—7; 2x2000(20 - 7;) +200(250 - T;)

a1, =0.065 - 0.0021T,

From the second differential equation we get

1000 x 2000%:% 2000(7, - T, ) + 200(250 - 75

% =0.025 + 0.0027; - 0.00217,
t

From the third differential equation we get

T,
1000 x 2000“’7 =2x2000(7, —T;) +200(250 — T)
t
‘;T =0.025 + 0.0027, — 0.00217,
t

The initial condition is: at t = 0: Ty = T, = T3 = 20°C. Program 4.4 for the solution of above
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three ordinary differential equations by the Runge—Kutta fourth order method is given in the
Appendix. The results at step size of 0.1 is shown in Table 4.4.

Table 4.4 Results in Example 4.10.

Time (s) T, (°C) T; (°C) T3 (°C)
1000 29.61 36.08 39.56
2500 30.89 40.98 49.87
7500 30.95 41.38 51.31

15000 30.95 41.38 51.31

The steady state temperature is obtained when in the differential equation Ci—T:O; thus the
t

steady state temperatures are given by

(=209 _30952c
0.0021
T, - 0.002 x 30.95 + 0.025 4138 °C
0.0021
T, - 0.002 x 41.38 + 0.025 — 513150
0.0021

The same steady state temperatures are also obtained from the numerical solution. Note
the temperature at 7500 s in Table 4.4. We are required to determine the time required
for temperature in tank 3 to reach 0.99 x 51.31 = 50.80°C. From Program 4.4 this time
is 3150 s.

4.7 Initial Value Problems in Chemical Reaction Engineering

Batch and plug flow reactors are initial value problems. The initial conditions and ordinary
differential equations for batch and plug flow reactors are shown in Table 4.5.

Table 4.5 Initial conditions and ODEs for batch and plug flow reactors

Initial ODE’s for Batch Reactor Initial ODEs for Plug Flow
Condition for Condition for Reactor
Batch Reactor Plug Flow
Reactor
At
Atr=0: dCAz_kc Atx=0: ac,
1~ A u =—kC,
dt dx

c,=1 C,=

dCB_kC udCB=kC
Cy=0 dt_lA Cy= dx 164
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Table 4.5 (Cont.)

A ky B ky C
Atr=0: ac, ——kC Atx=0: udCA =—kC,
C,=1 dt o c, =1 dx
dc,
Cy=C-=0 d;f; =kC, = kCy Cy=C-=0 u xB =kCy = kCy
dcC, dC,
dtC =k,Cy u dxp =k,Cy
A+B—t>C
B+C—2>5D
dc
At1=0: % =—kC,C, Atx=0: u dx" =—kC,Cy
Ci=Cp=1 dcC Ci=Cp=1 dc
B _ _ —_
C.=C,=0 dlB =~k C\Cp =k, CCe C.=C,=0 u A ki CyCp =k, CpC
dcC, dC,
dtC =kC,C,-k,C,C,. “7; =k CsCh =k CyCe
dcC dcC
dtn =k,C,C. u de =k,C,Cpr

4.8 Batch and Stirred Tank Reactors

The solution of initial value problems in batch and stirred tank reactors is described with the
examples given below.

EXAMPLE 4.11 Consider a reaction A — B carried out in a batch reactor. The differential
equation for species A is
dac,
dt

The initial condition is: at = 0, C, = 1 mol/m>. The rate constant of the reaction is 1 s™. Using
the Runge—Kutta fourth order method, determine the concentration of A at 3 s.

=—kC,

Solution The differential equation is written in the form f = —kC,. Thereafter the following
are computed:

k =hx f(t,,C,)
1 1
k2 Zth tO +Eh,C0 +5k1

1 1
k3 Zth(to +Eh,CO +5k2J
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ky =hx f(ty +h.Cy+k;)
C, =G, +é(kl +2k, + 2k, + k)

t,=t, +h

G, =G
Program 4.1 can be modified and the results for step size of 0.01 s are presented in Table 4.6.

Table 4.6 Results in Example 4.11

1 (s) C, (mol/m?) C, (mol/m?) = ¢
Numerical solution Analytical solution
0.0 1.000000 1.000000
1.0 0.367880 0.367879
2.0 0.135335 0.135335
3.0 0.049787 0.049787
5.0 0.006738 0.006738
10.0 0.000045 0.000045

EXAMPLE 4.12 A liquid phase reaction A — B is carried out in a stirred vessel reactor. Feed
enters the reactor at a rate of F = 1 L/s and exits out also at the same flow rate. Both the
reactant and product have the same density. The concentration of reactant in the feed is Cy
= 1 mol/m>. The volume of the tank is V = 10 L and the concentration of A of the solution
in the tank is 1 mol/m’. The vessel may be considered perfectly mixed, so that the
concentration of A in the product stream equals that inside the tank. The rate of consumption
of A equals kC,, where k=1 s!. Determine the concentration of A at various time periods from
0 to 10 s.

Solution Mole balance on component A is given by
Accumulation = Input — Output — Consumption
Moles of A in the reactor = VC,

Accumulation = M
dt
Input = FCy
Output = FC,
Thus from the mole balance of component A, we get
a(vc,)

7 =FC,,-FC,-kC,V
1
Substituting the values we get

d(c
10(—**)= 1-C,-10C,
dt
ac,
dt

=0.1-1.1C,
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The initial condition is: at 7 = 0, C, = 1 mol/m>. Program 4.1 can be modified and at step size
of 0.01 the concentration of component A in the tank with time is shown in Table 4.7.

Table 4.7 Results in Example 4.12

Time (s) C, (mol/m?)

0.10 0.9053

0.25 0.7891

0.50 0.6212
1.0 0.3969

2.0 0.1927

3.0 0.1248

5.0 0.0947

10.0 0.0909

dc, ) 0.1 3 . .
At steady state, r =0; thus C, :ﬁ:0.0909 mol/m”. The same is also obtained from

numerical solution. Note the concentration at 10 s in the Table 4.7.

EXAMPLE 4.13 Consider reaction A—% sB—* s carried out in a batch reactor. The
differential equation for component A is

dc,

ar 4G
for component B
dc,
=kC, —k,C
dt 1A 2B
for component C
dC,
—==k,C
dt 2~B

The initial condition is: at t =0, Cy = 1 mol/m3, Cp=0 mol/m3, and C-=0 mol/m>. The rate
constants are k; = 1 s™' and k, = 1 s™'. Using the Runge—Kutta fourth order method, determine
the concentration of A, B, and C up to 10 s.

Solution The differential equations are written in the form of functions

fi=—kA
f, =kA—k,B
f,=k,B

where A, B and C are the concentrations of the components A, B, and C, respectively. The
initial condition is at time ¢ = #;,, A = Ay, B = By, C = C,. Thereafter the concentrations are
computed at time ¢ = #; + h.
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k =hx f,(ty, Ay, By, Cy)
L =hx f,(ty. Ay, By, Cy)
m, =hx fi(ty, Ays By, Cy)
k,=hxf|t, +1hA +1k By +— ll,C0+lml
2 2 2 2

1 1 1 1
L=hxf, t0+2hA +2k1,B +211,C0+5m1j

1 1 1 1

1 1 1 1
—hxﬂ(t0+2hA +2k1,B +211,C0+§m1
k, _hxfl(to+2hA +2k ,B, +212,C0+5m2

1 1 1

1 1 1 1

L=hxf|t, +2hA +2k2,B +212,C0+5m2j
1

m3:h><f3(t0+5h,A0+5k2,BO+512,C0+5m2)

k,=hx f,(ty + h, A, + ky, By + 1;,Cy + my)
I, =hx f,(t, + h, Ay + ky, By + 15,Cy + my)
my =hx f,(t, + h, Ay + ks, By + ,,Cy + my)

A = A, +é(k1 +2k, + 2k, +k,)
B, =B, +6(1 +21, +21, +1,)

C =C, -i—%(m1 +2m, +2m, +m4)

th=ty+h
Ay = A,
By = B,
Co=C

Program 4.5 for the solution of the above three simultaneous ordinary differential equations by
the Runge—Kutta fourth order method is given in the Appendix. The results for step size of 0.01
s are presented in Table 4.8.
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Table 4.8 Results in Example 4.13

1(s) Cy (mol/m?) Cg (mol/m?) Cc (mol/m?)
0.0 1.000000 0.000000 0.000000
1.0 0.367880 0.367879 0.264241
2.0 0.135335 0.270671 0.593994
3.0 0.049787 0.149361 0.800852
4.0 0.018316 0.073263 0.908422
5.0 0.006738 0.033690 0.959573

10.0 0.000045 0.000454 0.999503

EXAMPLE 4.14 Consider the following two reactions taking place in a batch reactor:
A+B—5C
B+C—2>5D

The concentration of various species with time are given by the following differential
equations:

for component A

dc
d ZA == kl CA CB

for component B

dZB =—kC,C, —k,C,C.
for component C

dc

<= kC,Cp = k,CypCo

for component D

dc

d_zD =k,CyCe

The initial conditions are: at t = 0, Cy = 1 mol/m3, Cp=1 mol/m3, Cc=0 mol/m3, and Cp
= 0 mol/m>. The rate constant of the reactions are k; = k, = 1 m*/mol-s. Using the Runge—Kutta
fourth order method determine the concentration of species A, B, C, and D up to 10 s.

Solution Program 4.6 for solution of the above four simultaneous ordinary differential
equations by the Runge—Kutta fourth order method is given in the Appendix. The results for
step size of 0.01 s are presented in Table 4.9.
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Table 4.9 Results in Example 4.14

1 (s) C,4 (mol/m?) Cp (mol/m?) C¢ (mol/m?) Cp (mol/m?)
0.0 1.000000 1.000000 0.000000 0.000000
1.0 0.528875 0.394646 0.336895 0.134230
2.0 0.404510 0.175134 0.366113 0.229376
3.0 0.357692 0.083121 0.367737 0.274571
4.0 0.337090 0.040733 0.366553 0.296357
5.0 0.327357 0.020275 0.365561 0.307082
10.0 0.318152 0.000659 0.364356 0.317492

4.9 Plug Flow Reactor

The solution of initial value problems in plug flow reactor is described with examples given
below.

EXAMPLE 4.15 Consider a reaction A — B carried out in a plug flow reactor. The
differential equation for species A along the length of the plug flow reactor of length 10 m is
dc,
dx
The initial condition is: at x = 0 (inlet), C, = 1 mol/m>.

A fluid medium comprising initially only A flows through the reactor with a mean axial
velocity u = 1 m/s. The rate constant of the reaction is 1 s™'. Using the Runge—Kutta fourth
order method, determine the concentration of A along the length of the plug flow reactor up
to 10 m.

u -kC,

Solution Program 4.1 can be modified and the results for step size of 0.01 m are presented
in Table 4.10.

Table 4.10 Results in Example 4.15

x (m) Cy (mol/m?)
0.0 1.000000
1.0 0.367880
2.0 0.135335
3.0 0.049787
5.0 0.006738

10.0 0.000045

EXAMPLE 4.16 Consider a reaction A—%»B—*% > carried out in a plug flow reactor.
The differential equation for component A is
ac,
dx

u

- kch
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for component B

udCB =kC, -k,C,
X
for component C
d
u—CC =k,C,
X

The initial condition is: at x = O (inlet), C, = 1 mol/m3, Cp=0 mol/m3, and C- =0 mol/m>.
A fluid medium comprising initially only A flows through the reactor with a mean axial
velocity u = 1 m/s. The rate constants are: k; = 1 s~ and k, = 1 s™'. Using the Runge—Kutta
fourth order method, determine the concentration of A, B, and C along the length of the plug
flow reactor up to 10 m.

Solution Program 4.5 can be modified (time replaced by distance along the length of the
tubular reactor) and the results for step size of 0.01 m are presented in Table 4.11.

Table 4.11 Results in Example 4.16

x (m) C,4 (mol/m?) Cy (mol/m?) C¢ (mol/m?)
0.0 1.000000 0.000000 0.000000
1.0 0.371577 0.367861 0.260562
2.0 0.136695 0.272024 0.591281
3.0 0.050287 0.150359 0.799353
4.0 0.018500 0.073814 0.907686
5.0 0.006806 0.033960 0.959234

10.0 0.000046 0.000458 0.999496

EXAMPLE 4.17 Consider the following two reactions taking place in a plug flow reactor:
A+B—-C
B+C—2>D

The concentration of various species with the length of the reactor are given by the following
differential equations:
for component A

dcC,

u =—kC,C,
dx
for component B
d
u Cs =-kC,C, - k,C,C,
dx
for component C
d
u Ce =kC,Cy — k,CyC,.
X
for component D
u Gy _ k,C,C.
by
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The initial conditions are: at x = 0 (inlet), C4, = 1 mol/m>, Cz = 1 mol/m?, C = 0 mol/m?, and
Cp = 0 mol/m’>.

The length of the plug flow reactor is 10 m. A fluid medium comprising initially only
A and B flows through the reactor with a mean axial velocity u = 1 m/s. The rate constant of
the reactions are k; = k, = 1 m*/mol-s. Using the Runge—Kutta fourth order method, determine
the concentration of species A, B, C, and D along the length of the plug flow reactor up to 10
m.

Solution  Substituting k; = k, = 1 m*/mol-s and u = 1 m/s in the above ordinary differential
equations, we get

dcC
dxA == GG
d
CB == CACB - CBCC
dx
dcC
€= C,C, - CBCC

dx
dcC

de =Gt

Program 4.6 can be modified (time replaced by distance along the length of the tubular reactor)
and the results for step size of 0.01 m are presented in Table 4.12.

Table 4.12 Results in Example 4.17

x (m) C, (mol/m?) Cp (mol/m?) C¢ (mol/m?) Cp (mol/m?)
0.0 1.000000 1.000000 0.000000 0.000000
1.0 0.528875 0.394646 0.336895 0.134230
2.0 0.404510 0.175134 0.366113 0.229376
3.0 0.357692 0.083121 0.367737 0.274571
4.0 0.337090 0.040733 0.366553 0.296357
5.0 0.327357 0.020275 0.365561 0.307082

10.0 0.318152 0.000659 0.364356 0.317492

410 Nonisothermal Plug Flow Reactor

EXAMPLE 4.18 Consider the reaction A — B carried out in a steam heated heat exchanger
reactor. Reactant A is fed at the rate of 1.26 kg/s per tube. The feed consisting of pure A enters
the reactor at a temperature of 21°C. It is desired to determine the height of reactor required
for 90% conversion of A. The internal diameter of the reactor tubes may be taken as 2.54 cm.
Steam at 388.71 K is available for heating purposes. The rate constant of the first order
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108847

reaction is given by k :5.64x1013exp( , where T is in Kelvin. Take the following

parameters: R = 8.314 J/mol-K, p = 980.9 kg/m?, molecular weight of reacting stream,
M = 200 g/mol, heat transfer coefficient based on inside area of reactor tube, U = 1900 W/
m>-K, C, = 15.7 J/kg-K, AH? = 92.9 kJ/mol. Assume the heat of reaction to be independent
of temperature.

0
Solution Since the reaction is first order, kC, = knTA = k&(l -X ) , Where F is the volumetric

flow rate of reactant A and ”2 is the inlet molar flow rate of A. The rate constant of the reaction

can be written as
k =k, exp{b(l - lﬂ
)
E

T
here b=——, ¢ =— and k, =5.64x10" exp(-b).
where RT 0 T and k, X exp( )

1 1
T, is a reference temperature and is taken to be the temperature of steam.
dn, ,dX nSdX
S04 082 _TA B2
v tdv o A dz

x k, exp{b(l —;ﬂ(l -X)

an F

Ty

From energy balance on reactants we get

T
mC, ar , rAAH? —q=0
dz
where g = Ua(Tg — T) and a is the total area of heat transfer per unit length; thus a = 7D (for
one tube). A is the cross-sectional area of the tube based on inside diameter. Thus the above
equation becomes

. . dT 4U
_mCPW+3(TS —T)—VAAH(_) =0

xn

3 3
Fo12688 L ™ _yoguq0n ™
s 980.9 kg s
E __ 108847 ...

TRT, 8314x38871

k, =5.64 x10" exp(—b) = 5.64 x 10" exp(-33.68) = 0.133 S
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1

Ak, (1- X)exp{33.68(1 - ¢ﬂ

ax
dz F
2

Ak 1.2 1

Ay _ g2} 0133 —=0.0527 m™'

F 100 ) 1.28x10°

Thus
T,
d—X=0.0527(1 — X)exp| 33.68 1 -+
dz T
iC, 126581577 _1978%
s kg-K K

a, A and U are all based on the internal diameter of tubes. The inlet molar flow rate of A is

given by

kg 1mol _63 mol

s 0.2kg S

nS =1.26

-iC,——+—(T; - T)-r,AH), =0

T (0_0127) dz 0.0254

k.’ exp{b(l - ;H(l -X) 0.133x 6.36xp[33.68(1 - ?H(l - X)

r =
A F 1.28x107°

r, =654.61(1- X)exp[33.68(1 - %H

™n

rAHY, = 654.61x92900(1 ~ x)exp{%.és(l - ﬁﬂ
T

rAAngm =6.08x10’ (1 - X)exp[33.68(1 - ?ﬂ

Thus the energy balance equation becomes

—39036Z—T +299212.6(7; - T) - 6.08x10" (1 - X)exp{33.68(1 - ?ﬂ =0
<
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Thus the two simultaneous ordinary differential equations are

ax_ 0.0527(1- X)exp 33.68(1 - 38871]
dz T

ar _ 7.665(388.71-T) —1557.5(1 - X)exp|:33,68(1 B 382;.71}}

dz

The initial condition is: at z = 0, X = 0 and T = 294.15 K.

Program 4.7 for the solution of the above two simultaneous ordinary differential equations by
Runge-Kutta fourth order method is given in the Appendix. The results for step size of 0.1 m
are presented in Table 4.13.

Table 4.13 Results in Example 4.18

z (m) X T
0.1 0.000026 343.87
0.2 0.000363 359.29
0.3 0.00094 361.51
0.4 0.0015 362.69
0.5 0.0015 362.69
1.0 0.005 364.87
2.0 0.011 365.35
3.0 0.017 365.40
5.0 0.029 365.49

10 0.059 365.71

15 0.088 365.93

20 0.118 366.16

25 0.147 366.40

30 0.176 366.64

35 0.204 366.89

40 0.232 367.14

45 0.260 367.39

50 0.287 367.66

100 0.542 370.65
150 0.752 374.56
200 0.903 379.76
250 0.980 385.59
300 0.998 388.33
350 0.999 388.68

Thus 90% conversion is achieved at a height of 200 m.
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4.1

4.2

4.3

Exercises

Integrate the following ODEs using the Runge—Kutta fourth order method:
dx

—=—-10x+10
dr Y
dy
—=28x—-y—xz
dr Y

dz

— =—-2.666667z + xy
dt

Initial condition at t = 0: x = y = z = 5. Determine x(20), y(20), z(20).
(Ans: x(20) = 6.76, y(20) = 12.61, z(20) = 10.96)

Consider the second order ordinary differential equation
d*x dx
_2 +
dt dt dx
with the initial conditions x(0) = 3 and d—(O) =—5. Compute x(5).
t

: dx . dy
Hint: Take E:y and thus the given ODE becomes 52—5?‘—4)’. The two

simultaneous differential equations can be solved using the Runge-Kutta fourth
order method by taking the following functions.

fl_E_y

dy
=—=-5x-4
f dr y

Initial condition at r = 0: x = 3 and y = —5. Note that since the ordinary differential
equation is second order, therefore two conditions have to be given to completely
define the problem.

(Ans: x(5) = -4.9 x 107

Consider the second order ordinary differential equation
2

d_zz - x ol +2y°=0

dx dx
with the initial conditions y(0) = 1 and %(0) =0. Compute y(1).

X
2. A2
Hint: Take ?:z and thus the given ODE becomes %:% The two
X X

simultaneous differential equations can be solved using the Runge—Kutta fourth
order method by taking the following functions:
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4.4

4.5

4.6

4.7

4.8

dy
:—:Z
Y dx
dz x’z7-2y*
f= XY
dx 8

Initial condition at x = 0: y = 1 and z = 0.
(Ans: y(1) = 0.8785)

Determine the velocity of the solid particles of diameter 0.0003 m in a pneumatic
conveyor at length of 10 m. The initial velocity of the particle is zero and
superficial velocity of air is 10 m/s. The density of the particle is 900 kg/m>. Air
is fed at 25°C and 1 atm and the viscosity of air under these conditions is 1.8 x 107 kg/
m-s. Neglect the wall effects. Use the following relation to determine Cp:

Cp= ﬁ(l +0.15Re)™)

Rep

where Re p is the particle Reynolds number based on relative velocity and is given

Py (vg Y )dp
u
(Ans: 8.9044 m/s)

by Re, =

Consider a reaction A — B carried out in a batch reactor. The differential equation
for species A is

dcC,

dt

The initial condition is: at t =0, Cy = 1 mol/m>. The rate constant of the reaction
is 0.1 s7. Using the Runge—Kutta fourth order method, determine the concentration
of A at 10 s.

(Ans: 0.36788 mol/m>)

=—kC,

Solve Exercise 4.5 for rate constant of the reaction of 0.01 s~
(Ans: 0.904838 mol/m?)

Consider a reaction A — B carried out in a plug flow reactor. The differential
equation for species A is

4

The initial condition is: at z =0, C, = 1 mol/m>. The rate constant of the reaction
is 0.1 s~!. Using Runge—Kutta fourth order method, determine the concentration of
A at 5 m from entrance. Take u = 1 m/s.

(Ans: 0.606531 mol/m?)

Solve Exercise 4.7 for rate constant of the reaction of 0.01 s
(Ans: 0.95123 mol/m®)
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4.9

4.10

4.11

4.12

4.13

Consider reaction A—% sB—% 5 carried out in a batch reactor. The differential
equation for component A is

dc
th =hC
for component B
dc
d_tB =kC, —kCy
for component C
dC,
-=k,C
dt 2~B

The initial condition is: at 1 =0, Cy = 1 mol/m3, Cz=0 mol/m3, and C-=0 mol/m>. The
rate constants are: k; = 1 s™' and k, = 0.1 s~!. Using the Runge—Kutta fourth order
method, determine the concentration of A, B, and C at 10 s.

(Ans: C4 = 4.54 x 107 mol/m®, Cy = 0.408704 mol/m>, C¢ = 0.59125 mol/m?)
Solve Exercise 4.9 for the following rate constants: k; = 0.1 s™' and k, = 1 s7'.

(Ans: C, = 0.3679 mol/m?, Cy = 0.0409 mol/m®, Cc = 0.5912 mol/m?)

Consider reaction A—%»B—% 3C carried out in a plug flow reactor. The
differential equation for component A is

dc
u dxA =—kC,
for component B
udCB =kC, —k,C,
dx
for component C
dC,
u—-=k,C
dx 2%~B

The initial condition is: at x = 0, C, = 1 mol/m®, Cz =0 mol/m?, and C. =0 mol/
m?>. The rate constants are: k; = 1 s™' and k, = 0.1 s™\. Using the Runge—Kutta fourth
order method, determine the concentration of A, B, and C at 5 m from entrance.

(Ans: C, = 0.006738 mol/m®, Cy = 0.6664 mol/m?®, C. = 0.3268 mol/m?)

Solve Exercise 4.11 for the following rate constants: k; = 0.1 s™' and k, = 1 s7\.
(Ans: C, = 0.6065 mol/m>, Cy = 0.0666 mol/m?, C. = 0.3268 mol/m?)

Consider the following two reactions taking place in a batch reactor:

A+B—5C

B+C—%2>D
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4.14

4.15

The concentration of various species with time are given by the following
differential equations:

for component A

dc
A tA == kLCACB
for component B
dd& =—kC,Cy —k,CyCe
t
for component C
dc,
dtc =kC,Cy —k,CpCe
for component D
dc
dzD =k, CyCe

The initial conditions are: at 1 =0, Cy = 1 mol/m3, Cp=1 mol/m3, Cc=0 mol/m3,
and Cp = 0 mol/m>. The rate constant of the reactions are k; = 1 m*/mol-s and
k, = 0.1 m*mol-s. Using the Runge—Kutta fourth order method, determine the
concentration of species A, B, C, and D at 10 s.

(Ans: C, = 0.1392 mol/m®, Cz = 0.0361 mol/m>, C = 0.7576 mol/m?,
Cp = 0.1032 mol/m?)

Solve Exercise 4.13 for the following rate constants: k; = 0.1 m*/mol-s and
ky = 1 m*mol-s.

(Ans: C, = 0.5899 mol/m®, Cp = 0.2447 mol/m?, Cy = 0.0650 mol/m?,
Cp = 0.3452 mol/m?)

Consider the following two reactions taking place in a plug flow reactor:
A+B—-5C

B+C—%2>D

The concentration of various species are given by the following differential
equations:

for component A

udcA =—kC,C,
dx
for component B
u dc, =—kC,C, —k,C,C,
dx
for component C
dc
u—=<=kC,C, —k,C,C,

X
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4.16

for component D

dcC
Md—xD = kZCBCC
The initial conditions are: at x = 0 (inlet), C4 = 1 mol/m3, Cp =1 mol/m3,
Ce = 0 mol/m?, and Cp, = 0 mol/m’. The rate constant of the reactions are
k; = 1 m*/mol-s and k, = 0.1 m*/mol-s. Using the Runge—Kutta fourth order method,
determine the concentration of species A, B, C, and D at 5 m from the entrance.

(Ans: C, = 0.1949 mol/m® Cz = 0.1168 mol/m?, C. = 0.7269 mol/m?,
Cp = 0.0781 mol/m?)

Solve Exercise 4.15 for the following rate constants: k; = 0.1 m*mol-s and
ky = 1 m*/mol-s.

(Ans: C, = 0.7009 mol/m® Cz = 0.4764 mol/m>, C. = 0.0747 mol/m?,
Cp = 0.2244 mol/m?)



Chapter 5

Boundary Value Problems

The application of finite difference method for the numerical solution of boundary value
problems in ordinary differential equations is discussed in this chapter with various examples.
One-dimensional steady heat conduction, steady heat conduction in a fin, and chemical
reaction and diffusion in a pore are also discussed in this chapter. The discretization of the
convection term is discussed in the next chapter.

5.1 Discretization in One-Dimensional Space

The basic idea of finite difference methods is that the derivatives in differential equations are
written in terms of discrete quantities of dependent and independent variables, resulting in
simultaneous algebraic equations with all unknowns prescribed at discrete nodal points.
Consider a function y(x) and its derivatives at point x. y(x + Ax) can be expanded in Taylor
series about y(x) as follows:

2 2 3 3
y(x+Ax):y(x)+Ax%X+%Zx—Z A;' % 5.1
Simplifying, we get ) )
yx+A) -y(x) _dy|  Axd’y
Ax dx|,  2!dx’ .
Thus
o] A2

o d
The derivative =
x X
zero like the first power in Ax. That is why we write the derivative at point x as

_ lim y(x + Ax) - y(x)
Ax—>0 Ax

is of first order in Ax, indicating that the truncation error O(Ax) goes to

@y
dx|,

Consider a one-dimensional body as shown in Fig. 5.1.
85
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® & L4 @ ®
i-2 i—-1 i i+1 i+2

Fig. 5.1 One-dimensional body.

We may write y in Taylor series at i + 1 and i — 1 as

dy| Ax*d’y| A Pyl Axtdly
o=y + Ax—| + + — + e
™ R TR B TR T (5-22)
dy| Ax* d’y| A Pyl Axtdiy
o=y — Ax— — | — + 4oeen
e R TR T TR (5.2b)
From Eq. (5.2a), we get the forward difference approximation of % at node i as
by
ﬂ :yi+1_yi+0(Ax) 53
dx, . Ax (5:3)
and from Eq. (5.2b) we get the backward difference approximation of ? at node i as
X
ﬂ :yi_yi—l+0(Ax) 5.4
dx Ax (5-4)

i

Subtracting Eq. (5.2b) from Eq. (5.2a), we get the central difference approximation of L at
node i as x

dy Yian = Yia 2
— == 1+ O(Ax
dx|, 2Ax ( ) (5-3)

1

It is seen that the truncation errors for the forward difference and backward differences are first

order, whereas the central difference yields a second order truncation error. Adding the two
2

equations, we get the central difference approximation of d—{ at node |
X

d2y| _ Y _Zyi + Vi +O(A)C2)

dx? | Ax?

14

(5.6)

It should be noted that these finite difference approximations are only valid to some order of
Ax. The error in the approximations is called the truncation error. It is possible to get
approximations which are valid to higher order by using more grid points in the
approximations. But for our purposes the approximations given above will be sufficient.

A numerical scheme is called consistent if the finite difference approximations have a
truncation error that approaches zero in the limit that Ax — 0, Ar — 0.

Even if the numerical scheme is consistent, we are still not guaranteed that iterating the
numerical scheme will give a good approximation to the true solution of the differential
equation. A numerical scheme is called convergent if the solution of the discretized equations
approaches the exact solution of the differential equation in the limit that Ax — 0, Az — 0.
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For linear equations the issue of convergence is intimately related to the issue of stability
of the numerical scheme. A scheme is called stable if it does not magnify errors that arise in
the course of the calculation.

As Ax and Ar are made smaller, the truncation error of approximating the derivatives by
finite differences decreases. However, for smaller sizes, more computations need to be done
to get solutions for the same domain and total time, which leads to increased round-off errors.
The total error as a function of these sizes is shown in Fig. 5.2. Here it is assumed that the
solution is calculated on the same domain and for the same total time.

Error Total error

Truncation
error

Round-off
error

v

Grid size

Fig. 5.2 Errors as function of grid size for finite difference calculation.

For a second order differential equation, two boundary conditions have to be specified and thus
the problem is called the two-point boundary value problem. There are three types of boundary
conditions: Dirichlet, Neumann and mixed. Dirichlet boundary condition is the one in which
the variable is defined such as y = 0 and Neumann boundary condition is the one in which the

gradient of the variable is defined perpendicular to the surface such as d—y:0. Mixed

boundary condition is the one which is a combination of Dirichlet and Neumann, such as

—kfl—T:h(T —Tw). A well-posed problem is the one which has a unique solution.
X

EXAMPLE 5.1 Using finite difference method, solve the second order one dimensional
linear differential equation

d*y
—-2=0 O0D<x<1
dx
with the Dirichlet boundary conditions
atx=0: y=0

atx=1:Yy
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Compute the value of y at x = 0.5. Make two parts (see Fig. 5.3). The exact solution is

y=x>—x

1 2 3
Fig. 5.3 Example 5.1.

Solution The central difference in space gives
Vit =29 + Yy _ )
Ax? -
Substituting i = 2, we get
Vs =20+ )
A
Since two parts are made, therefore Ax = 0.5. It is given that y; = 0 and y; = 0 and we get

1
b2 :_Z’ which is the same as the exact solution.

EXAMPLE 5.2 Using the finite difference method, solve the second order one dimensional
linear differential equation

—-2=0 O<x<1
with the following boundary conditions:

Atx=0: y=0 Dirichlet boundary condition

At x = 1: %zl Neumann boundary condition
by

Compute the value of y at x = 0.5. Make two parts (see Fig. 5.4).

1 2 3 4
Fig. 5.4 Example 5.2.

Solution The central difference in space gives

Vit — 2y, + Vi, )

At node 2
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Since y; = 0, we get

Vi =2y, = 247
At node 3
Yo =2ty )
AP
where node 4 is a hypothetical node. From the boundary condition at node 3, we get
y4 _ yZ :1
2Ax
thus y, = y, + 2Ax. Therefore
2Ax -2y, + 2y,
T A
Thus
Ax—y, +y, |
A

Solving the equations for nodes 2 and 3, we get y, :—% and y3 = 0.

EXAMPLE 5.3 Using finite difference method, solve the differential equation with the
source term f(x)
—-2y=f(x) (O<x<1

fix) =4x* - 2x - 4

with the Dirichlet boundary conditions
Atx=0: y=0

Atx=1y=-1

The total length is 1 m. Make 3 parts (see Fig. 5.5). The exact solution is y = —2x* + x.

1 2 3 4
Fig. 5.5 Example 5.3.

Solution The central difference in space gives

yi+1_2yi+yi—1 ] ~:f~

At node 2
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90
y; =2y, +0 38
%(l—f_zyzz_?
3
38
9()’3 _2}’2)_2)’2 :_?
At node 3

V. =25 + Y, 2y :4@2_2(3)_4:_2
3
9

5) C

Solving the equations for nodes 2 and 3, we get y, = 0.111 and y; = —-0.222.

32
9(_1 _2y3 +y2)_2y3 = _?

EXAMPLE 5.4 Using finite difference method, solve the differential equation with the

source term f{x)

X

3
Fig. 5.6 Example 5.4.

Solution The central difference in space gives
=2y, +
Yis1 Vi Vi _2y :f;

i

AxZ
At node 2
Vi =2y, +y
: szz . 22:fz
Y3 2)’2+0_ __ﬁ
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38
9()’3 _2}’2)_2)’2 :_?
At node 3
2
}’4_2)’32+)’2 ) 3_4(%) _2(gj_ __32
(1] 3 3 9
3
32
9(y4 -2y, +y2)_2y3 :_?
At node 4
y3_2y4+y5 _2y4:_2

2
)
9()’3 -2y, +YS)_2y4 =-2

where node 5 is a hypothetical node. From the boundary condition at node 4, we get

Y57 _ 3 therefore Y, = Y, —2 and the equation for node 4 becomes

2Ax
9(2y3 -2y, _2)_2y4 =-2
Thus the equation of node 2 is

—20y, + 9y, = _3_98

Thus the equation of node 3 is

32
9y, =20y, +9y, = _?

Thus the equation of node 4 is

18y, — 20y, =16
The equation can be written as

-20 9 01|y, -38/9
9 -20 9|y, [=|-32/9
0 18 20|y, 16
. . 1 2
Solving using TDMA, we get y, :5, Vs :—5, vy = —1.

EXAMPLE 5.5 Solve the boundary value problem
ay_
dx’

Z—y(O) =0 and y(1) = 1. Take Ax = 0.1 m. Compare the results with the analytical solution
x

_ coshx

~ coshl
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Solution The schematic diagram is shown in Fig. 5.7.

1 6 11
Fig. 5.7 Example 5.5.

Discretizing the given differential equation at nodej using the central difference scheme,
we get

Vi = 2%+t Vi

A’ "
Yia —(2+Ax2)yl. + Y1 =0

Since Ax = 0.1, therefore Ax? = 0.01 and the above equation becomes
v, =201y, +y,., =0
At node 1
Yo =2.01y, +y, =0
dy _ Yo = Vo _ _
Also at node 1, =2 =0, thus 2229 —(, thus y, = y, and we get at node 1
dx 2Ax

-2.0ly; + 2y, =0
At node 2
yi —2.0ly, + y3=0
At node 10
Yo — 2.0ly;o + y;1 =0

Since y;; = 1, the above equation becomes
Y9 — 201)710 =-1

Thus the unknowns are y; to y;o. The tridiagonal set of 10 equations becomes

[—2.01 2 ¥ 0
1 -2.01 1 ¥, 0

1 —2.01 L v, 0

| 1 =201y, | [-1]
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The solution can be obtained by modifying the parameters a; (i = 2 to N), b; (i = 1 to N) and
¢;(i=1toN-1)in Program 1.1 given in the Appendix. The numerical and analytical solution
at nodes 1 to 10 are shown in Table 5.1.

Table 5.1 Numerical and analytical solutions at nodes 1 to 10 for Example 5.5

Node x (m) Numerical y Analytical y

1 0.0 0.6482 0.6481

2 0.1 0.6515 0.6513

3 0.2 0.6612 0.6611

4 0.3 0.6776 0.6774

6 0.5 0.7309 0.7308

9 0.8 0.8668 0.8667
10 0.9 0.9287 0.9287

5.2 One-Dimensional Steady Heat Conduction
The steady heat conduction in one dimension is described with examples given below.
EXAMPLE 5.6 Consider 1-dimensional steady state conduction without heat generation

taking place in a rectangular slab. The temperature of the left side of the slab is 100°C and
of the right side is 200°C. The length of the slab is 10 cm and the thermal conductivity of the

2
slab is 120 W/cm-K. Make nine uniform divisions. The governing equation is kd 7;:()
Solution Let us make nine uniform divisions as shown in Fig. 5.8.
| | | | | | | | | |
| | | | | | | | | |
1 2 3 4 5 6 7 8 9 10

Fig. 5.8 Example 5.6.
Ax = 1.111, T} = 100°C, T, = 200°C. Using the central difference scheme, we get

T+ T, - 2T,
e =0

The equation for node 2 is
2T2 - T3 = 100

Similar equations can be written for all the nodes and the following set of eight linear algebraic
equations is obtained. The equations can be written in tridiagonal form as
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2 -1 1T, ] [100]

-1 2 -1
-1 2 -1
-1 2 -1
-1 2 -1
-1 2 -1
-1 2 -1
-1 2

|
S O O o o ©o

N e B BV o BV I I B

200

The solution can be obtained by modifying the parameters a; (i = 2 to N), b; (i = 1 to N) and
¢;i (i=1to N-1)in Program 1.1 given in the Appendix. Using TDMA the following solution
is obtained:

7,1 [111.11]
T, | |122.22
T,| |133.33
T, | |144.44
T,| |155.55
T,| |166.66
T, | |177.77
[T, | |188.88]

EXAMPLE 5.7 A fin of diameter 0.02 m and length 0.05 m is attached to a wall. The
temperature of the wall is 320°C. Determine the temperature of the fin at x = 0.0125, 0.025,
0.0375 and 0.05 m using the finite difference technique taking four parts. The thermal
conductivity of the rod is 50 W/m-K and the convective heat transfer coefficient from the rod
to the surroundings is 100 W/m>K. The temperature of the surroundings is 20°C. The

2
governing differential equation is —Z—?Jrh—PG =0, where 8 = T — Ty, and the boundary
X
condition at x = 0.05 m is ﬁ+ ﬁg =0.
X

Solution The schematic diagram of the fin is shown in Fig. 5.9.

x=0 0.0125 0.025 0.0375 x=0.05m

Wall at 320°C

6 = 300

Fig. 5.9 Steady state heat transfer in fin.
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Let m= h—P
e JkA'

2
From the discretization of the differential equation —Z—§+%9 =0, we get
by

. —=286. .
_(GHI Azzz + 9171 ] + m29i — 0
Simplifying, we get
0, +[ 24 (mAx)’ |6, -6, =0 (fori=1.234)

Let D = 2 + (mAx)*. Therefore the above equation becomes
6.1+ D6 - 6,, =0

Applying the above equation to node 1, we get

-6+ D6, - 6,=0
Since 8y = 300 the above equation becomes D6; — 6, = 300.
Applying the above equation to node 2, we get

-0, + D6, — 6;,=0
Applying the above equation to node 3, we get

-6, + D6; — 6, =0
Applying the above equation to node 4, we get

-6; + DOy — 6, =0
where 65 is a hypothetical node to the right of node 4.

At x = L (node 4), the equation Z—9+%9 =0 is applicable and the difference equation
becomes *

M + 294 =0
2Ax  k

From this expression we can determine &; in terms of &, and 6, .

0, =6, - Zk—hmx

Substituting this in the equation for node 4, we get

-20, +(D + thAxJ94 =0
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Thus the four difference equations are
D6, — 6, = 300
-6,+D6,-6;=0
-6,+D6;-6,=0

26, + (D +2}‘TAXJ94 -0

, hP_ h(md) 4h  4x100

m =—=—--— =

KA k(mﬁ] “kd  50x002

4

D =2+ (mAx)" =2 +400 x 0.0125 x 0.0125 = 2.0625

Thus the four difference equations are
2.06256, — 6, = 300
- 6, + 2.06256, - 6; =0
- 6, + 2.06256; — 6, =0
- 26; + 2.11256, =0

The set of simultaneous linear algebraic equations can be written in tridiagonal form as

20625 -1 6,1 [300
-1 20625 -1 0, 0
-1 20625  -1||6,| | o

2 2.1125) 8, 0

The solution can be obtained by modifying the parameters a; (i = 2 to N), b; (i = 1 to N) and
¢; i=1to N—-1)in Program 1.1 given in the Appendix. The comparison of numerical and
analytical results is presented in Table 5.2.

Table 5.2 Numerical and analytical results for Example 5.7

x (m) 6 (numerical solution 0 (analytical
for 4 parts) solution)
0.0125 248.95 248.75
0.025 213.47 213.13
0.0375 191.32 190.90
0.05 181.13 180.66

Even when 4 parts are made the difference between the numerical and analytical solution is
meagre. The numerical solution can exactly match with the analytical solution if a greater
number of parts is made.
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5.3 Chemical Reaction and Diffusion in Pore

The differential equation for diffusion and reaction in a pore is given by

d’C  k
-—C=0 5.7
o D (5.7)

m—\/z 5.8
=I5 (58)

Thus the differential equation can be written as

Let us define

d’C
~-m’C=0 (5.9)
dx
The boundary conditions are
atx =0
C=Cg (5.10a)
and atx =1L
ac =0 (5.10b)
dx

where Cg is the concentration at the surface of the pore.

EXAMPLE 5.8 Diffusion and reaction take place in a pore of Imm in length. The rate
constant of the reaction, k = 107s™! and effective diffusivity of species, D = 10~ m?%s. Make
100 parts of the pore and determine the concentration at x = 0.5 mm. The concentration at the
surface of the mouth of the pore is 1 mol/m?>.

-3
mz\/zaflog =1000 m™'
D V10

The pore length is 1 mm = 103 m and 100 parts are made, thus Ax=

Solution We have

-3
107 _ 10° m. The

schematic diagram of the pore is shown in Fig. 5.10. The first node is labelled 0 and therefore
the last node is the 100™ node as 100 parts are made.

0 x=1mm
Fig. 5.10 Diffusion and reaction in pore.

The boundary conditions are
Atx=0: C=1

I
—_
S
&
[
o

At x
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Discretizing the differential equation at node i, we get

C

Gt G226 ygsc, g
At node 1
C, + COZ— 2¢, 10°C, =0
It is given that Cy = 1, therefore
Gl +A1x; 26 105¢, =0

Substituting the value of Ax = 107 m, we get

C,+1-2C, -10°x107°C, =0

Simplifying, we get
-2.0001C, + C, =-1

At node 2
-2
G626 +§;2 € _10°¢, =0
Cy+ C, —2C, - 10%C, =0
Cl - 20001C2 + C3 = 0
At node 99
Cioo * iisz_ 2o _10°¢,, =0
C100 + C98 — 2C99 — 10—4C99 =0
C()g — 20001C9() + C100 =0
At node 100
C, +Cy —2C
101 A9;2 100 106 ClOO =0
Cip1 +Co —2C — 10 Cipo =0
But Z_Czo; thus Cior = Cop =0 and therefore Cig; = Coo
x

Substituting Cig; = Cy9 in the previous equation, we get
2C99 - 20001C100 =0

The 100 equations can be written in tridiagonal form as
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[-2.0001 1 1Mre, 1 [-1]
1 -2.0001 1 C, 0

1 -2.0001 1 C, 0

1 -2.0001 1 Cog 0

1 —2.0001 1| Cy 0

| 2 —2.0001][Cy, | | O]

The solution can be obtained by modifying the parameters a; (i = 2 to N), b; (i = 1 to N) and
ci(i=1toN-1)and d; (i =1 to N) in Program 1.1 given in the Appendix. From the results,
we get C = 0.73 at x = 0.5 mm (50" node).

Exercises

5.1 Consider the two-point boundary value problem

d 2

8 _yi1=0

dx
with the boundary conditions y(0) = y(1) = 0. List the tridiagonal set of equations
and determine y at various values of x. Take Ax = 0.1.

(Ans: The tridiagonal set of equations are

[—2.01 1 y, | [-0.01]
1 —2.01 1 y, | |-0.01

1 —2.01 1|y | [-0.01

i 1 -2.01]|y, | [-0.01]

yi = y(0.1) = 0.041253  y, = y(0.2) = 0.072919  y; = y(0.3) = 0.095313
s = y(0.4) = 0.108661  ys = y(0.5) = 0.113096  y4 = y(0.6) = 0.108661
y7 = y(0.7) = 0.095313  yg = y(0.8) = 0.072919  y, = y(0.9) = 0.041253

5.2 Consider the two-point boundary value problem

d’y _dy

——-2——-y+x=0

dx’ dx Y
with the boundary conditions y(0) = 5 and y(20) = 8. List the tridiagonal set of
equations and determine y at x = 10. Take Ax = 1.
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5.3 Consider the ordinary differential equation
d’y y
dx?
with the boundary conditions y(1) = 1.175 and y(3) = 10.018. Take Ax = 0.5. List
the tridiagonal set of equations and determine y at various x.
(Ans: The tridiagonal set of equations are
-2.25 1 " -1.175
1 225 Ly |= 0.0
1 =225y, -10.018
yi = ¥(1.5) = 2.146603 y, = y(2.0) = 3.654857 y; = y(2.5) = 6.076825.
5.4 Consider the ordinary differential equation

(Ans: The tridiagonal set of equations are
17 7 1y | [-46]
9 -17 7 Y, -2
9 -17 T\ Yis -18
L 9 -17]lye] [-75]

yi0 = ¥(10) = 8.514381.

d
with the boundary conditions: d—y(l) =1.175 and Z—y(3) =10.018. Take Ax = 0.5.
X X

List the tridiagonal set of equations and determine y at various x.

&y
dx*

(Ans: The tridiagonal set of equations are

[—2.25 2 N 1.175]
1 -2.25 1 ¥, 0
1 225 1 v, |= 0
1 -2.25 1, 0
i 2 -225]|ys| |-10.018]
yi = y(1.0) = 1.552429 1y, = y(1.5) = 2.333983 y; = y(2.0) = 3.699032

ys = y(2.5) = 5.988840 ys = y(3.0) = 9.775857
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5.5

5.6

Consider 1-D steady state conduction without heat generation taking place in a
rectangular slab. The temperature of the left side of the slab is 100°C and of the
right side is 50°C. The length of the slab is 1 m and the thermal conductivity of the
slab is 120 W/cm-K. Take Ax = 0.1 m. Determine the temperature distribution in
the slab and list the tridiagonal set of equations. The governing equation is

&’T
dx’
(Ans: The tridiagonal set of equations are

0.

2 1 T, | [-100]

1 2 1 T, 0

1 2 1|1 0

i 1 2||7,] | -50
T, =T0.1) =950 T,=T(02)=9.0 T;=T(0.3) =850
T, =T(0.4) = 80.0 T5=T(0.5) =750 T¢=T(0.6) = 70.0
T; = T(0.7) = 65.0 Ty = T(0.8) = 60.0 Ty = T(0.9) = 55.0

A fin of diameter 0.02 m and length 0.08 m is attached to a wall (see Fig. 5.11).
The temperature of the wall is 200°C. List the tridiagonal set of equations and
determine the temperature of the fin at x = 0.02, 0.04, 0.06 and 0.08 m, using the
finite difference technique taking four parts. The thermal conductivity of rod is
25 W/m-K and convective heat transfer coefficient from rod to surroundings is
40 W/m*-K. The temperature of surroundings is 25°C. The governing differential

.. d® hP .
equation is ———+-—6=0, where 6 = T — Ty, and boundary condition at
X
x = 0.08 m is ﬁ+29:0.
x  k
0 1 2 3 4
@)
)
S
N
=
§ x=0 0.02 0.04 0.06 x =0.08 m

Fig. 5.11 Exercise 5.6.



102 Introduction to Numerical Methods in Chemical Engineering

(Ans: The tridiagonal set of equations are

2128 -1 6,1 [175
-1 2128 -1 0, 0
1 2128  -1lle,| | o
2 2.192]|8, 0
6, = 6(0.02) = 12849 6, = 6(0.04) = 98.44 6 = 6(0.06) = 80.98
6, = 6(0.08) = 73.88

5.7 Diffusion and reaction take place in a pore of Imm in length. The rate constant of
the reaction, k = 2.5 X 107%™ and effective diffusivity of species, D = 102 m%s. Make
10 parts of the pore. List the tridiagonal set of equations and determine the
concentration along x. The concentration at the surface of the mouth of the pore is

3 _— O
1 mol/m” and at pore end Ix .

(Ans: The tridiagonal set of equations are

[—2.0025 1 c | [-1]
1 —2.0025 1 G, 0

1 —-2.0025 1| C, 0

i 2 -2.0025||C, | | O]

C, = C(0.1) = 0.978139 C, = C(0.2) = 0.958723 C; = C(0.3) = 0.941703
C, = C(0.4) = 0.927039 Cs = C(0.5) = 0.914691 C, = C(0.6) = 0.904631
C; = C(0.7) = 0.896832 Cy = C(0.8) = 0.891275 Cy = C(0.9) = 0.887947
Cio = C(1.0) = 0.886838

Distance (in mm) is measured from the pore mouth.

5.8 Diffusion and reaction take place in a pore of 1 mm in length. The rate constant of
the reaction, k = 0.1 s~' and effective diffusivity of species, D = 10~ m%s. Make
10 parts of the pore. List the tridiagonal set of equations and determine the

concentration along x. The concentration at the surface of the mouth of the pore is
dc

1 mol/m® and at pore end EZO.
(Ans: The tridiagonal set of equations are
-3 1 e | [-1]
1 -3 1 C, 0
1 -3 1|C 0
L 2 3 Cy| | O]
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5.9

C, = C(0.1) = 0.381966 C, = C(0.2) = 0.145898 C; = C(0.3) = 0.055728
C, = C(0.4) = 0.021286 Cs = C(0.5) = 0.008131 Cs = C(0.6) = 0.003107
C; = C(0.7) = 0.001190 Cg = C(0.8) = 0.000463 Cy = C(0.9) = 0.000198
Cip = C(1.0) = 0.000132

Distance (in mm) is measured from the pore mouth.

Water flows between the two fixed parallel plates as shown in Fig. 5.12. Fluid
moves in the x-direction parallel to the plates and there is no velocity in the y
direction. The spacing between the plates is 0.02 m and pressure gradient is — 100
Pa/m. The viscosity of water under the flow conditions is 0.001 kg/m-s. Using the
finite difference method, solve the velocity profile equation

2
_8_p+‘ua_l::0
Ox Oy
]
7'y
u y
h E——
........ S A

Fig. 5.12 lllustration for Exercise 5.9.

Determine the velocity at various nodes between the symmetry line and the wall.
Make 10 parts. Compare the numerical solution with the analytical solution

1 (9
<3l )

(Ans: The tridiagonal set of equations are

2 2 1w, | [-0.1
1 2 1 u, -0.1
1 -2 1| u -0.1

i 1 2| u, | |[-0.1]

and the results are presented in Table 5.3.
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Table 5.3 Results in Exercise 5.9

X (m) Node u, Numerical (m/s) u, Analytical (m/s)
0.000 1 5.00 5.00
0.001 2 4.95 4.95
0.002 3 4.80 4.80
0.003 4 4.55 4.55
0.004 5 4.20 4.20
0.005 6 3.75 3.75
0.006 7 3.20 3.20
0.007 8 2.55 2.55
0.008 9 1.80 1.80
0.009 10 0.95 0.95

Distance (in m) is measured from the symmetry line.



Chapter 6

Convection-Diffusion Problems

The convection-diffusion equation for the transport of a component of concentration C is
given by

2

. ac . . . . .
In the above equation, u— is the convection term and D is the diffusion term. The

2

central difference scheme (éDS) or the upwind difference sche)rcne (UDS) can be used for the
discretization of the convection term, whereas CDS is used for the discretization of the
diffusion term. The comparison of the central difference and upwind difference schemes for
the discretization of convection term is also discussed here.

6.1 Upwind Schemes

The upwind scheme is used for the discretization of the convection term. The first order and
second order upwind schemes are described below.

6.1.1 First Order Upwind Scheme

When the fluid is flowing from left to right properties at grid point i depend only on the
properties at grid point i — 1 and when the fluid is flowing from right to left properties at grid
point i depend only on the properties at grid point i + 1. This is nothing more than obeying
the physics of the flow. For information propagated from left to right discretization of
convection term at node i is given by

d_C_ Ci B CH

I Ar (— x, > u) (6.1)

and for information propagated from right to left discretization of convection term at node i
is given by
ac_C,, -G
o A (= x, < u) (6.2)
This is shown in Fig. 6.1.
105
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6.1.2 Second Order Upwind Scheme

For information propagated from left to right, discretization of convection term at node i is
given by

dC _3C,—4C_ +C,,

I Ax (= x, > u (6.3)

and for information propagated from right to left, discretization of convection term at node i
is given by
d_C _ _3Ci + 4Ci+l B Ci+2
dx 2Ax

(= x, <u) (6.4)

Direction of flow The information has
passed through node i — 1
and then comes to node i

v

° ° ® . ® ® *— i c-c,

dx Ax
i—-2 i—1 i i+ 1 i+2 i+3

The information has
passed through node i + 1
and then comes to node i

Direction of flow

d
<

—e o ° ® ® ® o— dC_ _C-C,
dx Ax

i—-2 i-1 i i+ 1 i+2 i+3
()
Fig. 6.1 Discretization of convection term using first order upwind method: (a) Direction of flow
and space identical; (b) Direction of flow opposite to direction of space.

Let us now derive the formula for second order upwind scheme. Since upwind scheme is one-
sided, we shall consider nodes near to a boundary (see Fig. 6.2). Assume that C can be
expressed near the boundary by the polynomial

C=a+bx+cx’
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1 Boundary

Fig. 6.2 Nodes near boundary.

At point 1 (x = 0)
C1 =a
At point 2 (x = Ax)
C, = a + bAx + cAx®
At point 3 (x = 2Ax)
C; = a + 2bAx + 4cAx?

Solving the above equations for b, we get

b =3C, +4C, - C,
2Ax
. . dcC . dc

We find b because it is equal to d_ at the wall (at node 1). This is because d—z b+2cx

x x
dc .
and at x = 0, d_ = b. Therefore at point 1
x

d_C_ -3C, +4C, - C,
dx 2Ax

This is a one-sided finite difference expression for the derivative at the boundary. This
becomes the basis for second order upwind scheme

(a_cj _ 3G +4C,, —Cipy
ox ) 2Ax

Here information is propagated in the opposite direction as compared to the direction of x. If
information is propagated in the direction of x, then

[a_c ) 3G, —4C,, +Cp,
ox ), 2Ax

Oscillations do not take place when first order upwind scheme is used for discretization of
convection term.
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EXAMPLE 6.1 A component C is transported by means of convection and diffusion through
a one-dimensional space shown in Fig. 6.3.

v

Fig. 6.3 One-dimensional space.

Discretize the convection—diffusion equation

The boundary conditions are: at x =0 m, C =0 and at x = 1 m, C = 1. Discretize the equation
using (i) central difference scheme for both diffusion and convection terms and (ii) central
difference scheme for diffusion term and first order upwind scheme for convection term. Make
50 parts between x = 0 and x = 1 m. Calculate the distribution of C as a function of x for
x = 0.84 to 1.0. Compare the numerical results with the analytical solution. For the boundary
conditions, at x = 0: C = Cy and at x = L: C = C;, the analytical solution for 0 < x < L is

C(x)=C, +°
where Pe is the Peclet number, the ratio of strength of convection by strength of diffusion, and
. uL
is given by Pezg. Take Pe =50.

Solution We have

(1) Central difference scheme for both diffusion and convection terms

Using central difference scheme (CDS) at node i, we get

—u Cm — CH +D Ci+l + Cile — 2Ci =0
2Ax Ax

2

Multiplying by —2%, we get
ulAx (
D

The local Peclet number is given by

C. -C.,)-2C_ -2C

il - i

+4C, =0

i+l

Ax
Peluc = -
D
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Thus the discretized equation at nodej becomes

—(Pe,, +2)C,, +4C, +(Pe,, —2)C,,, =0

i+l
Let ¢ =Pe,,—2 and B =Pe,  +2
Thus

-BC._, +4C, +aC,,, =0

Let the total length be 1 m and let us make 50 parts of the length; therefore Ax = 0.02 m. The
schematic diagram is shown in Fig. 6.4.

0 10 20 30 40 50
x=0 x=1
C = C, C=0Cs

Fig. 6.4 Schematic diagram.

At node 0, C = C,.
At node 1

-BC, +4C, +aC, =0

Since the value of C, is known; therefore the equation at node 1 becomes

4C, +aC, = BC,

At node 2
-BC, +4C, +aC, =0
At node 3
-BC, +4C, +aC, =0
At node 48
-BC, +4C, +0aC,y =0
At node 49

-BCy +4Cyy +0Cyy =0
At node 50 the value of Csy is known; therefore the equation for node 49 becomes
—BCy +4C, =-0aCy

Thus the set of equations for value of C at node 1 to 49 using central difference scheme for
both the diffusion and convection terms becomes
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4 e, 1 [ e, |
_ﬁ 4 o CZ 0
- 4 « G, 0
-B 4 « C, 0
- 4 o G 0
-8B 4 « G| | ©
-B 4 o||Cy 0

L _ﬁ 4_ _C49 i __acso |

ulAx

For Pe = 50, % =50 and the local Peclet number becomes Pe, , = o 50x0.02=1.0. Thus
o= Pey. — 2 =-1and B = Pey + 2 = 3. The solution can be obtained by modifying the

parameters a; (i =2 to N), b; i=1to N)and ¢; (i = 1 to N — 1) in Program 1.1 given in the
Appendix. The numerical and analytical results are shown in Table 6.1.

(1) Central difference scheme for diffusion term and upwind difference scheme for convection term

Using the upwind difference scheme (UDS) for the convection term and the central difference
scheme for the diffusion term at node i, we get

_M[Ci _Ci1j+D(Ci+l +Cz>21 _ZC’):0
Ax Ax

2

, the discretized equation at nodej becomes
—(Pey, +1)C,, +(Pe,, +2)C,—C,,, =0

Let B = Pey. + 2 and y = Pej + 1
Thus

On multiplying by _A;

-yCi + ﬁCi -C., =0

Let the total length be 1 m and let us make 50 parts of the length; therefore Ax = 0.02 m. At
node 0, C = C,.
At node 1

-G +BC -C,=0
Since the value of C, is known, therefore the equation at node 1 becomes

BC -C, = 143

At node 2

—-yC, +BC,-C,=0
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At node 3

-yC,+BC,-C, =0
At node 48

~YCyy + BCig —Cyy =0
At node 49

—YCy+ BCy —C5, =0
At node 50 the value of Csy is known; therefore the equation for node 49 becomes
—YCy + BCy =Cs,

Thus the set of equations for value of C at node 1 to 49 using the central difference scheme
for the diffusion term and the first order upwind scheme for the convection term becomes

B -1 G vG
-y B -1 C, 0
-y B -1 G, 0
-y B -1 C, 0

-y B -1 C; 0

-y B -1 C 0

-y B -1||Cy 0
-y B 1Cw] [ Cs ]

For Pe = 50, % =50 and the local Peclet number becomes Pe, , = % =50x%0.02=1.0. Thus

B = Pey. +2 =3 and y= Pey, + 1 =2. The solution can be obtained by modifying the
parameters a; (i =2 to N), b; i =1to N)and ¢; (i = 1 to N — 1) in Program 1.1 given in the
Appendix. The numerical and analytical results are shown in Table 6.1.

Table 6.1 Numerical and analytical results for Example 6.1

e50x

Node number x (m) C (CDS) C (CDS/UDS) C= 650711 (Analytical)
42 0.84 0.000152 0.003906 0.000335
43 0.86 0.000457 0.007813 0.000912
44 0.88 0.001372 0.015625 0.002479
45 0.90 0.004115 0.031250 0.006738
46 0.92 0.012346 0.062500 0.018316
47 0.94 0.037037 0.125000 0.049787
48 0.96 0.111111 0.250000 0.135335

49 0.98 0.333333 0.500000 0.367879
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The central difference scheme is a second order scheme and is therefore more accurate,
whereas upwind scheme used is first order and is therefore less accurate. But if more parts are
made, then more accurate results are obtained. The importance of first order upwind scheme
is shown in the next example.

EXAMPLE 6.2 Solve the previous problem for Pe = 500.
Solution We have

(i) Central difference scheme for both diffusion and convection terms

For Pe = 500, % =500 and the local Peclet number becomes Pe, =% =500x0.02=10.

Thus & = Pej,. — 2 = 8 and 8 = Pej,. + 2 = 12. The solution can be obtained by modifying
the parameters a; (i =2 to N), b; (i = 1 to N) and ¢; (i =1 to N — 1) in Program 1.1 given in
the Appendix. The numerical results are shown in Table 6.2.

(1) Central difference scheme for diffusion term and upwind difference scheme for convection term

ulAx

For Pe = 500, % =500 and the local Peclet number becomes Pe,, =05 500 x 0.02 =10.

Thus 8 = Pejye + 2 = 12 and ¥ = Pej,. + 1 = 11. The solution can be obtained by modifying
the parameters a@; (i =2 to N), b; i =1to N) and ¢; (i =1 to N — 1) in Program 1.1 given in
the Appendix. The numerical results are shown in Table 6.2.

Table 6.2 Numerical results for Example 6.2

Node number x (m) C (CDS) C (CDS/UDS)
42 0.84 0.039018 0.000000
43 0.86 -0.058528 0.000000
44 0.88 0.087791 0.000000
45 0.90 -0.131687 0.000006
46 0.92 0.197531 0.000060
47 0.94 -0.296296 0.000751
48 0.96 0.444444 0.008264
49 0.98 -0.666667 0.090909

When the local Peclet number is much below 1, then diffusion is dominant and when the local
Peclet number is much above 1, then convection is dominant. When the central difference
scheme is used for the discretization of both the diffusion and convection terms, then for all
local Peclet number greater than zero, 8> 0 but o changes sign at Pe;,, = 2. The subdiagonal
elements are negative, diagonals are positive and superdiagonals are negative for Pej,. < 2,
whereas for Pe,. > 2 the subdiagonals elements are negative, diagonals are positive and
superdiagonals are positive. It is seen that when Pe,. > 2, oscillations occur in the solution of
CDS, whereas, when UDS is used for discretization of the convection term, then for all values
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of Pey,. the subdiagonal elements are negative, diagonals are positive and superdiagonals are
negative. When first order method (UDS) is used, oscillations do not occur. Note that the sign
of subdiagonal, diagonal and superdiagonal elements in UDS match that of CDS for Pe,. < 2.
Thus if oscillations occur when CDS is used, then a larger number of parts can be made so that
Ax becomes less and thus Pey,. becomes less than 2, or UDS can be used to avoid oscillations.

6.2 Comparison of CDS and UDS

The upwind difference scheme at node i is given by [see Eq. (6.1)]

uDS

d_C — G -G 6.1
dx Ax ©.1
The right hand side can be written as
G-C., C.-C, G-C, C.-C,
= + - (6.5)
Ax 2Ax Ax 2Ax
Thus
dc|™ _ac[™” [(C=C Cu-C
dx|  dx Ax 2Ax (6.6)
dc|™ _ac|™ L(26-2¢, Cu-C, ;
dx dx | 2Ax 67
dc|™ ac|™ (2c - zc,1 C. +C_ -
dx dx ©.8)
ac|™ ac|™ (-2¢c,+C.+C,,
— = (6.9)
dx dx 2Ax
d_CUDs_d_CCDs_E 2C+C_ +C,, 10
dx dx 2 Ax? (6.10)
d_CUDS _d_CCDS Ax d C
dx " dx 2 A ©.11)
Now consider the discretization of the convection—diffusion equation
2
—ud—c +D d g =0
x dx
Using the UDS for the discretization of the convection term, we get
ac|™ _d*c
-u—| +D—5=0
I e (6.12)
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Substituting Eq. (6.11) in Eq. (6.12), we get

CDS 2 2
L[4 ), e,
dx 2 dx dx
dc|™ uAx d*C _d*C
Wl T e TP (6.13)

Thus UDS is equivalent to adding the additional numerical diffusion (or artificial diffusion)
term to the CDS. The effective diffusion coefficient is

ulAx

Dy =D+ - (6.14)
and the effective local Peclet number is
Pe, . = ulAx _ ulAx _ 2 B 2
' eff DJ’_H 270_’_1 1+ (615)
2 ulMx Pe,,

Thus due to the addition of the numerical diffusion term, the effective local Peclet number is
always less than 2, whatever the value of the local Peclet number and thus oscillations do not
occur when first order UDS is used.

Exercises

6.1 A component of concentration C is transported by means of convection and
diffusion through a one-dimensional space

The boundary conditions are: at at x =0 m, C = 1 and at x = 1 m, C = 0. Discretize
the convection-diffusion equation using the central difference scheme for both
diffusion and convection terms. Calculate the distribution of C as a function of x.

Make 10 parts between x = 0 and x = 1 m. Take %le m~'. Compare the

10x _
numerical result with the analytical solution C(x) =1—[€ lj.

(Ans: The tridiagonal set of equations are

2 0.5 e ] [-1.5]
15 2 05 G, 0
15 =2 0.5|| C, 0

| L5 2 J|G | | 0]
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and the results are shown in Table 6.3.

Table 6.3 Results of Exercise 6.1

x (m) C (numerical — CDS) C (analytical)
0.1 0.999966 0.999922
0.2 0.999865 0.999710
0.3 0.999560 0.999133
0.4 0.998645 0.997567
0.5 0.995902 0.993307
0.6 0.987671 0.981729
0.7 0.962979 0.950256
0.8 0.888904 0.864704
0.9 0.666678 0.632149

6.2 A component of concentration C is transported by means of convection and
diffusion through a one-dimensional space
2
—ud—C +D d f =
dx dx
The boundary conditions are: At x =0 m, C =1 and at x = 1 m, C = 0. Discretize

the convection-diffusion equation using the central difference scheme for the
diffusion term and the first order upwind difference scheme for the convection term.
Calculate the distribution of C as a function of x. Make 10 parts between

0

x =0 and x = 1 m. Take %:10 m~'. Compare the numerical result with the

10x _
analytical solution C (x) =1- [elo—lj .
e

-1
(Ans: The tridiagonal set of equations are
-3 1 e ] [-2]
2 -3 1 C, 0

2 3 1||G 0
L 2 3]G 0
and the results are shown in Table 6.4.

Table 6.4 Results of Exercise 6.2

x (m) C (numerical — CDS/UDS) C (analytical)
0.1 0.999023 0.999922
0.2 0.997068 0.999710
0.3 0.993157 0.999133
0.4 0.985337 0.997567
0.5 0.969697 0.993307
0.6 0.938417 0.981729
0.7 0.875855 0.950256
0.8 0.750733 0.864704

0.9 0.500489 0.632149
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Since the first order upwind is used for the discretization of the convection term,
therefore more parts are a must for a better answer as the first order method is
O(Ax).

6.3 Solve Exercise 6.1 for %:20 m~'. Compare the numerical result with the

20x 1
analytical solution C(x)=1- [e )

e -1
(Ans: The tridiagonal set of equations are
-1 0 e ] [-1]
1 -1 0 C, 0

1 -1 0] G 0
i I -1]|Cy 0
and the results are shown in Table 6.5.

Table 6.5 Results of Exercise 6.3

x (m) C (numerical — CDS) C (analytical)
0.1 1.000000 0.999999
0.2 1.000000 0.999999
0.3 1.000000 0.999999
0.4 1.000000 0.999994
0.5 1.000000 0.999955
0.6 1.000000 0.999665
0.7 1.000000 0.997521
0.8 1.000000 0.981684
0.9 1.000000 0.864665

In this problem the local Peclet number is 2.0; therefore central difference gives a
wrong answer.

6.4 Solve Exercise 6.2 for %:20 m~'. Compare the numerical result with the

20x
analytical solution C (x) =1- [e—lj .

e -1
(Ans: The tridiagonal set of equations are
2 0.5 e, ] [-1.5]
1.5 -2 05 G, 0
1.5 2 0.5 G, 0
| L5 -2 ||[G| | O]
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and the results are shown in Table 6.6.

Table 6.6 Results of Exercise 6.4

x (m) C (numerical — CDS/UDS)  C (analytical)

0.1 0.999966 0.999999
0.2 0.999865 0.999999
0.3 0.999560 0.999999
04 0.998645 0.999994
0.5 0.995902 0.999955
0.6 0.987671 0.999665
0.7 0.962979 0.997521
0.8 0.888904 0.981684
0.9 0.666678 0.864665

Since the first order upwind method is used for the discretization of the convection
term, therefore more parts are a must for a better answer as the first order method
is O(Ax).

1

Solve Exercise 6.1 for %:50 m~—. Compare the numerical result with the

S50x
analytical solution C(x)=1- [e IJ )

e’ -1
(Ans: The tridiagonal set of equations are

0.4 -0.3 C | [-0.7]
0.7 -04 -03 G, 0

0.7 -04 -03|C 0
i 0.7 -04]C,| | 0]

and the results are shown in Table 6.7.

Table 6.7 Results of Exercise 6.5

x (m) C (numerical — CDS) C (analytical)
0.1 1.000697 1.000000
0.2 0.999071 1.000000
0.3 1.002865 1.000000
0.4 0.994011 1.000000
0.5 1.014670 1.000000
0.6 0.966466 0.999999
0.7 1.078942 0.999999
0.8 0.816497 0.999955

0.9 1.428870 0.993262
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In this problem the local Peclet number is greater than 2.0; therefore central
difference gives oscillations.

6.6 Solve Exercise 6.2 for %:50 m~!. Compare the numerical result with the

S50x
analytical solution C (x) =1- [e IJ .

50
e —1

(Ans: The tridiagonal set of equations are

[-1.4 02 c | [-1.2]
12 -14 02 G, 0

12 -14 02| C 0
i 12 -14]|C| | O]

and the results are shown in Table 6.8.

Table 6.8 Results of Exercise 6.6

x (m) C (numerical — CDS/UDS)  C (analytical)

0.1 1.000000 1.000000
0.2 1.000000 1.000000
0.3 0.999997 1.000000
0.4 0.999979 1.000000
0.5 0.999872 1.000000
0.6 0.999229 0.999999
0.7 0.995371 0.999999
0.8 0.972223 0.999955
0.9 0.833334 0.993262

Since the first order upwind method is used for the discretization of convection
term, therefore more parts are a must for a better answer as the first order method
is O(Ax)).



Chapter 7

Tubular Reactor with Axial
Dispersion

Plug flow reactors were discussed in Chapter 4. When axial dispersion takes place in a tubular
reactor, then the problem becomes a boundary value problem and the differential equation
becomes second order due to the addition of a diffusion term. Thus two conditions are required
to completely define the problem. Danckwerts boundary conditions are considered here. One
boundary condition is specified at the inlet and one at the exit of the tubular reactor, for each
species. The solution of various single, series and parallel reactions are discussed using the
finite difference method in this chapter.

7.1 Boundary Value Problems in Chemical Reaction
Engineering

In tubular reactor with axial dispersion the boundary conditions are specified. The boundary
conditions and ordinary differential equations for the tubular reactor with axial dispersion are
shown in Table 7.1.

Table 7.1 Boundary conditions and ODEs for tubular reactor with axial dispersion

Boundary condition Boundary condition ODE:s for plug
atx =0 atx =L flow reactor
A—>B
d’c dc
uCA‘in=uCA—DddCA %=O D deA_u A —kC,=0
X
dc >
uCRin:uCB—DdCB L=0 Ddc;"—udc”+k1CA=O
' dx dx dx X
A ky B ky C
dC :
uCy, =uCy =D dxA dC, =0 D ddxC;A -u dCa _ kC,=0
dc 2
uCy,, =uCy— D—= Cu_g DLC;B—udCB +kC, —k,Cp =0
dx” dx
dcC dc 2 )
uCe, =uCp _DT; WC=0 Ddd)gp —udc(' +k,Cy=0

A+B—tC

B+C—2 5D

119
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Table 7.1 (Cont.)

dc dc ’
UCy iy =uCy -D—*% dxA =0 DddC;A -u dcfo -kC,Cp=0
X
dC dCg 2
uCpy =uCp—D—2 =0 DdCB—u&—k('(' —k,CyCp =0
ddg dﬂéx 2 aeababs mhbste
C~. =uC —DiC 7(‘:0 2/ -
uCe =uCe =D i pLCe L\ 1C,Cp-koCyCe =0
dc,, aCp _ dx &
uCp gy =uCp—-D—= dr d*C,  dC,
12 —u I +k,CpCr =0

7.2 First Order Reaction

Consider a tubular vessel in which axial dispersion occurs along with convection. The velocity
of the fluid is u, the axial dispersion coefficient is D, the concentration of species is C and A
is the cross-sectional area. Consider a differential section in this vessel (see Fig. 7.1).

beddd
aann

dx

Fig. 7.1 Tubular reactor and differential section.

In this differential section the material entering through convection

= uCA (7.1)
that entering through dispersion
= —Dd—CA (7.2)
dx
that leaving through convection
= u(C+d—C.dx)A (7.3)
dx
and that leaving through dispersion
= -D d—C+i ac dx |A (7.4)
dx dx\ dx
Accumulation
d
= 9 (1.5)

dt
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We know that Input — Output = Accumulation. Thus

9€ pax=uca-DC A ulc+9C ax |a+ p| €L 41 4C ) 4y |a (7.6)

dt dx dx dx dx\ dx
d_Cdx:—ud_Cde,_Di(d_C dx (7 7)
dt dx dx \ dx ’

dc _d’C dcC
—=D——~u— (7.8)
dt dx dx

At steady state and if reaction also occurs in the tubular vessel, we get

D——u——=~(-r)=0 (7.9)

C now refers to the concentration of the reactant or product. —r is a net positive quantity if C
refers to a reactant and negative if C refers to a product.

Use of a dispersion model changes the reactor analysis from an initial value problem to
a boundary value problem. The boundary conditions proposed by Danckwerts are

dC

At inlet: uCy, =uC - D_x (7.10)
At exit: d—C:O (7.11)
dx

At the reactor inlet, the flux entering is uCj, but once inside the reactor and in the presence
of dispersion, the flux is

uC—Dd—C
dx

Balancing these two fluxes at x = 0 yields the inlet boundary condition

uC, —uc - p9<
X

If the reaction stops once the stream leaves the reactor, the concentration profile becomes

uniform, and the outlet boundary condition becomes ‘fl—czo.
X

EXAMPLE 7.1 Consider a reaction A — B carried out in a tubular reactor. The differential
equation for species A along the length of the tubular reactor of length 10 m is

d? d
D C;A —u&—kcA =0
dx dx
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The boundary conditions are
dCy

At x = 0 (inlet): uCy i =uCy — 7
’ X

dC,

At x = 10 m (exit): 0

A fluid medium comprising initially only A flows through the reactor with a mean axial
velocity u = 1 m/s. The axial dispersion coefficient, D = 10 m?%s and rate constant of the
reaction is 1 s™!. The inlet concentration, Cam =1 mol/m>. Make 50, 20, and 10 parts of the
reactor and determine the concentration of A at various nodes along the length of the tubular
reactor.

Solution We have

Concentration profile for 50 parts

50 parts of the reactor are made as shown in Fig. 7.2.

1 11 21 31 41 51
x=0 x=10

Fig. 7.2 Example 7.1.

Ax:£:0.2m
50

We solve the differential equation using upwind difference scheme for convection term.
Discretizing the differential equation at node i, we get

D[CAM + CAi;l —2Cy j _ u(cAi —Chic j —kyCpr =0
Ax Ax

At node 1

From the boundary condition at node 1, we get

CAZ_CAO
Cyin =uCy, — D| —A2_=A0
u A,in ut 4 ( 2 Ax
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Solving for Cyy we get

Substituting for C,q in the equation for node 1, we get

2D u D D u | 2ulx
Ca (_— -———k ) +—Cpr + (F + _j|:_(CA,in —Cy ) + CA21| =0

Ax>  Ax Ax?> Ax)| D
2D 3u 2u® 2D u 2’ 2u
A2 A T EJFAx A= EcAm
At node 2
D 2D u
(E-F—jCAI+(—E—E—licA2+—chg—0
At node 3
D 2D u
(E+_JCA2+(_E_E_ICIJCA3+_2CA4_0
At node 51

D 2D D
(E-Fé)CASO +(———i—k1ch51 +ECA52 =0

From the boundary condition at node 51, we get

C A52 — C AS50
( D) AS52 AS50

Substituting for C,s, in the equation for node 51, we get
2D u 2D  u
— *+ - 1Caso +(——2———k1 Cas1 =0
Ax® Ax Ax

The coefficients of equation 1 (at node 1) are

2 —4
Coefficient of Cy = — 22 3 _p —%: —%—0—32 -1 —10% — ~20016.005

2D u  2x107* 1
—+ +
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The coefficients of equation 2 (at node 2) are

D u 107* 1

Coefficient of C,, = +—= +—=15.0025

A Ax 027 02

-4
Coefficient of Cpp=——20 - U g 2107 1 16005
Ax® Ax 02> 02
-4

Coefficient of C,s = D = & =0.0025

Ax* 027

Right hand side of equation 2 = 0.
The coefficients of equation 3 (at node 3) are
D u 107 1

Coefficient of Cj, =—5+—=—-+—=5.0025
A A 02° 02

4
Coefficient of Cpq=——2 - g =217 1 16005
TA Ax 02> 02
4
Coefficient of Cyy = D7 :10—2 =0.0025
A 02

Right hand side of equation 3 = 0.
The coefficients of equation 51 (at node 51) are

-4
Coefficient of Cysy = 212 + = 2x107 + 1o 5.005
TAY Ax 022 02

2D 2x10™ 1
Coefficient of Cas) =~ -~~~k =~ ————~——1=-6.005
AP Ax 022 02

Right hand side of equation 51 = 0.

The above equations can be written in tridiagonal form as given below. The solution can be
obtained by modifying the parameters a; (i =2 to N), b; i=1to N)and¢; i =1to N-1) in
Program 1.1 given in the Appendix.

[-20016.005  5.005 Cy | [-20010]
5.0025 -6.005 0.0025 Chs 0
5.0025 -6.005  0.0025 || C,sp 0

i 5005 -6.005 ||Cus | | 0]
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The solution using TDMA is presented in Table 7.2.

Table 7.2 Results for concentration profile for 50 parts

Node number x (m) Cy
1 0.0 0.999908
2 0.2 0.833268
3 04 0.694400
4 0.6 0.578675
5 0.8 0.482236
6 1.0 0.401869
7 1.2 0.334895
8 1.4 0.279083
9 1.6 0.232573
10 1.8 0.193813
11 2.0 0.161513
12 2.2 0.134596
13 2.4 0.112165
14 2.6 0.093472
15 2.8 0.077895
16 3.0 0.064913
17 32 0.054095
18 34 0.045080
19 3.6 0.037567
20 3.8 0.031306
21 4.0 0.026089
22 4.2 0.021741
23 4.4 0.018118
51 10.0 0.000110

More conversion would have occurred if the reactor is assumed to be ideal plug flow.

Concentration profile for 20 parts
10

If 20 parts of the reactor are made, then Ax = 20 =0.5 m. The coefficients of the 21 equations

at 21 nodes are as given below.
The coefficients of equation 1 (at node 1) are

C ff fC —_2_D_3_u_k _i
oefficient of C 41 = Al Ax 1™
2x107* 3 2

Coefficient of Cyp =—5+—=———+ 05 =2.0008

2
Right hand side of equation 1 = —(%+ﬁ]c Ain =~
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The coefficients of equation 2 (at node 2) are

-4
D ,w 10 1 50004
Ax2 Ax 052 05

Coefficient of C,; =

-4
Coefficient of Cy, :—Z—D—i—k1 :—&—L—1=—3.0008
TOA A 05 05
D 10"

Coefficient of C,3 =— =——> =0.0004
Ax® 057

Right hand side of equation 2 = 0.
The coefficients of equation 3 (at node 3) are

-4
b w 100 .1 50004

Coefficient of Cy, =——+—=—+
© A A 05° 05

2D 2x107* 1
Coefficient of Cay =~~~ —kj =~ ———— — —1=-3.0008
A Ax 0.5 0.5
D 10*
Coefficient of Cpy=—7= 0—2 =0.0004
A 05

Right hand side of equation 3 = 0.
The coefficients of equation 21 (at node 21) are

-4
Coefficient of Cpp =22+ =297 1 _5 0008
A A 050 05
2D 2x107% 1
Coefficient of Cagy =~ -~~~ ky =~ ———— — ~1=—3.0008
A Ax 05 05

Right hand side of equation 21 = 0.
The above equations can be written in tridiagonal form as given below:

[-20006.9992  2.0008 Cu | [-20004]
2.0004 -3.0008 0.0004 Cys 0
2.0004 -3.0008  0.0004 || C s 0

i 2.0008 -3.0008 || Cypy | | 0]

The solution can be obtained by modifying the parameters a; (i = 2 to N), b; (i = 1 to N)
and ¢; (i = 1 to N — 1) in Program 1.1 given in the Appendix. The results are presented in Table
7.3.
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Table 7.3 Results for concentration profile for 20 parts

Node number x (m) Cy
1 0.0 0.999917
3 1.0 0.444400
5 2.0 0.197500
7 3.0 0.087800
9 4.0 0.039000
11 5.0 0.017300
13 6.0 0.007700
15 7.0 0.003400
17 8.0 0.001500
19 9.0 0.000677
21 10.0 0.000301

Concentration profile for 10 parts

If 10 parts of the reactor are made, then Ax = %: 1.0 m. The coefficients of the 11 equations
at 11 nodes are as given below.

The coefficients of equation 1 (at node 1) are

2 -4
Coefficient of C,, = _2_D_3_u_ k —ZL: —ﬂ—g— 1 —L =—20004.0002
Ax?  Ax D 12 1 107
-4
Coefficient of €, =22 ¢ % 2107 1) 6002
A2 27 Ax 12
2
Right hand side of equation 1 = — 2 + 2u Cuin = 22 =-20002
D Ax) * 1 10
The coefficients of equation 2 (at node 2) are
D u 10* 1
Coefficient of Cy = NE: + E: Z + 1 =1.0001
-4
Coefficient of Cyp = _Z_D M ki = _ﬂ _ 1 —1=-2.0002
TA? Ax 1? 1
p 107
Coefficient of Cy3 =—7=-——=0.0001
Ax” 1

Right hand side of equation 2 = 0.
The coefficients of equation 3 (at node 3) are

-4
b :&%:1.0001

- Cov = u
Coefficient of C 47 _E + E >
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2D 2x107* 1
Coefficient of Cy3 = _E - i -k = —1—2 1 1=-2.0002
ici Cps = b —10_4 =0.0001
Coefficient of Cyy _E_l_z_ .

Right hand side of equation 3 = 0.
The coefficients of equation 11 (at node 11) are

2D 2x107™* 1
COCffiCient Of CA]O :_“FL: X 0 +—-= 10002
Al Ax 12 1
-4
Coefficient of Cpyy=— -2~ g =219 1 1_ 50002
Ax® Ax 1? 1

Right hand side of equation 11 = 0.
The above equations can be written in tridiagonal form as given below.

[~20004.0002  1.0002 11cy 1 [-20002]
1.0001 —2.0002 0.0001 Car 0
1.0001 —2.0002  0.0001 || C o 0

i 1.0002 -2.0002 || Cyy | | 0|

The solution can be obtained by modifying the parameters a; (i = 2 to N), b; (i = 1 to N)
and ¢; (i =1 to N — 1) in Program 1.1 given in the Appendix. The results are presented in
Table 7.4.

Table 7.4 Results for concentration profile for 10 parts

Node number x (m) Cy
1 0.0 0.999925
2 1.0 0.499975
3 2.0 0.249994
4 3.0 0.125000
5 4.0 0.062502
6 5.0 0.031252
7 6.0 0.015626
8 7.0 0.007813
9 8.0 0.003907
10 9.0 0.001953
11 10.0 0.000977
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7.3 Second Order Reaction

Consider a tubular reactor with axial dispersion in which second order reaction takes place.
The analysis is described with an example.

EXAMPLE 7.2 Consider a reaction A — B carried out in a tubular reactor. The differential
equation for species A along the length of the tubular reactor of length 10 m is

2
pd C;‘ LS —kC3 =0
dx X
The boundary conditions are
dc
At x = 0 (inlety:  uCyy, =uCy —D—4
dx
dc
At x = 10 m (exit): —4=0

A fluid medium comprising initially only A flows through the reactor with a mean axial
velocity u = 1 m/s. The axial dispersion coefficient, D = 10~ m%/s and rate constant of the
reaction is 1 m*mol-s. The inlet concentration Cain =1 mol/m>. Make 20 parts of the reactor
and determine the concentration of A at various nodes along the length of the tubular reactor.

Solution Since 20 parts of the reactor are made, Ax = % =0.5m. The coefficients of the 21
equations at 21 nodes are as given below.

The coefficients of equation 1 (at node 1) are

) 2D 3u 2’
Coefficient of C,, =—— - — -k, C,y ——
Al Al Ax 1-A1 D
2x10* 3 2
=— - —C, ———=-20005.9992 - C
052 05 * 107 Al
-4
Coefficient of Cyy =24 122X /1 5 0008
- 2 A 05 05
2
Right hand side of equation 1 = — 2L+ﬁ Cuin =—i—iz—20004
D  Ax) ™ 05 1074

The coefficients of equation 2 (at node 2) are

-4
Coefficient of Cy =—2=+=10 L 1 50004
A Ax 05 05
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- X 2D 2x107% 1
Coefficient of Cyy=——— — — —kCpp = — 23107 1 Chy =—2.0008 — C,
AP Ax 05> 0.5 -
-4
Coefficient of C,y = % = 10—2 =0.0004
Ax 0.5

Right hand side of equation 2 = 0.
The coefficients of equation 3 (at node 3) are

D  u 107 1

Coefficient of Cypy =—5 +-—=—73+—=2.0004
A A 05 05
. : 2D 2x107* 1
Coefficient of Cpq=——2 - _Cy=-230"_1 ¢ _20008-c,,
’ Ax? Ax ) 0.5% 0.5 ) )
4
Coefficient of Cy =2 =0~ 00004
AP 0.5

Right hand side of equation 3 = 0.
The coefficients of equation 21 (at node 21) are

2D u  2x107* 1

Coefficient of C,»g =——=+ —=—+——+—=2.0008
MTA T A 0505
2D u 2x10% 1
Coefficient of Cypj=——————kCyry =————————C 45, =—2.0008 - C
1 A2l A Ax 1“A21 05 0.5 A21 A2l

Right hand side of equation 21 = 0.
The above equations can be written in tridiagonal form as given below.

~20005.9992~C,4;  2.0008 Cap | [-20004
2.0004 ~2.0008-C4o  0.0004 Cyo 0
20004 -2.0008—Capo  0.0004 C 00 0

2.0008 ~2.0008-C 451 || Cang 0

Program 7.1 for the solution of the above problem is given in the Appendix. In the program
the initial values of concentration of A at nodes 1 to 21 is assumed and then the TDMA is used
to determine new values of concentration of A at nodes 1 to 21. Again, these values are used
to determine the coefficients in the matrix, and after the coefficients are determined the TDMA
is used to determine new values of concentration of A at nodes 1 to 21. The procedure is
repeated till there is no change in the concentration at each node. The results are presented in
Table 7.5.
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Table 7.5 Results in Example 7.2

Node number x (m) Cy
1 0.0 0.999923
3 1.0 0.569732
5 2.0 0.387587
7 3.0 0.290241
9 4.0 0.230588
11 5.0 0.190624
13 6.0 0.162124
15 7.0 0.140841
17 8.0 0.124379
19 9.0 0.111286
21 10.0 0.100638

7.4 Multiple Reactions

Consider a tubular reactor with axial dispersion in which multiple reactions takes place. The
analysis is described with an example.

EXAMPLE 7.3 Consider the following two reactions taking place in a tubular reactor with
axial dispersion:

A+B—tsc

B+C—%>D

Assuming the axial dispersion coefficient to be the same for all the species, the concentration
of various species along the length of the reactor are given by the following differential
equations:

for component A

D

d’c, dC

for component B

d’ d
D—C;B_ M%— kICACB - kZCBCC :O

dx”
for component C
d* d
D?C;C - u% + kchCB - kZCBCC = O
for component D
b d*Cp  dCp

dx2 — MW + kZCBCC =0



132

Introduction to Numerical Methods in Chemical Engineering

The boundary conditions are

uCA.in = MCA -
uCB,in = MCB -
At inlet: uCe i =uCc ~
dc, dcy dC,
it: —£=0 —£=0 —==0
At exit: I I e

Make 20 parts of the reactor of length 10 m. A fluid medium comprising initially only A and
B flows through the reactor with a mean axial velocity u = 1 m/s. The axial dispersion
coefficient is the same for all the species, D = 107 mz/s, and the rate constants of the reactions
are k; = k, = 1 m*mol-s. The inlet concentrations of A and B are Cy;, = Cgi, = 1 mol/m®.

dc,

dx

dCy

dx

dC,

dx

dcp,

dx

dcp
dx

and =0

Compute the concentration of various species along the length of the reactor.

Solution We have
10

Ax=—=0.5m
20

We solve the differential equation using the upwind difference scheme for the convection term.

Discretizing the differential equation at node i, we get for species A

D[CAH-I + Cyig —2Cy;
2
Ax

for species B

Joo

D Cpiv1 +Cpig —2Cp, —u Coi —Caii
Ax? Ax
for species C
D(CCH—I + CCi;l —2C; j _ M[CCi —Cein
Ax Ax
for species D
2Cp;

Caiz j =k Cy;Cp =0
J =k Cy;Cpi —krCpiC; =0

j +kCy;Cpi —kyCpiCr; =0

(e

CDi_l j + kZCBiCCi = O
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At node 1 the discretized equation for the component A is

D(CAZ +Cu0 — ZCAIJ_M(CAIA_XCAO j — kyCyCyy =0

sz
2D  u D u
CA] [_E_E_kchlj‘i‘_chz +CA0 (_24'5}:0

From the boundary condition at node 1, we get

Cyp—C
“CA,in == uCAl _D(%j

Solving for C,o, we get

Cuo = (CA,in -Cp ) +Cy

Substituting for C,, in the equation for node 1, we get

2D  u D D u || 2ulx
CA] (—___ _kchljJ’_ECAZ + (E+EJ[T(CA,in - CA]) + CA2i| =0

2D 3u 2u* 2D u 2w’ 2u
T kK Cp ———|Cy ]| =+ —|Cpy =— | —+ == |y
( 5 1¢81 DJ Al ( 5 ) A2 (D J A,in

At node 1 the discretized equation for component B is

Cpy +Cpy —2C Cp -C
D( - Aioz B]J_”( Ble Boj_klcmcm—kzcmcm:o

2D u D D u
Cp (—— ————kCy - kZCClj + Ecm +Cpo (E + EJ =0

From the boundary condition at node 1, we get

Cp, —C
UL p iy =ULR (—2Ax

Solving for Cpy, we get

2ulx
D

Substituting for Cpy in the equation for node 1, we get

2D u D D u || 2ulx
Cp (_— ————kCy - k2CC1] + ECBZ + (E + Ej[_(cﬁiﬂ - CBI) + CBZ} =0

2D 3u 2’ 2D u 2’ 2u
[—— ———kCyy —kCpy — 7] Cp + (E + _)CBZ == [_ + _]CBJH

Cpo =

(CB,in - CBI) +Cp
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At node 1 the discretized equation for component C is

) _
DECCZ +Ceo =20 j - u(CCleCCO j + ki CaiCiy —kyCiyCey =0

Ax?
2D u D D u
Co| ——= - = —k,Cpy |+ ——=Cpr + Cpg| — + — |=—k,C4,C
01( 2 2 Blj 7 Le2 CO[ 27 ) 1“ 41481

From the boundary condition at node 1, we get

2Ax

Solving for Cry, we get

Substituting for Cc, in the equation for node 1, we get

2D u D D u 2uAxC
Cer (_— - - kZCBl) + Eccz + (E + Ej(_TCl + Cczj =—kCyCp

2D 3u 2u® 2D u
- 2k Cpy - |Cpy +| ==+ — |Cy =k, C i C
( 2%~ Bl DJ Cl1 ( 2 ‘ j Cc2 1~ A1~ Bl

At node 1 the discretized equation for component D is

C Cpo —2C Cp —C
D( D2+AL;02 Dlj_u( Dle Doj+k2CmCC1:0

2D u D D u
Cpi| ———-——|+—=Cp, +Cpg| —+— |=—k,Cp,C
Dl( 27 j S 2] DO( 27 j 2Cpitcr

From the boundary condition at node 1, we get

2Ax

Solving for Cpy, we get

Substituting for Cpg, in the equation for node 1, we get

2D u D D u 2uAxC
Cp1 (—— - —j +—Cpy + (E + EJ[_TL)] + CDzj ==kyCp1Ccy

2D 3u 2’ 2D u
[__ el _jcm + (E + chm ==k Cp Cey
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At node 2 the discretized equations for various components are

Axl  Ax Ax?
(%Jféjcm +(—§—L—klcm —kzcczjcsz +écm =0
(B o B Bt
e

At node 21 the discretized equation for component A is

D u 2D  u D
(E*EJC"” *[‘EE"WJCMI e e 0

From the boundary condition at node 21, we get

Can = Caxn =0 thus Cpzp = Cyag
2Ax

Substituting for C,y, in the equation for node 21, we get

2D u
(E + EJCAZO + (_E T A k1C321jCA21 =0

At node 21 the discretized equation for component B is

D u 2D u D
(—Jf —J Cpoo + [—E—— = kiCpzt —kyCoen jchl + Ecgzz =0

From the boundary condition at node 21, we get

2Ax

Substituting for Cpy, in the equation for node 21, we get

2D u 2D u
(—+—JC320 +(_E___k1CA21 _kZCC,leCBZl =0

At node 21 the discretized equation for component C is

(Mj =0 thus Cgyy = Cpoo

D u 2D u D
| Cpnp | —5 ——— — ks Cpyy |Ceny +—5Cpmy ==k C sz C
( j C20 ( 2 : 2 Ble C21 7 (22 1~ A21%~B21

AP Ax
From the boundary condition at node 21, we get
Cexn —Ccxpo
—=—==1=0 thus Cepp = C
( P Ax c2 €20
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Substituting for Cr,, in the equation for node 21, we get

2D u 2D u
[— + —] Ceao + (_E ———kyCpy, ]CCZI ==k Cy2Cpa

At node 21 the discretized equation for component D is
D u 2D  u D
—+— |Cpyy +| ————— |Cpa1 + —=5Cpm =—k,Cpy,C
( 75 J D20 ( 27 ) D21 >t 2Cp1t et

From the boundary condition at node 21, we get

Cpyy —C
(—DZZZAx D20 j =0 thus Cpy = Cpyo

Substituting for C in the equation for node 21, we get

D22

2D u 2D u
(E + Ej Cpao + (_E - Ej Cpa1 == kCp1Ceny

The coefficients of equation 1 (node 1, species A) are

. 2x107* 2
Coefficient of C, = —% R Cp ——— =—20005.9992 - Cy,
0.5 0.5 10~
Coefficient of Cgz =0
Coefficient of C =0
Coefficient of Cp; =0
—4
Coefficient of Cpp =220+ L _ 50008
05" 05
Coefficient of Cy, = 0
Coefficient of C, =0
Coefficient of Cpy, =0
2w 2 2 2
Right hand side of equation 1 = —(% + E”J Cain =5~ 1o5 =~ 20004
The coefficients of equation 2 (node 1, species B) are
Coefficient of C4; =0
—4
Coefficient of Cp; = _2x107 3 Cup—Ce— 2 20005.9992 - Cy; — C¢y
05* 05 107
Coefficient of Cy =0
Coefficient of Cp; =0
Coefficient of Cyr = 0
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2x107* 1

Coefficient of Cgy =———— +— =2.0008
05> 0.5

Coefficient of C, =0
Coefficient of Cp, =0

Right hand side of equation 2 = — 2L+ﬁ Cpin :—i—iz—20004
D Ax) ™ 0.5 10

The coefficients of equation 3 (node 1, species C) are:
Coefficient of C4; =0
Coefficient of Cgz =0

Coefficient of C¢ = —w _3 Cp — 2 20005.9992 - Cy,
05° 05 107

Coefficient of Cp; =0

Coefficient of Cy, = 0

Coefficient of Cy, =0

-4
Coefficient of Cy = > 3'152 + % ~2.0008
Coefficient of Cp, = 0

Right hand side of equation 3 = —C4;Cp;.

The coefficients of equation 4 (node 1, species D) are:
Coefficient of C4; =0
Coefficient of Cz; =0
Coefficient of Cry =0

Coefficient of Cp =———-— - ————=-20005.9992

Coefficient of Cyr = 0
Coefficient of Cy, = 0
Coefficient of C, =0

4
Coefficient of Cpy =229+ 1 _5 0008
05> 05

Right hand side of equation 4 = —CpC¢;.

The coefficients of equation 5 (node 2, species A) are:

. X 104 1
Coefficient of C 4 = —— +——=2.0004
05> 05
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Coefficient of Cyz =0
Coefficient of Cry =0
Coefficient of Cp; =0

2x107* 1
Coefficient of C4p = ———————-Cp, =—2.0008 - C
A2 052 05 B2 B2
Coefficient of Cy, =0
Coefficient of C, =0
Coefficient of Cp, =0
10

Coefficient of Cy3 = F =0.0004

Coefficient of Cp3 = 0
Coefficient of C; =0
Coefficient of Cp; = 0
Right hand side of equation 5 = 0.

The coefficients of equation 6 (node 2, species B) are:
Coefficient of C4; =0
Coefficient of C —£+L—20004
oefficient of Cp 0 Tos
Coefficient of C =0
Coefficient of Cp; =0
Coefficient of Cyp = 0

2x10™ 1
Coefficient of Cgy =———————-C4p, —Cy =—2.0008 - C4, — C
B2 052 05 A2 Ce a2~ L2
Coefficient of C, =0
Coefficient of Cp, = 0
Coefficient of Cy3 = 0
10*

Coefficient of Cpy =——=0.0004
- 05

Coefficient of C3 =0
Coefficient of Cp; =0
Right hand side of equation 6 = 0.

The coefficients of equation 7 (node 2, species C) are:
Coefficient of C4; =0
Coefficient of Cg =0

0% 1

Coefficient of Cr| =——= +—=2.0004
0.5 05
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Coefficient of Cp; =0
Coefficient of Cy, = 0
Coefficient of Cy, =0

2x107* 1
Coefficient of Cr, =—————-——Cp, =—2.0008 - C
c2 0.52 05 B2 B2
Coefficient of Cp, =0
Coefficient of Cy3 =0
Coefficient of Czz = 0
10

Coefficient of Cp3 = F =0.0004

Coefficient of Cp; = 0
Right hand side of equation 7 = —C4,Cp-

The coefficients of equation 8 (node 2, species D) are:
Coefficient of C4; =0
Coefficient of Cgz =0
Coefficient of Cry =0
0% 1

Coefficient of Cp; =— +—=2.0004
0.5 05

Coefficient of Cyr = 0
Coefficient of Cy, = 0
Coefficient of C, =0
2x107* 1

Coefficient of Cp, =———F———=-2.0008
05> 05

Coefficient of Cy3 =0
Coefficient of Czz = 0
Coefficient of C3 =0
1 _4
Coefficient of Cp; = 0 =0.0004

Right hand side of equation 8 = —Cp,Cpo.

The coefficients of equation 81 (node 21, species A) are:

4
Coefficient of Cp =220 4+ L _2 0008
27 0.5

Coefficient of Cgyy = 0
Coefficient of Cyy =0
Coefficient of Cpyg =0
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Coefficient of Cp =— o5 o5 Crm = 20008-Cpy

Coefficient of Cpy = 0
Coefficient of C; =0
Coefficient of Cpyy =0
Right hand side of equation 81 = 0.

The coefficients of equation 82 (node 21, species B) are:
Coefficient of Cypy = 0

2x107* 1
Coefficient of Cpyy =———+——=2.0008
oefficient of Cgy 0.5 0.3
Coefficient of Cryy = 0
Coefficient of Cpyy = 0
Coefficient of Cyp; =0
2x107 1

Coefficient of Cpy =————>————=Cyz — Crz ==2.0008 — Cyp; — Cy

Coefficient of C; =0
Coefficient of Cpy; = 0
Right hand side of equation 82 = 0.

The coefficients of equation 83 (node 21, species C) are:
Coefficient of Cypg =0
Coefficient of Cgyy = 0

2x10™* 1
Coefficient of Ceng = ——— + — =2.0008
ocerricient o C20 0‘52 0.5

Coefficient of Cpry =0
Coefficient of Cyp; = 0
Coefficient of Cgy = 0

Coefficient of Cpyy =———F5————Cpy =—2.0008 — Cp,,

Coefficient of Cpy; = 0
Right hand side of equation 83 = —C,»;Cpy;-

The coefficients of equation 84 (node 21, species D) are:
Coefficient of Cypg =0
Coefficient of Cgyg = 0
Coefficient of Cy =0
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2x107* 1

Coefficient of C =—+—=2.0008
D20 052 05

Coefficient of Cyp = 0
Coefficient of Cgyy = 0
Coefficient of C; =0
2x107 1

Coefficient of Cpy; = ———— — — =—2.0008
05* 05

Right hand side of equation 84 = —Cpy;Cco;.

Thus the set of equations for concentration of species A, B, C, and D at nodes 1 to 21 can be
written in the block tridiagonal form as

_Bl Cl Xl Dl
A2 BZ CZ XZ DZ
Ay, By G X3 D,

A, B, C, X4 D,

As Bs Cs X Ds

Ay By Cq X, Dy

where
Cai Caz Can
C C C
X1 — Bl X2 — B2 le — B21
CC] CCZ CCZ]
CD] CD2 CD21
For node 1
~20005.9992 — Cp, 0 0 0
5 _ 0 ~20005.9992 ~ C,; —Ce, 0 0
b 0 0 ~20005.9992 — Cp, 0

0 0 0 —20005.9992
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2.0008 0 0 0
c| 0 20008 0 0
) 0 20008 O
0 0 0  2.0008
—20004
| —20004
b CuCy
_CBICCl
For node 2
[2.0004 0 0 0
A= 0 20004 O 0
0 0 20004 O
0 0 0  2.0004
[~2.0008 — Cp, 0 0 0
B _ 0 —2.0008 - C, —Cc) 0 0
> 0 0 ~2.0008—-Cz, 0
i 0 0 0 —2.0008
[0.0004 0 0 0
0 00004 0 0
C, =
0 0 00004 0
0 0 0  0.0004
0
D, = 0
_CAZCBZ
__CB2CC2
For node 3
[2.0004 0 0 0
4, = 0 20004 O 0
| 0 0 20004 O
0 0 0  2.0004
[—2.0008 — Cps 0 0 0
B — 0 ~2.0008 — C 43 — Ce3 0 0
i 0 0 ~2.0008—Czy 0
i 0 0 0 —2.0008
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0.0004 0 0 0

c { 0 00004 O 0

1o 0 00004 O
0 0 0  0.0004

0
0
D3 =
_CA3CB3

_CBSCC3
For node 21
2.0008 0 0 0
0 2.0008 0 0
Ay =
0 0 2.0008 0
0 0 0 2.0008
~2.0008 — Cp», 0 0 0
5 _ 0 ~2.0008 — C 4y —Ceo, 0 0
e 0 0 —2.0008—Cg,, O
0 0 0 —2.0008
0
D 0
21 =
_CA21CB21
_C321 CCZ]

The 84 linear algebraic equations can be written in the form Ax = d, where A is a 84 x 84
matrix, x is the vector of size 84 X | containing the variables to be determined, and d is also
a vector of size 84 x 1. The variables can be written as

T
x=[Cy Cp Co Cpp o o o o Cuyp Cpyy Ceap Cpy]

The Gauss elimination method can be used to solve these 84 linear algebraic equations. The
non-zero elements of the matrix A are

A(1,1) = —20005.9992—Cjp,, A(1,5) = 2.0008, A(2,2) = —20005.9992—C,,~Cq1, A(2,6) = 2.0008
A(3.3) = —20005.9992—Cy,, A(3,7) = 2.0008, A(4,4) = —20005.9992, A(4,8) = 2.0008, A(5,1)
=2.0004, A(5,5) = —2.0008—Ca, A(5,9) = 0.0004, A(6,2) = 2.0004, A(6,6) = —2.0008—C4»—C¢s,
A(6,10) = 0.0004, A(7.3) = 2.0004, A(7,7) = —2.0008—Cjp,, A(7,11) = 0.0004, A(8,4) = 2.0004,
A(8,8) = —2.0008, A(8,12) = 0.0004, A(9,5) = 2.0004, A(9,9) = —2.0008—Cps, A(9,13) = 0.0004,
A(10,6) = 2.0004, A(10,10) = —2.0008-CAs—Ccs, A(10,14) = 0.0004, A(11,7) = 2.0004,
A(11,11) = —2.0008-Cps, A(11,15) = 0.0004, A(12,8) = 2.0004, A(12,12) = —2.0008, A(12,16)
= 0.0004, A(13,9) = 2.0004, A(13,13) = —2.0008—Cj,, A(13,17) = 0.0004, A(14,10) = 2.0004,
A(14,14) = —2.0008-CA4~Cy, A(14,18) = 0.0004, A(15,11) = 2.0004, A(15,15) = —2.0008—Cj,,
A(15,19) = 0.0004, A(16,12) = 2.0004, A(16,16) = —2.0008, A(16,20) = 0.0004, A(17,13) =
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2.0004, A(17,17) = —2.0008-Cps, A(17,21) = 0.0004, A(18,14) = 2.0004, A(18,18) = —2.0008—
Cus—Ces, A(18,22) = 0.0004, A(19,15) = 2.0004, A(19,19) = —2.0008—Cjs, A(19,23) = 0.0004,
A(20,16) = 2.0004, A(20,20) = —2.0008, A(20,24) = 0.0004, A(21,17) = 2.0004, A(21,21) =
~2.0008-Cpe, A(21,25) = 0.0004, A(22,18) = 2.0004, A(22,22) = —2.0008-CA¢Ceg A(22.26) =
0.0004, A(23,19) = 2.0004, A(23,23) = —2.0008-Cps, A(23.27) = 0.0004, A(24,20) = 2.0004,
A(24,24) = —2.0008, A(24,28) = 0.0004, A(25,21) = 2.0004, A(25,25) = —2.0008—Cj,, A(25,29)
= 0.0004, A(26,22) = 2.0004, A(26,26) = —2.0008-Cy~Ce, A(26,30) = 0.0004, A(27,23) =
2.0004, A(27.27) = ~2.0008-Cp7, A(27,31) = 0.0004, A(28,24) = 2.0004, A(28,28) = —2.0008,
A(28,32) = 0.0004, A(29,25) = 2.0004, A(29,29) = —2.0008—Cjpg. A(29,33) = 0.0004, A(30,26)
= 2.0004, A(30,30) = —2.0008—C,s—Cqs, A(30,34) = 0.0004, A(31,27) = 2.0004, A(31,31) =
~2.0008-Cpg. A(31,35) = 0.0004, A(32,28) = 2.0004, A(32,32) = —2.0008, A(32,36) = 0.0004,
A(33,29) = 2.0004, A(33,33) = —2.0008—Cjo, A(33,37) = 0.0004, A(34,30) = 2.0004, A(34,34)
= ~2.0008—Co—Co, A(34,38) = 0.0004, A(35,31) = 2.0004, A(35,35) = —2.0008—Cpo, A(35,39)
= 0.0004, A(36,32) = 2.0004, A(36,36) = —2.0008, A(36,40) = 0.0004, A(37,33) = 2.0004,
A(37,37) = —2.0008—Cjpyo. A(37.41) = 0.0004, A(38,34) = 2.0004, A(38,38) = —2.0008—C,y ;o
Cero, A(38,42) = 0.0004, A(39,35) = 2.0004, A(39,39) = —2.0008—Cj0, A(39,43) = 0.0004,
A(40,36) = 2.0004, A(40,40) = —2.0008, A(40,44) = 0.0004, A(41,37) = 2.0004, A(41,41) =
2.0008—-C;, A(41,45) = 0.0004, A(42,38) = 2.0004, A(42,42) = —2.0008—C;1~Cq11, A(42,46)
= 0.0004, A(43,39) = 2.0004, A(43,43) = —2.0008-Cp,,, A(43,47) = 0.0004, A(44,40) = 2.0004,
A(44.44) = ~2.0008, A(44,48) = 0.0004, A(45,41) = 2.0004, A(45,45) = —2.0008-Cp,», A(45,49)
= 0.0004, A(46,42) = 2.0004, A(46,46) = —2.0008—Cy;,~C1os A(46,50) = 0.0004, A(47.43) =
2.0004, A(47,47) = —2.0008-Cpy,, A(47,51) = 0.0004, A(48,44) = 2.0004, A(48.48) = —2.0008,
A(48,52) = 0.0004, A(49.,45) = 2.0004, A(49,49) = —2.0008—Cjp,3. A(49,53) = 0.0004, A(50,46)
= 2.0004, A(50,50) = —2.0008—C;5~Ce13, A(50,54) = 0.0004, A(51,47) = 2.0004, A(51,51) =
~2.0008-Cp13, A(51,55) = 0.0004, A(52,48) = 2.0004, A(52,52) = —2.0008, A(52,56) = 0.0004,
A(53.49) = 2.0004, A(53,53) = ~2.0008-Cp,4. A(53,57) = 0.0004, A(54,50) = 2.0004, A(54,54)
= —2.0008-Cy4~Cerar A(54,58) = 0.0004, A(55.51) = 2.0004, A(55,55) = —2.0008—Cpa,
A(55,59) = 0.0004, A(56,52) = 2.0004, A(56,56) = —2.0008, A(56,60) = 0.0004, A(57,53) =
2.0004, A(57,57) = —2.0008-Cp;s, A(57,61) = 0.0004, A(58,54) = 2.0004, A(58,58) = —2.0008—
Cais—Ceis, A(58,62) = 0.0004, A(59,55) = 2.0004, A(59,59) = —2.0008-Cjp,s, A(59,63) =
0.0004, A(60,56) = 2.0004, A(60,60) = —2.0008, A(60,64) = 0.0004, A(61,57) = 2.0004,
A(61,61) = —2.0008—Cj6, A(61,65) = 0.0004, A(62,58) = 2.0004, A(62,62) = —2.0008—C s o~
Ceisr A(62,66) = 0.0004, A(63,59) = 2.0004, A(63,63) = —2.0008—Cps A(63,67) = 0.0004,
A(64,60) = 2.0004, A(64,64) = —2.0008, A(64,68) = 0.0004, A(65,61) = 2.0004, A(65,65) =
~2.0008—Cj,7, A(65,69) = 0.0004, A(66,62) = 2.0004, A(66,66) = —2.0008—C;7—~C17, A(66,70)
= 0.0004, A(67,63) = 2.0004, A(67,67) = —2.0008—Cp7, A(67,71) = 0.0004, A(68,64) = 2.0004,
A(68,68) = —2.0008, A(68,72) = 0.0004, A(69,65) = 2.0004, A(69,69) = —2.0008-Cp5. A(69.73)
= 0.0004, A(70,66) = 2.0004, A(70,70) = —2.0008—Cy;5~Cc1s, A(70,74) = 0.0004, A(71,67) =
2.0004, A(71,71) = ~2.0008—Cjp,g, A(71,75) = 0.0004, A(72.,68) = 2.0004, A(72,72) = —2.0008,
A(72.76) = 0.0004, A(73,69) = 2.0004, A(73,73) = —2.0008-Cp10, A(73,77) = 0.0004, A(74,70)
= 2.0004, A(74,74) = ~2.0008—Cy 0-C1o. A(74,78) = 0.0004, A(75,71) = 2.0004, A(75,75) =
~2.0008—-C0, A(75,79) = 0.0004, A(76,72) = 2.0004, A(76,76) = —2.0008, A(76,80) = 0.0004,
A(77,73) = 2.0004, A(77,77) = —2.0008—Cpa0, A(77.81) = 0.0004, A(78,74) = 2.0004, A(78,78)
= —2.0008-Cy20-Cca0, A(78,82) = 0.0004, A(79,75) = 2.0004, A(79,79) = —2.0008—Cpx0,
A(79,83) = 0.0004, A(80,76) = 2.0004, A(80,80) = —2.0008, A(80,84) = 0.0004, A(81,77) =
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2.0008, A(81,81) =—2.0008—Cp>1, A(82,78) = 2.0008, A(82,82) = —2.0008—Cy»—Cc21, A(83,79)
= 2.0008, A(83,83) = —2.0008—Cjp,;, A(84,80) = 2.0008, A(84,84) = —2.0008
The nonzero right hand side terms are given in augmented matrix A form as

A(1,85) = —20004, A(2,85) = ~20004, A(3,85) = ~Cy;Cp1» A(4.85) = —CpCeys A(7.85) =
—Ca2Cpa, A(8,85) = —CpyCrr, A(11,85) = —Cyp3Cps3, A(12,85) = —Cp3Ce3, A(15,85) = —CpyCpy,
A(16,85) = ~CyyCoss A(19.85) = —C1sCps, A(20.85) = —CpsCos, A(23,85) = —CsCper A(24,85)
= —C3Cre A(27.85) = —CyCyr, A(28.85) = —CrCen, AB31,85) = ~CisCpss A(32.85) =
—CysCrss A(35.85) = ~CroCpor A36,85) = —CgoCror A(39,85) = ~Cy1oCpior A40,85) =
—Cg10Cc10, A(43.85) = —Cy11Cpy1, A(44.85) = —Cp1Cey1s A(47,85) = —Cp12Cp1a, A(48.85) =
—Cp12Cc1a, A(S1,85) = —Cy13Cpy3, A(52,85) = —Cp13Cc13, A(55,85) = —Cp14Cp14, A(56,85) =
—Cp14Cc14 A(59,85) = —Cy15Cp15, A(60,85) = —Cp5Ccys, A(63,85) = —Cy16Cpis, A(64,85) =
—Cg16Cc16> A(07.85) = —Cy17Cp17, A(08,85) = —Cp17Cc17, A(71,85) = —Cy13Cp13, A(72,85) =
—Cp13Cc18, A(75,85) = —Cy19Cp19, A(76,85) = —Cp19Cc19, A(79,85) = —Cy20Cpro, A(80,85) =
—Cp20Cr0, A(83,85) = —Cy21Cpay, A(84,85) = —CpCay

Program 7.2 for the solution of the above problem is given in the Appendix. The concentration
of various species along the length of the reactor is obtained using the Gauss elimination
method. The results are shown in Table 7.6.

Table 7.6 Results in Example 7.3

Node number x (m) Cy Cy Cc Cp
1 0.0 0.999925 0.999918 0.000060 0.000006
2 0.5 0.745869 0.681292 0.189554 0.064577
3 1.0 0.602852 0.474505 0.268800 0.129276
4 1.5 0.516040 0.336482 0.304402 0.181438
5 2.0 0.460355 0.241939 0.321230 0.221265
6 2.5 0.423163 0.175791 0.329465 0.251137
7 3.0 0.397574 0.128732 0.333583 0.273464
8 3.5 0.379579 0.094823 0.335665 0.290175
9 4.0 0.366717 0.070151 0.336717 0.302718
10 4.5 0.357413 0.052067 0.337242 0.312168
11 5.0 0.350622 0.038739 0.337497 0.319310
12 5.5 0.345632 0.028875 0.337612 0.324724
13 6.0 0.341947 0.021552 0.337659 0.328835
14 6.5 0.339216 0.016103 0.337671 0.331960
15 7.0 0.337186 0.012040 0.337668 0.334332
16 7.5 0.335674 0.009008 0.337659 0.336124
17 8.0 0.334547 0.006742 0.337649 0.337466
18 8.5 0.333705 0.005048 0.337639 0.338454
19 9.0 0.333075 0.003780 0.337630 0.339160
20 9.5 0.332604 0.002831 0.337623 0.339638
21 10.0 0.332252 0.002121 0.337617 0.339996

EXAMPLE 7.4 Solve Example 7.3 by making 3 parts of the reactor of length 3 m.

Solution Since three parts are made, therefore the total number of nodes is 4.
The coefficients of equation 1 (node 1, species A) are:
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2x10* 3 2
Coefficient of Cy =— 2 1 Cp — H)j =-20003.0002 - Cy,
Coefficient of Cz; =0
Coefficient of Cy =0
Coefficient of Cp; =0
-4
Coefficient of Cyr = —2 x10 + 1 =1.0002
4 12 1
Coefficient of Cy, = 0
Coefficient of C, =0
Coefficient of Cpy, =0
2
Right hand side of equation 1 = — 2 +ﬁ Cirin= 22 —20002
D Ax) ™ 1 10

The coefficients of equation 2 (node 1, species B) are:
Coefficient of C4; =0

2x10™* 3 2
Coefficient of Cry =0
Coefficient of Cp; = 0
Coefficient of Cy, = 0
4
Coefficient of Cgy = % + % = 1.0002

Coefficient of C, =0
Coefficient of Cpy, =0

. . . 2u>  2u 2 2
Right hand side of equation 2 = —| — 4+ — |Cg;, = ————— =—20002
D Ax] " 1 10

The coefficients of equation 3 (node 1, species C) are:
Coefficient of C4; =0
Coefficient of Cg =0

Coefficient of Cpy=—————-——

|
=

2
~ 1 = 20003.0002 — Cpy

Coefficient of Cp; =0
Coefficient of Cy, = 0
Coefficient of Cp, = 0
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2x107* 1
Coefficient of C., = 2x10 + 1~ 1.0002

12
Coefficient of Cp, = 0
Right hand side of equation 3 = —C,;Cjy

The coefficients of equation 4 (node 1, species D) are:
Coefficient of C4; = 0
Coefficient of Cyz =0
Coefficient of Cry =0

2%x107* 2
X107 32 50003.0002

Coefficient of Cp; =—

21 10t
Coefficient of Cyp = 0
Coefficient of Cg, = 0
Coefficient of C =0
2x107 1
Coefficient of Cp, = 1—20 ++=1.0002

Right hand side of equation 4 = —Cy,C

The coefficients of equation 5 (node 2, species A) are:

- 107 1
Coefficient of Cy = 1—2 + 1 =1.0001
Coefficient of Cyz =0
Coefficient of Cry =0

Coefficient of Cp; =0

2x107* 1
Coefficient of C,y =— X1—7 =1~ Cpa =~ 10002~ Cp
Coefficient of Cg, = 0
Coefficient of C =0
Coefficient of Cp, = 0
10

Coefficient of Cys = el =0.0001

Coefficient of Cp3 = 0

Coefficient of C5 =0

Coefficient of Cp; = 0

Right hand side of equation 5 = 0.

The coefficients of equation 6 (node 2, species B) are:
Coefficient of C4; =0
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0% 1
Coefficient of Cp = = + 1 1.0001
Coefficient of Cry =0
Coefficient of Cp; =0

Coefficient of Cy, = 0

Coefficient of Cpy =——F5——==Cyy —Cr, =—1.0002 = Cy, — Cr»

Coefficient of C =0
Coefficient of Cpy, = 0
Coefficient of Cy3 =0

Coefficient of Cpzz =——=0.0001

Coefficient of C3 =0
Coefficient of Cp; = 0
Right hand side of equation 6 = 0.

The coefficients of equation 7 (node 2, species C) are:
Coefficient of C4; =0

Coefficient of Cgz =0

. 107 1

Coefficient of Cp| = = + 1~ 1.0001

Coefficient of Cp; =0

Coefficient of Cy, = 0

Coefficient of Cy, =0

2x107* 1
deﬁdmnofC%z:——EF———I—(%Q:—LWMZ—CM
Coefficient of Cpy, = 0
Coefficient of Cy3 =0
Coefficient of Cp; = 0

10"

Coefficient of Cq3 = = =0.0001

Coefficient of Cp; = 0
Right hand side of equation 7 = —C4,Cpo.

The coefficients of equation 8 (node 2, species D) are:
Coefficient of Cy; =0
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Coefficient of Cy = 0
Coefficient of Cry =0

0% 1
Coefficient of Cp; = (1)—2 + 1 1.0001
Coefficient of Cy», = 0
Coefficient of Cy, =0
Coefficient of C, =0

2x107* 1
Coefficient of Cpy =— 2220 " _ +=-10002

12
Coefficient of Cy3 =0
Coefficient of Cg; = 0
Coefficient of C3 =0

o 107
Coefficient of Cp; =——=0.0001

Z

Right hand side of equation 8 = —Cy,C
The coefficients of equation 13 (node 4, species A) are:

2x107* 1
Coefficient of Cy; = 2x10 + 1 1.0002

12
Coefficient of Cp3 = 0
Coefficient of C3 =0
Coefficient of Cp; = 0

Coefficient of C,y :_—_I_CM =-1.0002 - Cpy

Coefficient of Cgy = 0
Coefficient of Cy = 0
Coefficient of Cpy = 0
Right hand side of equation 13 = 0.

The coefficients of equation 14 (node 4, species B) are:
Coefficient of Cy3 =0

2x107™ 1
Coefficient of Cpy= 2220 | +=1.0002

2
4

Coefficient of C5 =0
Coefficient of Cp; = 0
Coefficient of Cyy = 0

Coefficient of Cpy =——F5—— 1 Cas —Cry =—2.0008 = Cpy — Cey
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Coefficient of Cy = 0
Coefficient of Cpy = 0
Right hand side of equation 14 = 0

The coefficients of equation 15 (node 4, species C) are:
Coefficient of Cy3 =0
Coefficient of Czz = 0

4
Coefficient of Cpy = 2240 | % = 1.0002

12
Coefficient of Cp; = 0
Coefficient of Cyy = 0
Coefficient of Cyy =0

Coefficient of Cpy =——F—— 1 Cps =—1.0002 - Cpy

Coefficient of Cpy = 0

Right hand side of equation 15 = —Cy4Cpy.

The coefficients of equation 16 (node 4, species D) are:
Coefficient of Cy3 =0

Coefficient of Cp3 = 0

Coefficient of C; =0

2x107* 1

Coefficient of Cpz = - + 1 1.0002

Coefficient of Cyy = 0
Coefficient of Cgy = 0
Coefficient of Cry =0

2x107* 1
Coefficient of Cpy =— 2220 " _ +=-1.0002

2
Z

Right hand side of equation 16 = —CpyCy.

Thus the set of equations for concentration of species A, B, C, and D at nodes 1 to 4 can be
written in the block tridiagonal form as

B ¢ 0 o]x] [p
A, B, C, 0| X,| |D,
0 A, B, G| X5| | Dy
0 0 A, B,/ | x,| |D,
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where
CA] CA2 CA4
X, - Cp X, = Cpa X, - Cps
CCl CCZ CC4
CD] CDZ CD4
For node 1
[—20003.0002 — Cy, 0 0
B — 0 ~20003.0002 — C 4, — C¢y 0
' 0 0 ~20003.0002 — Cj,
i 0 0 0
[1.0002 0 0 0
- 0 1.0002 0 0
! 0 0 10002 0
0 0 0  1.0002
[ —20002
—20002
D, =
_CAchl
__CBICCI
For node 2
[1.0001 0 0 0
0 10001 0O 0
A, =
0 0 10001 0O
0 0 0  1.0001
[~1.0002 - Cp, 0 0
B _ 0 ~1.0002 -~ Cyr — C¢s 0
> 0 0 ~1.0002 - Cp,
i 0 0 0
[0.0001 0 0 0
¢, - 0 0.0001 0 0
0 0 0.0001 0
0 0 0  0.0001

—20003.0002

0

0

0
—-1.0002

0
0
0
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0
0
D, =
_CAZCBZ
_CBZCCZ
For node 3
[1.0001 0 0 0
0 1.0001 O 0
A’; -
: 0 0 1.0001 O
0 0 0  1.0001
[~1.0002 - Cy4 0 0 0
B — 0 ~1.0002 — Cy3 — Cps 0 0
i 0 0 ~1.0002-Cpy, O
| 0 0 0 ~1.0002
[0.0001 0 0 0
0 0.0001 0 0
C'; =
: 0 0 0.0001 0
0 0 0  0.0001
0
0
D3 =
_CA3CB3
_CBSCC3
For node 4
[1.0002 0 0 0
0 1.0002 0 0
A4 -
0 0 1.0002 0
0 0 0  1.0002
[~1.0002 - Cjp, 0 0 0
5 _ 0 -1.0002-C,, —C¢, 0 0
‘T 0 0 ~1.0002-Cz, 0
i 0 0 0 —1.0002
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0
B 0
| ~CasCoas
~CpsCey
The 16 linear algebraic equations can be written in the form Ax = d, where A is a 16 X 16

matrix, x is the vector of size 16 X 1 containing the variables to be determined, and d is also
a vector of size 16 X 1. The variables can be written as

T
X :[CAI CBI CCI CDI CA4 CB4 CC4 CD4]

The Gauss elimination method can be used to solve these 16 linear algebraic equations (see
Program 1.2 given in the Appendix). The results are given in Table 7.7.

Table 7.7 Results in Example 7.4

Node number x (m) Cy Cy Cc Cp
1 0 0.999933 0.999927 0.000060 0.000006
2 1 0.652683 0.532064 0.226697 0.120620
3 2 0.503350 0.296694 0.289994 0.206656
4 3 0.430048 0.170485 0.310390 0.259562
Exercises

7.1 Consider a reaction A — B carried out in a tubular reactor. The differential equation
for species A along the length of the tubular reactor of length 10 m is

d* d
D C;A —u&—kcA =0

dx X
The boundary conditions are
At x = 0 (inlet)

MCA in = MCA - d&

' dx
At x = 10 m (exit)
4y _y
dx

A fluid medium comprising initially only A flows through the reactor with a mean
axial velocity u = 1 m/s. The axial dispersion coefficient, D = 107 m?/s and the rate
constant of the reaction is 0.1 s~'. The inlet concentration C,;, =1 mol/m’. Make
10 parts of the reactor. List the tridiagonal set of equations and determine the
concentration of A at various positions along the length of the tubular reactor.
(Ans: The tridiagonal set of equations are
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~20003.0002 - 0.1C 4
1.0001

7.2

[-20003.1002  1.0002 C, | [-20002]
1.0001 —1.1002 0.0001 Ci, 0
1.0001 —1.1002  0.0001 || C,o 0
i 1.0002 -1.1002 || Cyy | | O
Cu1 = C4(0.0) = 0.999991 Cur = C4(1.0) = 0.909083
Caz = C4(2.0) = 0.826440 Cas = C4(3.0) = 0.751310
Cps = Ca(4.0) = 0.683009 Cas = Ca(5.0) = 0.620918
Cu7 = C4(6.0) = 0.564471 Cus = C4(7.0) = 0.513156
Cao = C4(8.0) = 0.466506 Caro = C4(9.0) = 0.424097

Ca11 = C4(10.0) = 0.385549

Consider a reaction A — B carried out in a tubular reactor. The differential
equation for species A along the length of the tubular reactor of length 10 m is
Ddch 495,

dx? dx

The boundary conditions are

—kC; =0

dc,

At x = 0 (inlet): uCy;, =uCy — 7
X

At x = 10 m (exit): dﬁ:O
dx

A fluid medium comprising initially only A flows through the reactor with a mean
axial velocity u = 1 m/s. The axial dispersion coefficient, D = 10™ m?%s and rate
constant of the reaction is 0.1 m*/mol-s. The inlet concentration Cain=1 mol/m?.
Make 10 parts of the reactor. List the tridiagonal set of equations and determine the
concentration of A at various positions along the length of the tubular reactor.

(Ans: The tridiagonal set of equations are
1.0002 Ca1 ~20002
~1.0002 - 0.1C 4, 0.0001 Cpo 0
1.0001 -1.0002-0.1C 4 0.0001 Calo 0
1.0002 -1.0002-0.1C4 ;[ Carq 0

Cp1 = C4(0.0) = 0.999991
Caz = C4(2.0) = 0.844719
Cys = C4(4.0) = 0.730059
Cu7 = C4(6.0) = 0.642133
Cro = Cx(8.0) = 0.572688
Ca11 = Cx(10.0) = 0.516529

Caz = C4(1.0) = 0.916073
Cay = C4(3.0) = 0.783356
Chs = CA(5.0) = 0.683363
Cag = CA(7.0) = 0.605478
Ciio = CA(9.0) = 0.543192



Chapter 8

Chemical Reaction and Diffusion
in Spherical Catalyst Pellet

Chemical reaction and diffusion in a spherical catalyst pellet is a boundary value problem,
because at the surface of the pellet the concentration of the species is known and at the centre
of the pellet the gradient of concentration is zero. The finite difference method is used for the
numerical solution of the first and second order reactions along with the diffusion term in a
spherical catalyst pellet. The numerical solution under nonisothermal conditions is also
discussed in this chapter.

8.1 First Order Reaction

The differential equation for diffusion and reaction in a spherical catalyst pellet is given by

d*’C 2dc
D( dr? +7;J—kczo (8.1)

It is assumed that the pellet is isothermal and therefore the rate constant is also fixed. D is the
effective binary diffusivity of A within the catalyst pellet. The boundary conditions are
atr =R

C = Cg (8.1b)
and at r = 0

dC

2 -0

ar (8.1b)

where Cg is the concentration at the surface of the spherical catalyst pellet.
EXAMPLE 8.1 The chemical reaction and diffusion in a spherical catalyst pellet is given by

d*c, L 2,dC,

D
dr® r dr

_kCA:O

where D is the effective binary diffusivity of A within the catalyst pellet. The pellet is
isothermal. The concentration at the surface of the spherical catalyst pellet is 1 mol/m>, thus
the boundary conditions are

155
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at r = R
CAZI
at r=0
dCA:O
dr

The radius of the catalyst pellet is 1.0 cm. Make 100 parts of the radius. Take the rate constant,
k=107 s7! and D = 10~ m%s. Determine the concentration of species A at various nodes along
the radius of the catalyst pellet.

Solution The differential equation for diffusion and reaction in a spherical catalyst pellet is

2
£C 200 kg
dr= rdr D

-3
Itmng1mm-E=19—:qu4.
D -9

1072

The radius is 1 cm = 1072 m and 100 parts are made, thus Ar = =10"*m. The schematic

diagram of the spherical catalyst pellet is shown in Fig. 8.1. The first node is labelled 0 and
therefore the last node is the 100" node as 100 parts are made.

100

0
r=20

Fig. 8.1 Diffusion and reaction in spherical catalyst pellet.

The boundary conditions are:

at r =1 cm

r=0
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Discretizing the differential equation at node i, we get
Cin +Ciy —2G + 2 (G -Gy
Ar? mAr 2Ar

j -10°C; =0
1

Cisy +Ciy =2C; +—(Ciyy = Ciy) —10°AFC; =0
m

1

Ciy +Ci —2C; + i(c.ﬂ -C;)-0.01C; =0
m

m m

At node O (centre of spherical catalyst pellet) the differential equation becomes

d*c

3— -10°C=0

dr
Discretizing, we get
-2
3(L12C0J -10°C, =0
Ar
3(C, +C, -2C,) - 10°Ar°Cy =0
3(C, +C, —2C,)-0.01C, =0
C -

At node 0, d—C =0; thus
dr Ar

becomes
3(2C, —2Cy) - 0.01C, =0
~6.01C, +6C, =0

m m

Atnode 1 (m = 1)

-2.01C, + G, (1 + %j =0

At node 2 (m = 2)

2 ; 2

At node 3 (m = 3)

Z—CLI =0, and therefore C_; = C;. Therefore the above equation
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At node 99 (m = 99)

1 1
Cog| 1 ——|-2.01Cyg + Cjpp| 1 + — =0
98( 99) 99 100( 99j
Since Cigg = 1, we get
1 1
Cog|1——|-2.01Cyy =—|1+—
(1= 05 2016 =1+ |
1 100
Cyg| 1 ——|-2.01Co9 =———
98( 99j 99 99
The 100 equations can be written in tridiagonal form as
—6.011 6 1 c, ] T 0 ]
-7 201 1+7 C 0
1 1
1—5 -2.01 1+5 C2 0
1 1
1—3 -2.01 1+§ C3
1 1
- 201 l+5 Cy; 0
1 1 0
1-& —201 1+4 | Cos "
1-& 201 |LC% ] [0 ]

The solution can be obtained by modifying the parameters a; (i = 2 to N), b; (i = 1 to N) and
¢i i=1to N—1)in Program 1.1 given in the Appendix. The results for nodes 77 to 99 are
presented in Table 8.1 given in the next section.

8.2 Second Order Reaction

The differential equation for diffusion and second order reaction in a spherical catalyst pellet
is given by

d’c 2dc 5
D +22 | —kC? =0
( P dr] (8.2)

It is assumed that the pellet is isothermal and therefore the rate constant is also fixed. D is the
effective binary diffusivity of A within the catalyst pellet. The boundary conditions are

Atr=R  C=Cg

ac _
dr

where Cs is the concentration at the surface of the spherical catalyst pellet.

At r=20: 0
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EXAMPLE 8.2 The chemical reaction and diffusion in a spherical catalyst pellet is given by
Ddch L, 24y

dr? r dr

where D is the effective binary diffusivity of A within the catalyst pellet. The pellet is
isothermal. The concentration at the surface of the spherical catalyst pellet is 1 mol/m?; thus
the boundary conditions are

—kC3 =0

At r = R: CA:1

dc,

dr

=0

At r=0:
The radius of the catalyst pellet is 1.0 cm. Make 100 parts of the radius. Take the rate constant,
k = 10 m¥mol-s and D = 10~ m?%s. Determine the concentration of species A at various

nodes along the radius of the catalyst pellet.

Solution The differential equation for diffusion and reaction in a spherical catalyst pellet is

107

It is given that 5 00 10°.

The radius is 1 cm = 1072 m and 100 parts are made, thus Ar :1(())—0 =10"*m. The schematic

diagram of the spherical catalyst pellet is given in Fig. 8.1. The first node is labelled 0 and
therefore the last node is the 100" node as 100 parts are made. Discretizing the differential
equation at node i, we get

Cipy +Ciny —2G; + 2 (CHI -G 10°C? =0
Ar? mAr 2Ar

1
Cisy +Ciy =2C; +—(Cp.y = €Ly ) = 10°AF*CF =0
m
1
Cisy +Ciy =2C; +—(Cpoy = Ciy ) = 0.01C7 =0
m
1 1
Ciy (1 - —) +C;(-2-0.01C;) + Cy,,y (1 + —j =0
m m
At node O (centre of spherical catalyst pellet) the differential equation becomes

d*c
dr?

3 -10%Cc* =0
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Discretizing, we get
(q +C ,-2C,
3 2
Ar
3(Cy +C_y —2C,) - 10°Ar*C4 =0

J—loﬁcgzo

3(C, +C, =2C,) - 0.01C; =0
dcC . C-C, .
At node 0, — =0; thus ———==0, and therefore C_; = C,. Therefore the above equation
becomes  4r 24r

3(2€, - 2C,) - 0.01C4 =0
Co (-6 -0.01Cy) +6C, =0
At node 1 (m = 1)

Ciy [1 — i) +(-2-0.01G;)C; + Cy. (1 + i) =0
m

m
(-2-0.01C)C, + G, (1 +3 =0

At node 2 (m = 2)
0

o (1 - %) +(-2-0.01C,)C, + G4 (1 + %j
At node 3 (m = 3)

cz(l—%}(—z—o.mq)q +C4(1+%J:O
At node 99 (m = 99)

1 1
Cu| 1——|+(-2-0.01Cy9)Cyy +C 1+—1|=0
98( 99j ( oo) 99 100( 99)

Since Cigg = 1, we get

1 1
Coz| 1 —— |+(-2-0.01Cyg)Coo =—| 1 + —
98( 99j ( 99) 99 ( 99j

1 100
Cog| 1= — |+ (-2 0.01Cy) Cop = ——
98( 99j ( 99) 99 99

The 100 equations can be written in tridiagonal form as

[-6-0.01C, 6 | - -
-1 2-o001c, 141 o °
1 1 C 0
- % 2-001C  ltge | Co 0
| oo | |50
99 ~2-0.01Cy, 99 |
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It is seen that the coefficient matrix also depends on the concentrations. Therefore, to start the
program the concentrations are assumed, the coefficients are calculated and TDMA is used to
determine the new concentrations. At these concentrations the coefficients are re-calculated
and TDMA is used to determine the new concentrations. The procedure is repeated till there
is no change in the concentration profile. Program 8.1 for the solution of the above problem
is given in the Appendix. The results for nodes 77 to 99 are presented in Table 8.1.

Table 8.1 Concentration of reactants in spherical catalyst pellet for first and second order reactions under
isothermal condition

Node number r (cm) C (first order reaction) C (second order reaction)
99 0.99 0.914015 0.930360
98 0.98 0.835509 0.868043
97 0.97 0.763826 0.812053
96 0.96 0.698366 0.761560
95 0.95 0.638586 0.715865
94 0.94 0.583988 0.674377
93 0.93 0.534119 0.636593
92 0.92 0.488564 0.602084
91 0.91 0.446948 0.570482
90 0.90 0.408925 0.541468
89 0.89 0.374184 0.514766
88 0.88 0.342438 0.490138
87 0.87 0.313425 0.467374
86 0.86 0.286908 0.446290
85 0.85 0.262670 0.426724
84 0.84 0.240513 0.408536
83 0.83 0.220257 0.391599
82 0.82 0.201735 0.375800
81 0.81 0.184799 0.361041
80 0.80 0.169310 0.347233
79 0.79 0.155144 0.334296
78 0.78 0.142186 0.322160
77 0.77 0.130331 0.310759

8.3 Nonisothermal Conditions

The differential equation for diffusion and reaction in a spherical catalyst pellet is given by

2
D[d C+3d—cj—k(T)C=0 (8.3)

dr:  rdr

where the rate constant is a function of the temperature, or

K(T)= k(TS)exp{—R—i(% : 1]} (5.4)
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Consider the case of a non-isothermal first order reaction A — B occurring in the interior of
a spherical catalyst pellet. We wish to compute the effect of internal heat and mass transfer
resistance upon the reaction rate and the concentration and temperature profiles within the
pellet. The concentration profile Cy(r) is governed by the mole balance

d 2 dCA 2
—|r"Dy,—= |-r"k(T)C4, =0
dr( " ) (T)Ca 8.5)
where D, is the effective binary diffusivity of A within the pellet. If k is the effective thermal
conductivity of the pellet, the temperature profile 7(r) is governed by the energy balance

d 2 dT 2 0 _
E(r k5J+r (—AHm)[k(T)CAJ—O (8.6)
Neglecting external heat and mass transfer resistance, we have known values of the
concentration and temperature at the surface, r = R: C4,(R) = Cyg and T(R) = Ts. Also, at the
d

Ca =0 and d—T
dr |, dr

=0. The temperature dependence of the
r=0

centre of the pellet, » = O:

rate constant is

Ts

k(T)= k(TS)exp{—R—l;S(? - 1)} (8.7)

the problem reduces to a single ordinary differential
and adding to the mole balance

If we assume constant Dy, k and AH

equation. Dividing the energy balance equation by —AHgm
equation, we get

dr dr dr (_AHO )dr .

Integrating, we get
ac,, _k_dr|_.
dr (—AH?XH) dr (8.9)

2
7| Dy

where C; is the constant of integration. Dividing by r* gives

d k C
—|D,Cy + ——T|=—L
dr AMA (—AH&H) }"2 (810)
From the symmetry boundary condition C; = 0 and a second integration
k
D,C,y +(—0)T:C2 (8.11)

where C, is the constant of integration. At the surface, we get the value of constant C, as

k
C, =DyCys + —)Ts (8.12)

(_AH ?Xn
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Comparing Eqgs. (8.11) and (8.12), we get

k k
D,C,+—T=D,Cy¢ + ——T,
S an) T (canl,) (8.13)
Thus there exists the following linear relation between Cy(r) and T(r):
D Aern
T(r)-T; _A—[CA —Cas | (8.14)

Thus only the mole balance equation has to be solved. Thus, if we assume constant D,, k and
AH?XH, we can show that at any point along the radius the temperature and concentration of
the reactant are related by Eq. (8.14). A parameter is defined as

D(-AHY, )Cs

= 8-15
B KT, (8.15)
From Eq. (8.14), we get
T DAH?
—=1+—"2(C-Cy)
Ty kT
Therefore
Ty _ 1
T DAH!
1+ A 22 xn (C CS)
Subtracting one from both the sides, we get
_ DAH)
. iT rxn (C CS)
75 -1= - (8.16)
14 DA (C-Cy)
Let us define a parameter as
E
=— 8.17
Y R, (8.17)
D(-AH, )
If Cg =1, then B :k— and the expression for rate constant given in Eq. (8.7)
Ts
becomes
c-C
k(T) = k(T Jexp _Ble=6) (8.18)
1-B(C-Cy)
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EXAMPLE 8.3 Diffusion and reaction take place in a non-isothermal spherical catalyst pellet
of radius 1 cm. The rate constant of the reaction k(Ts) = 10~ s7! and effective diffusivity of
species, D = 10 m?%s. Make 100 parts of the radius and determine the concentration within
the catalyst pellet. The concentration at the surface of the spherical catalyst pellet Cg = 1 mol/
m’. Take B=1and y= 1.

Solution The differential equation for diffusion and reaction in a non-isothermal spherical
catalyst pellet is

C,2dC k.

dr* rdr D

where
k(T)= k(TS)eXp{_%:I

Thus the differential equation becomes

#’C 2dC k(TS){exp(— B(C-Cs) HCZO

dr* rdr D 1-B(C-Cy)
k(Tg) 107
It is given that (Ts) _ el —=10°m

2
The radius is 1 cm = 107> m and 100 parts are made; thus Ar :1(())—0 =10"*m. The schematic

diagram of the spherical catalyst pellet is given in Fig. 8.1. The boundary conditions are
Atr=1cm: c=1

A o: dC —0
tr=0: dr

Since =1, y=1, and Cg = 1 mol/m?, the differential equation becomes

d*c 2dC_106 exp 1-C C=0
dr?  rdr 2-C

Discretizing the differential equation at node i, we get
Cin +Ciy —2G . 2 (CGu—-GCy)_ 10%| exp 1-G C =0
Ar? mAr 2Ar 2-G;

1 1-C
Ciyy +Ciy —2C; +—(Cyyy — Ci_y) —0.01] exp 126 C,=0
m 2-C
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1 I-c i
m 2-C; m

At node O (centre of spherical catalyst pellet), the differential equation becomes

2
34 ?—106 exp| =S llc=0
dr” 2-C
-2 1-
3(—C1+C1 COJ—lo6 exp| =S ||, =0
Ar2 2_C0

1-
3(C +C —2GC) —0.0l{exp{z 20 Hco =0

Discretizing, we get

0

At node 0, fl_c =0; thus Clz%AC*] =0, and therefore C_; = C;. Therefore the above equation
r r

becomes

0

—6—0.01exp 1=G Cy +6C, =0
2-C,
Atnode 1 (m = 1)

1-C
Ciy 1—l -2-0.01exp 1-G C:+C;y 1+lj:0

—2-0.0lexp 1-G C, +C, 1+1]20
2-C 1
At node 2 (m = 2)

]
G -1 —2-0.0lexp G C, +C, 1+1)20
2 2-C, )| ) 2

1-
C2(1—1j+ —2-0.01lexp < C;+C4(1+lj:0
3 2-Gy )| 3

At node 99 (m = 99)

1 1-C 1
Cog| 1—— |+]| —2-0.0lex 9 | |Cgo + Cypp| 1 +— |=0
98( 99j { p(Z—ngH 99 100( 99j

3(2¢, -2G,) —0.0l{exp(;_ 20 Hco =0

At node 3 (m = 3)
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Since Cigg = 1, we get

1-—
Cog| 1— L] - 0.0lexp Coo Coo = — 100
99 2~ Cyo 99

The 100 equations can be written in tridiagonal form as

[ 1-C
—6-0.01exp 0 6
2-C,
-1 —2-0.0lexp 126G 1,1
1 2-C, 1
1-C
1L 2 001exp| Lo 1+ L
98 2 - Cyg 98
1-C
L —2-0.0lexp 1=Co
99 2-Cy )|

Co 0
q 0
s = 0

C98

ol | 100
99 99

It is seen that the coefficient matrix also depends on the concentrations. Therefore, to start the
program the concentrations are assumed, the coefficients are calculated and TDMA is used to
determine the new concentrations. At these concentrations the coefficients are re-calculated
and TDMA is used to determine the new concentrations. The procedure is repeated till there
is no change in the concentration profile. Program 8.2 for the solution of the above problem
is given in the Appendix. The results for nodes 77 to 100 are presented in Table 8.2.

EXAMPLE 8.4 Solve Example 8.3 for f = 10 and y = 1.

Solution Since f =10, y=1, and Cs = 1 mol/m3, the differential equation becomes

2

“ 2 10-1
dC+_dC_106 exp 0-10C C-0
dr?  rdr 11-10C

Discretizing the differential equation at node i, we get

Ci + Gy — 26 " 2 (Ca—Ca|_ 10°| exp 10-10¢; C;, =0
Ar? mAr 2Ar 11-10¢;

1 10 - 10C,
CiJrl + Ci*l - 2Cl + ;(CiJrl - Ci*] ) - OOl[exp[mj} Ci = O

10 - 10G;
Cioy 1—l +C;| -2 -0.0lexp 10-10¢; +Ci,y 1+l -0
m 11-10C; m

At node O (centre of spherical catalyst pellet), the differential equation becomes

2

- 10-1
3d_C_106 exp 10-10C C=0
dr? 11-10C
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Discretizing, we get

-2 C (10-1
3 LBCO —10%| exp 10-10¢, Cy=0
AP 110G, ) |

10-10
3(C; +C, —2C,) - 0.01| exp 10-106
11-10C,

At node O, Cji—C: 0; thus %: 0, and therefore C_; = C;. Therefore the above equation
r r

becomes

10 - 10C,
3(2C, —2C,)-0.01| exp| ——2 ||C, =0
(26, -26) [ p(n—locoﬂ 0

-6 —0.01exp 10-106, Cy+6C, =0
11-10C,

Atnode 1 (m =1)
10 - 10C;
Ci, 1—l +|—-2-0.0lexp 10-106; C:+C;,y 1+l =0
m 11-10¢; m

10-10 1
-2 -0.0lexp 10106, C,+C|1+=1]=0
11-10C, 1
At node 2 (m = 2)

1 10-10 1
C|1-=|+|-2-00lexp 10-106; C,+Cs|1+=1|=0
2 1n-10¢c, )| = 2
At node 3 (m = 3)
1 10-10 1
Cy| 1-=|+|-2-0.0lexp 10-106 C;+Cyl1+=|=0
3 11-10¢C5 )| 3
At node 99 (m = 99)
1 10-10 1
Cog| 1—— | +| -2 -0.01exp 10~ 10Cq, Coo + Cigo| 1 +— |=0
99 11-10Cy 99

Since Cigg = 1, we get

10-1
ng(l—ij+ —2-0.0lexp 10~ 10Cy ngz—@
99 11-10Cy, 99
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The 100 equations can be written in tridiagonal form as

10-10C
—6-0.0lexp 0=10G 6
11-10C,
-2 2 00texp| 271G} L
1 11-10C, 1
1,i —2-0.0lexp 10-10Cos 1+i
98 11-10C4q 98
1
1-— -2-0.0lex
99 p(

10 = 10Cyg
11-10Cy,

)

Co
G
Cos
Coo

It is seen that the coefficient matrix also depends on the concentrations. Therefore, to start the
program the concentrations are assumed, the coefficients are calculated and TDMA is used to
determine the new concentrations. At these concentrations the coefficients are re-calculated
and TDMA is used to determine the new concentrations. The procedure is repeated till there
is no change in the concentration profile. Program 8.2 can be modified to solve this problem.

The results for nodes 77 to 100 are presented in Table 8.2.

Table 8.2 Concentration of reactant in spherical catalyst pellet under non-isothermal conditions for first

order reaction for f =1 and = 10

Node number r (cm) cCB=1 C (B=10)
100 1.00 1.000000 1.000000
99 0.99 0.901657 0.873620
98 0.98 0.803074 0.752422
97 0.97 0.713959 0.646573
96 0.96 0.633761 0.554827
95 0.95 0.561849 0.475639
94 0.94 0.497557 0.407470
93 0.93 0.440217 0.348888
92 0.92 0.389179 0.298610
91 091 0.343828 0.255496
90 0.90 0.303586 0.218553
89 0.89 0.267922 0.186914
88 0.88 0.236345 0.159829
87 0.87 0.208414 0.136650
86 0.86 0.183724 0.116820
85 0.85 0.161913 0.099585
84 0.84 0.142658 0.085352
83 0.83 0.125665 0.072949
82 0.82 0.110677 0.062345
81 0.81 0.097460 0.053280
80 0.80 0.085810 0.045531
79 0.79 0.075543 0.038908
78 0.78 0.066497 0.033247

77 0.77 0.058529 0.028409
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8.1

8.2

Exercises

The chemical reaction and diffusion in a spherical catalyst pellet is given by

Ddch L, 24y

dr? rdr

where D is the effective binary diffusivity of A within the catalyst pellet. The pellet
is isothermal. The concentration at the surface of the spherical catalyst pellet is 1

mol/m> thus the boundary conditions are:

At r=R: C,=1
dc,

= U: :0
At r=0: I

The radius of the catalyst pellet is 1.0 cm. Make 10 parts of the radius. Take the
rate constant, k = 0.1 s and D = 10~ m?/s. Determine the concentration of species
A at various positions along the radius of the catalyst pellet.

(Ans: The tridiagonal set of equations are

-106 6 _CAO_
1 —% -102 1 +%

2
o o

1-1 -102 1+1 | Cy 0

-4 —102{[Cao) |9
Cio = C4(0.0) = 0.000000 Cy = C4(0.1) = 0.000000
Cip = C4(0.2) = 0.000000 Cis = C4(0.3) = 0.000000
Cos = C,(0.4) = 0.000000 Cis = C,(0.5) = 0.000000
Cho = C4(0.6) = 0.000000 Cir = C4(0.7) = 0.000001
Cis = C,(0.8) = 0.000120 Cio = C,(0.9) = 0.010894

Distance (in cm) is measured from the centre of the spherical pellet.

The chemical reaction and diffusion in a spherical catalyst pellet is given by

d*c, L 254y
dr? r dr

where D is the effective binary diffusivity of A within the catalyst pellet. The pellet
is isothermal. The concentration at the surface of the spherical catalyst pellet is
1 mol/m>, thus the boundary conditions are

Atr=R: CA:1
dC,

dr

D —kC5 =0

0

At r=0:
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8.3

The radius of the catalyst pellet is 1.0 cm. Make 10 parts of the radius. Take the
rate constant, £k = 0.1 m>/mol-s and D = 10~ m%s. Determine the concentration of
species A at various positions along the radius of the catalyst pellet.

(Ans: The tridiagonal set of equations are

[-6-100C,, 6 L
-1 5o900c,, 141 Cao g
1 1 Cu
1 1 =
I-g 2-100C,  1+g | Cu ?0

C =

1—% ~2-100C, |- @4 L 9]
Cro = C4(0.0) = 0.001837 Ca1 = C4(0.1) = 0.001894
Cur = C4(0.2) = 0.002073 Cuz = C4(0.3) = 0.002419
Cas = C4(0.4) = 0.003030 Cus = C4(0.5) = 0.004131
CA6 = CA(06) = 0.006286 CA7 = CA(07) =0.011211
Cus = C4(0.8) = 0.025902 Cro = C4(0.9) = 0.096965

Distance (in cm) is measured from the centre of the spherical pellet.

Diffusion and reaction take place in a non-isothermal spherical catalyst pellet of
radius 1 cm. The rate constant of the reaction k(Ts) = 0.1 s~ and effective
diffusivity of species, D = 10~ m?/s. Make 10 parts of the radius and determine the
concentration within the catalyst pellet. The concentration at the surface of the
spherical catalyst pellet, Cg = 1 mol/m>. Take 8= 1 and y=1

(Ans: The tridiagonal set of equations are

’——6 —100 exp[l_coj 6
2-C,
1 1-C 1 C 0
1-= 2100exp['J 1+= 0 0
1 2-C 1 G
= 0
L —2—1006Xp[1_C8] 1oL Gy 0
8 2-G, 8 Gy 5
- 21006xp[1c9]
L 9 2-Gy )|
Cuo = C4(0.0) = 0.000000 C41 = C4(0.1) = 0.000000
Cur = C4(0.2) = 0.000000 Cus = C4(0.3) = 0.000000
Cyus = C4(0.4) = 0.000000 Cys = C4(0.5) = 0.000000
Cus = C4(0.6) = 0.000000 Cu7 = C4(0.7) = 0.000000
Cus = C4(0.8) = 0.000045 Cro = C4(0.9) = 0.006659

Distance (in cm) is measured from the centre of the spherical pellet.



Chapter 9

One-Dimensional Transient
Heat Conduction

The numerical solution of one-dimensional transient heat conduction in a rectangular slab,
cylinder, and sphere is discussed in this chapter using the finite difference method. The one-
dimensional transient heat conduction in a rectangular slab is given by

8_T = o7 9.1
ot ax2 ©-D
In a cylinder it is given by
T _ [T Lor
ot or’ ror ©-2)
and in a sphere it is given by
T _ [T 29T
ot or> ror ©-3)

where o =——. Discretization is carried out using the forward in time and central in space

(FTCS) diff%ré)nce scheme. The explicit, implicit and Crank—Nicolson discretizations are
discussed. An example of one-dimensional transient diffusion is also discussed. Von Neumann
stability analysis, which is used to determine the criteria under which the explicit scheme is
stable, is also discussed.

9.1 Classification of Partial Differential Equations

Consider the two-dimensional partial differential equation (PDE)

2 2 2
aJ;+Baf+Ca];+Da—f+Ea—f+Ff+G:0 (9.4)
ox 0xdy dy ox 9y :
When B> — 4AC < 0, characteristics do not exist and it is elliptic PDE.

When B? — 4AC = 0, one set of characteristics exists and it is parabolic PDE.
When B? — 4AC > 0, two sets of characteristics exist and it is hyperbolic PDE.

A summary of the above result with examples is presented in Table 9.1.

A

171
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Table 9.1 Classification of partial differential equations

PDE Parameters Classification of PDE
’T  o°T A=1 B*—4AC=-4<0
2 Tt 0 B=0 Elliptic
Cc=1
2
al_aaifzo (a> 0) A=-a B? - 4AC = 0
ot ox B=0 Parabolic
cC=0
1-D wave equation A=1 B> —4AC = 44> > 0
aﬂ + aal =0 (@>0) 9.5) B=0 Hyperbolic
ot ox C=_g

The coefficients in the 1D wave equation are determined using the following. Differentiating
Eq. (9.5) with respect to x, we get

0u 0u
a——=
ordx axz
Differentiating Eq. (9.5) with respect to 7, we get

0

0%u o*u
—ta—-=
or? orox

Combining the above two equations, we get

Pu_ p&u_

a2

A linear PDE is one in which A, B, C, D, E, F, and G are functions of x and y only.

9.2 Explicit and Implicit Discretization
Consider conduction in a one-dimensional rectangular slab. The partial differential equation is
[see Eq. (9.1)]
of T
— = —
ot ox?
Using the forward in time and central in space explicit difference scheme, we get

n+l _ pn ' N i
Ti ’I; - i+1 + 7;—1 > 2Tl (96)
At (Ax)
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If the solution is known at time n, then it is very easy to determine the solution at time
n + 1 using the explicit method.

T = M( i+ T = 2Tin) +T" 9.7

oAt

(Ax)

Thus if the temperature at all the nodes is known at time ¢, the temperature at time ¢ + Af can
be computed and from this temperature at time ¢ + At, the temperature at time ¢ + 2Az can be
computed. Thus the temperature at any required time can be computed. Thus the values of all
the nodes can be updated to compute the temperature profile at the required time. But there

is a disadvantage, which is that explicit discretization is not stable for all values of Ar and Ax.
It is stable only when

where M =

3

<— 9.8)

1
<=

Thus the choice of Ar and Ax is not independent. If the condition « is not satisfied,

2

Ax
then convergence shall not be obtained and the solution shall stagt d?verging. The implicit
method is an unconditionally stable method and the implicit discretization of Eq. (9.1) is given
by

n+l n n+l n+l n+l
L -T :aTm +Tiy —2T

At ( Ax)z

When the temperature at time ¢ is known, then to calculate the temperature at time # + Af the
tridiagonal set of linear algebraic equations is solved. Thus 7" are known and Tl-”” are
calculated. Thus marching in time can be carried out to obtain the temperature at various nodes
at the next time step for the parabolic PDE.

9.9)

9.3 Crank-Nicolson Discretization

Consider conduction in a rectangular slab. The partial differential equation is [see Eq. (9.1)]
I _,oT
ot ox>

Crank—Nicolson discretization is given by

n+l n n+l n+l n+l n n n
L -1 _ o) Ty +To =27 + it Ty =27

9.10
a2 (a (a) o0

In the Crank—Nicolson method the discretization of space term is carried out using the central
difference scheme at time n and at time n + 1 and taking the mean of the two. It is an
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unconditionally stable method. It is an more accurate than the implicit method. The accuracy
of the implicit method is O(At,sz), whereas that of Crank—Nicolson is O(AtZ,Ax2). The central
difference scheme is not used in time because it would require high storage, as there would
be terms of three types—T’”l, ™ T,

9.4 Von Neumann Stability Analysis

Von Neumann stability analysis is also called the Fourier method. The method shall be
described for the one-dimensional transient heat conduction [see Eq. (9.1)]

oT  O°T
— = —
ot ox>

Discretizing using the FTCS explicit scheme, we get at node i [see Eq. (9.6)]

O(Azt( .

+
Tt =T S (T T =2
Let the exact solution of this equation be D. This is the solution that would be obtained using
a computer with infinite accuracy (infinite storage of each variable). Let the numerical solution

on a real machine with finite accuracy be N. Then, round-off error = N — D = & Thus, N =
D + € and the above equation becomes

DI+ g - D — €] _ a[z)zl +ef + DL +el —2D) ~ 23;1] ©.1)

At Ax?

Since the exact solution D must satisfy the difference equation, the same is true of the error,
that is

n+l n n n n
; — & " +el —=2¢!
& & ——oc(g’” S"; & J 9.12)

Thus the exact solution D and the error &€ must both satisfy the same difference equation.

Consider a distribution of errors at any time. The error €(x, f) can be written as a series of the
form

e(x,t)= Ze‘"eik” (9.13)
where
km=% m=0,1,2,.... M (9.14)

M’ is the number of intervals (Ax units long) contained in length L. Since the difference
equation is linear, superposition may be used and we may examine the behaviour of a single
term of the series. Thus, when the finite difference equation (FDE) is linear, it is sufficient to
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investigate only one component of the Fourier series. The error is in the form of Fourier series.
Consider the term

€ (x,1) = e en® (9.15)

) ar ik, x

where k,, is real but @ may be complex. Substituting &,, (x ( into Eq. (9.12), we get

ea(TJrAl)eikmx _eateik",x :M( at , ik, (x+Ax) I P ik, x e ik,,,(X*AX)) (9.16)
aA .
where M :E;. If we divide by emelk"’x, we get
A= M(eikmm 4 o thmdy _ 2)
and if we utilize the relation
i -ip
cosf3 = % (9.17)
we get
e =1+2M(cos B 1) (9.18)
where
B =k, Ax 9.19)
We know
sin? B _1=cosB (9.20)
2
Thus
ant :1—4Msin2§ (9.21)
Since ! =gl for each frequency present in the solution for the error, it is clear that if
™| is less than or equal to one, a general component of the error will not grow from one

time step to the next. Stability means that error should not grow. This requires that

‘1 - 4Msin2§ <1 (9.22)

n+1

&
The factor 1—4Msin® = ﬂ (representing — —) is called the amplification factor. If the sign on

the left hand side of Eq (9.22) is either posmve or negative, two conditions result.
For positive sign

4M sin’ 5> 0 (9.23)

For negative sign
4M sin® 5 —1<1 (9.24)

Since M is positive, the first condition is always satisfied. The second inequality is satisfied
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only it M S%, which is the stability requirement. Thus for the explicit finite difference

. At
equation T""' =T" +a—2(Tl-'fr] +T" - ZTI-") to be stable
oaAr 1
— <= (9.25)
Ax= 2
The two-dimensional transient heat conduction equation is
oT *T T
— =0 —+— (9.26)
ot ox?  9y*
Discretizing at node (i, j) using the FTCS explicit scheme, we get
1 oAt ; p oAt ¥
T =T+ e ( i T~ 2T,-f_,.) + g (Tiffﬂ + T = 2Tiff) 9.27)

From the von Neumann stability analysis, we get the explicit FTCS discretization to be stable
when
oAt oAr 1
+

—+—<= 9.28
A a2 2 (9.28)

When Ax = Ay = A, the discretized form of Eq. (9.26) becomes

oAt
( b T+ T + T - 4Ti77) (9.29)

+1 _ pn
Tij =T, +—o\Tin,

1

and the stability criterion for explicit discretization becomes

1
% < (9.30)

9.5 Transient Conduction in Rectangular Slab

One-dimensional transient heat conduction in a rectangular slab using the implicit method is
described in the example below.

EXAMPLE 9.1 Consider transient heat conduction in a rectangular slab. The partial
differential equation is

The total width of the rectangular slab is 0.8 cm. Initially the temperature is uniform at 20°C.
The temperature of the end faces of the rectangular slab is made 300°C at # = 0 s. Use implicit
discretization and take Ax = 0.1 cm, At =0.1 s, and o = 107> m?/s. List the tridiagonal system
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of equations and determine the temperature at the centre and the intermediate points of the slab
up to 3.1 s.

Solution The schematic diagram of the rectangular slab is shown in Fig. 9.1.

Symmetry Wall at 300°C

Fig. 9.1 Transient heat conduction in rectangular slab.
Using forward in time and central in space implicit difference scheme, we get

i+l

z ()

n+l n n+l n+l n+l
T T T -,

Tin+l _ Tin — M(Tli-[l + T;’—l-[l _ 2Tin+l)

where M = aAtz .
(Ax)

(M) - (2M + )T + (M) T = -1
At node 2

(M)TIIH—I _ (2M + 1)T2n+1 + (M)T;H—l _ _T2n
At node 3

(M) - (2M + )T + (M) T = -1
At node 4

(M)T3n+1 _ (2M + 1)T4n+1 + (M)Tjn+1 - _ T4n
where T5 = 300°C. At node 1 the finite difference equation is

(M)TO)HI —(2M +1)Tln+1 +(M)T2n+1 :_Tin
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where O is a hypothetical node to the left of node 1. Since at x = 0 (node 1) the symmetry

n+l

Tn+l ] 1
- n n
2 O =0andso T, =T,".

. . oT
condition is satisfied, we get a—:O; thus
X

Thus at i = 1, we get
(—2M _ 1)T1n+1 + (2M)T2n+1 _ Tln

The following tridiagonal set of linear algebraic equations is obtained:

[—2M -1 Iy 0 0 ] ] |- " |
2 Tl7+1 2
M —-2M -1 M 0 2 = -7y
0 Mo am-1 oM ||BT |
n+l N
0 0 M —2M -1 T, 17— 300 |

where the old values are at time n and the computed values are at time n + 1. Here o = 107 mz/s,
At=0.1s, Ax=0.1cm, I,' =T, =T;' =T, =20°C, T5 = 300°C. Thus

oAt

_ 107 x 0.1
(A) (01x10%)

15 1 o o]n"t| |-0sT"
1 3 1 o |-1
0 1 3 1 T3n+1 _7—:217
0 0 1 Bfgm| | _m 300

At time t = 0, T,' =T, =Ty =T, =20°C and the solution by TDMA is obtained at time
t = 0.1s. These become the old values for solution by TDMA at = 0.2 s and so on. Note that
in this sort of discretization a tridiagonal matrix is bound to get formed because, for
discretization at node i, use is made of the values at nodes i — 1, i + 1, and i. Program 9.1 for
the solution of the above problem is given in the Appendix. The coefficient matrix parameters
are constant, but the right hand side of the linear algebraic equations each time is updated. The
results of Program 9.1 are presented in Table 9.2.
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Table 9.2 Results of Program 9.1

Time (s) T, T, 15 Ty
0.1 31.91 37.87 61.70 127.23
0.2 53.21 63.86 100.49 17591
0.3 78.59 91.28 131.40 202.44
0.4 104.35 117.22 156.04 219.49
0.5 128.55 140.66 176.20 231.90
0.6 150.45 161.40 193.09 241.66
0.7 169.87 179.57 207.45 249.71
0.8 186.90 195.42 219.79 256.50
0.9 201.78 209.21 230.44 262.31
1.0 214.72 221.20 239.65 267.32
1.1 225.98 231.60 247.64 271.65
12 235.75 240.64 254.56 275.40
1.3 24424 248.48 260.57 278.66
14 251.60 255.29 265.78 281.48
1.5 258.00 261.19 270.30 283.93
1.6 263.55 266.32 274.22 286.05
1.7 268.36 270.77 277.63 287.89
1.8 272.54 274.63 280.58 289.49
1.9 276.17 277.98 283.15 290.88
2.0 279.32 280.89 285.38 292.09
2.1 282.05 283.42 287.31 293.13
22 284.42 285.61 288.99 294.04
23 286.48 287.51 290.44 294.83
2.4 288.27 289.16 291.70 295.51
2.5 289.82 290.59 292.80 296.10
2.6 291.16 291.84 293.75 296.62
2.7 292.33 292.91 294.58 297.07
2.8 293.34 293.85 295.29 297.45
29 294.22 294.66 295.92 297.79
3.0 294.99 295.37 296.46 298.08
3.1 295.65 295.98 296.92 298.33

EXAMPLE 9.2 A brick wall with a thickness of 0.5 m is initially at a uniform temperature
of 300 K. At time ¢ = 0 the left surface is maintained at 425 K and right at 600 K. Determine
the time required for its centre temperature to reach 425 K. Use implicit discretization and take
Ax = 0.05 m, & = 10°m%s, and At = 1.0 s.

Solution The schematic diagram is shown in Fig. 9.2.

Initial temperature = 300

Fig. 9.2 Example 9.2.

11
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In a rectangular slab

or_ o
ot ax

Discretizing using implicit FTCS at node i, we get

n+l 7 n+l 1 1
i —Tl:a(TiiT _2Tin+ +T-T1r}

At Ax?

-5
Ax = 0.05 m and Ar = 1.0 s; thus o Al = 10 =0.004 . Therefore
Ax?  0.05x%0.05

Tn+1 =0. 004( n+1 _ 2Tin+1 Tn+1 )

i i+1
—0.0047"1" +1.0087"*" —0.004T"" =T
At node 2

-0.0047;"*" +1.00873"! — 0.00473"*" =T
Since T| = 425, we get

1.008T5*' —0.00475"" = T3 + 0.004 x 425
At node 3

—0.00475"*" +1.0087y"" — 0.0047;"*" =T
At node 9

—0.00473"*" +1.0087y""" — 0.0047}"" =T’
At node 10

—0.004Ty"*" + 1.008T/5™ — 0.004T" = T7%
Since Ty; = 600, we get

—0.00473""" +1.008T;5"" =T} +0.004 x 600

Thus the unknowns are T, to Tyo. The tridiagonal set of 9 linear algebraic equations is

[ 1.008 —0.004 M) [m+17
—0.004 1.008 —0.004 T

-0.004  1.008 -0.004 T9”+1 i
-0.004 1.008__T{Z)+1_ T 424

Initially 7' =T3' =T, =T5' =T =T; =Tg =Ty =T,, =300. After every iteration the time
is incremented by 1 s. We have to determine the time when Ty = 425. Program 9.1 can
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be modified by changing the coefficients and the following solution is obtained at 2865 s:
T, = 415.87, Ty = 409.24, T, = 407.40, Ts = 412.24, Tq = 425.06, T; = 446.44, Ty = 476.11,

T9 = 51295, and T10 = 555.07.

9.6 Transient Conduction in Cylinder

One-dimensional transient heat conduction in a cylinder using the implicit method is described
in the example below.

EXAMPLE 9.3 Consider a cylinder of radius 0.4 cm. Initially the temperature is uniform at
20°C. The temperature of the cylinder surface is made 300°C at r = 0 s. Use implicit
discretization and take Ar = 0.1 cm, Ar = 0.1 s, and & = 10°m?/s. List the tridiagonal system
of equations and determine the temperature at the centre and the intermediate points of the
cylinder up to 2.1 s.

Solution The partial differential equation is

(21, 1or
ort  ror

Using the forward in time and central in space implicit difference scheme, we get

oAt
(ar)

where M =

At node 2 (m

At node 3 (m

(

1)

2)

(M - %)Tl’”l -(2m + 1) + (M +

(

M

M-

2m

y-M
4

)Ti’f{] -(2m + 1)1 + (M +£)

LA N B e AR W B S 1
At (Ar)z mAr 2Ar
1
-1 = M[T{H‘ T = 2m (T -7 )}
.
M M
Tin+1_7}n= M+2_j+Tirflr1(M_2_)_2MTin+1

m m

TZ—T] —_ Tﬂ

1 1

jT3n+1 —_ T2n

jTZnH —(2M+1)T3n+l +(M+¥jT4n+l - _ 3n
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At node 4 (m = 3)

M M
(M - ?)T;’“ -(2m + 1)1 + (M + ?)Ts”“ =T

. . ofr 9T .
where Ts = 300°C. On using L'Hospital’s rule at node 1, the PDE becomes o =2—-. Using
implicit FTCS to discretize, we get ! or

T Z(Ti’ﬂl +T - 2Tin+1)
I [ 2
At (ar)’
7}n+1 _ Tln =2M (Tlrrlrl + Tliflrl _ 2Tin+1)

)T - (4M + )T + M) T = -1
Ati =1, we get

CeM)Ty - (@M + )T + (2M) T = -1
where 0 is a hypothetical node to the left of node 1.

. T Tn+1 _ Tn+1
Since at r = 0, a—:O, 2 0 _—0; thus 73" =75,
or 2Ar
Thus at i = 1, we get
(—4M _ 1)Tln+l + (4M)T2n+l —_ Tln
The following tridiagonal set of linear algebraic equations is obtained.
[—4M -1 4M 0 0 | - -
n+l1 _T7
M T7+ 1
Mo oy M o |, "
2 b -T;
0 Mo am-1 2 |
|| o~ IM 300
0 0 M am-1 L] [T 7% ]

where the 01(_1 values are at time n and the computed Va_lues are at time n + 1. Here o = 107 mz/s,
Ar=0.1s, Ar=0.1 cm, T} Y =T =T, =20°C, Ts = 300°C. Thus

107 x0.1
M= aAt2 _ 07 %0 . -1
(Ar) (0.1 x 10‘2)
5 4 0 o | |-n
05 -3 1.5 o | |
0 075 -3 125 || et || g
0 0 0.833 -3 | |1~ 350
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At time r = 0, T" =T, =Ty =T, =20°C, and the solution by TDMA is obtained at time
t = 0.1 s. These become the old values for solution by TDMA at # = 0.2 s and so on. Program 9.1
can be modified to solve this problem and the results are given in Table 9.3.

Table 9.3 Results in Example 9.3

Time (S) T] T2 Tg T4
0.1 48.29 55.37 81.30 145.91
0.2 91.65 102.48 137.51 203.48
0.3 135.90 146.97 180.31 234.56
0.4 174.33 183.93 211.78 253.66
0.5 205.21 212.93 234.84 266.43
0.6 229.08 235.05 251.79 275.39
0.7 247.17 251.69 264.29 281.85
0.8 260.72 264.11 273.53 286.56
0.9 270.83 273.36 280.36 290.04
1.0 278.34 280.22 285.43 292.60
1.1 283.92 285.32 289.18 294.49
1.2 288.06 289.09 291.96 295.90
1.3 291.13 291.89 294.02 296.94
1.4 293.40 293.97 295.54 297.71
1.5 295.09 295.51 296.67 298.28
1.6 296.34 296.65 297.51 298.70
1.7 297.26 297.49 298.13 299.02
1.8 297.95 298.12 298.60 299.25
1.9 298.46 298.58 298.94 299.42
2.0 298.83 298.93 299.19 299.55
2.1 299.11 299.18 299.38 299.64

The number of parts can be increased to obtain a better solution.

9.7 Transient Conduction in Sphere

One-dimensional transient heat conduction in a sphere using the implicit method is described
in the example below.

EXAMPLE 9.4 Consider a sphere of radius 0.4 cm. Initially the temperature is uniform
at 20°C. The temperature of the sphere surface is made 300°C at + = 0 s. Use implicit
discretization and take Ar = 0.1 cm, Az = 0.1 s, and o = 10~ m?/s. List the tridiagonal system
of equations and determine the temperature at the centre and the intermediate points of the
sphere up to 1.4 s.

Solution The partial differential equation is

or _ [9o°T 20T
ot \or2 ror
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Using the forward in time and central in space implicit difference scheme, we get

L A AR Y B e
At (Ar)z mAr 2Ar

1
T =T = M{T;ﬁl MR e U )}

OAt
where M = -
(Ar)
M M
T;'nﬂ _ 7—;17 — 7—;1—{—1 (M + _) + 7—;11—{—1 (M _ _) _ 2M’1—;-n+1
m m
M M
T (M + —) 1! (M i _J + T (2 -1) =T}
m m
Atnode 2 (m = 1)
T3n+1 (M + M) + T]n+1 (0) + T2n+1 (—ZM _ 1) - _ Tzn
At node 3 (m = 2)

! [M + %) + T [M - %) + T (2M -1)=-T¢
At node 4 (m = 3)

7! (M + %) + Ty (M - %) + T (2M -1)=-T}
where T5 = 300°C

At node 1 the PDE becomes 8_T= 3a T

ot o
Again, using the implicit FTCS, we get

v g 3(T T - 2m)
At (Ar)2

1 1 1 1
T -1 =M (T + T - o)

T (3M) + T (3M) + T (~6M — 1) = T"
At i =1, we get

o (3M) + 13 (3M) + T (~6M 1) =-T}"
where 0 is a hypothetical node to the left of node 1.

E)T n+1_ n+l
Atr=0 Z=0:thus 2 —To

— and so Tl7+1 — n+l .
or 2Ar 0 0

2
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Thus at i = 1, we get

[—6M —1

where the old values are at time n and the computed values are at time n + 1. Here ot = 107

m%s, At = 0.1 s, Ar = 0.1 cm, T'=T, =Ty =T, =20°C, Ts = 300°C. Thus

The following tridiagonal set of linear algebraic equations is obtained:

oM

0

oAt 1079 x0.1 _
== ~=
(ar) (0.1 x 10‘2)
7 6 0 o T |1
0 -3 2 o (|| |-1
0 05 -3 L5 || et || -
0 0 0667 =3 | gmi| | _qn_400

0 T1n+1 _TI”

0 -—2M-1 2M 0 "

T2ﬂ+1 —T2

M p— — 3—M = n

0 ; -t ||
0 0 ZTM oM -1\ | T - 4TM % 300

At time ¢+ = 0, T' =T, =T;' =T, =20°C and the solution by TDMA is obtained at
time ¢ = 0.1 s. These become the old values for solution by TDMA at ¢ = 0.2 s and so on.
Program 9.1 can be modified to solve this problem and the results are given in Table 9.4.

Table 9.4 Results in Example 9.4

Time (S) T] T2 T’; T4
0.1 65.71 73.33 100.00 162.22
0.2 126.67 136.83 168.57 224.87
0.3 180.57 189.55 215.92 256.27
0.4 220.93 227.66 246.71 273.58
0.5 248.79 253.44 266.33 283.71
0.6 267.24 270.32 278.75 289.85
0.7 279.18 281.17 286.60 293.04
0.8 286.82 288.09 291.55 296.00
0.9 291.67 292.48 294.67 297.48
1.0 294.74 295.25 296.64 298.41
1.1 296.68 297.00 297.88 299.00
1.2 297.91 298.11 298.66 299.37
1.3 298.68 298.81 299.16 299.60
1.4 299.17 299.25 299.47 299.75
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9.8 Transient Diffusion in Sphere

One-dimensional transient diffusion in a sphere using the implicit method is described in the
example below.

EXAMPLE 9.5 Consider a 6.52 mm diameter bead which contains 10 mg of a certain drug
in gel matrix. The diffusion coefficient of drug in gel matrix is 3.0 X 107~ cm?s. The drug is
immediately swept away once it reaches the bulk solution, that is, Cg = 0. The transient
diffusion of the drug is given by

oC 9’C 20C
- = D _ b ——
ot or: ror

The boundary conditions are

ac_
or
Atr=R: C=Cs=0 >0

Atr=0: 0 120

The initial condition is
Attr=0: C=0q 0<r<R
Determine the concentration of the drug in the centre of the bead after 3, 12, 24, and 48 h.
Make 10 parts of the radius from r = 0 to » = R. Take Ar = 1.0 s.
Solution The radius of the bead is 0.326 cm and the initial concentration of the drug in the

10mg

bead is = =68.9mg/cm?>. The schematic diagram of the bead from r = 0 to » = R with

"R
3

10 parts is shown in Fig. 9.3.

Initial concentration

‘ =68.9mg/cm3
I R
ac _ ‘ =0
dr

0 5 10

Fig. 9.3 Example 9.5.

In a sphere

oC 9°C 29C
- = D —_—
ot or:  ror
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Discretizing using FTCS at node i, we get

i1+
At

G -G _ple =2qt a2 G -G
Ar? mAr 2Ar

e - =28 et -acp et v et - )|
Ar = 0.0326 cm and Ar = 1.0 s. Thus

At 3x1077

D = =2.82x107*
Ar? 0.0326 % 0.0326

Thus at node |

ot =282 %107 [c,.":ll B Tolat gl %(c;ﬁl Weian )}

-cm! (1 - i} +3544.5C — ol (1 + ij =3542.5C"

m m
Using L’Hospital’s rule, the PDE at node 0 becomes
aC :
9€_5p 0°C
ot or?

Discretizing the above equation at node 0, we get

et -¢y 3D
At Ar?

(e —2cp™ + )

3542.5(Cy ™ - ) =3(crt -2yt + )

At node O, a—C:O; thus G-
or 2Ar

becomes

35425(cy - ¢y ) =3(2¢1 - 2¢3)

590.4(Cp* — ¢y )=t -
Thus the equation at node O is

591.4C3 - ! = 590.4C
At node 1

1 1
—cp! (1 - I] +3544.5C — ot [l + I] =3542.5CY

C
—L__==L -0, and therefore C; = C_;. Thus the above equation
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At node 2

—c (1 - %) +3544.5C5H - ¢yt (1 + %) =3542.5C}
At node 8

—c! (1 - é) +3544.5C5M — ¢yt (1 + é) =3542.5C¢
At node 9

1 1
-yt (1 - 5) +3544.5C5H — ! (1 + 5) =3542.5C
Since Cio = 0, the equation for node 9 becomes

1
—cyt! (1 - 5) +3544.5C5 =3542.5C8

The above set of 10 equations (at nodes O to 9) can be written in tridiagonal form as

[ 5914 -1 o

n+1 n

590.4C" |
—( —l) 3544.5 —(1+l) o o
1 1 || 3542.5¢)
_1_l 35445 _1+l n+l n
g : g || Gi 3542.5C;

n+l n

_( _%) ssaas LG5 [3542.5C5 |

Initially Cj =CJ'=Cy =C} =C} =C! =C} =C} =C}{ =Cj =68.9 mg/cm®. At the comple-
tion of an iteration, time is incremented by 1 s. Program 9.2 for the solution of the above
problem is given in the Appendix. The following concentration of drug at the centre of the
bead is obtained from Program 9.2: after 3 h the concentration is 62.39 mg/cm?’; after 12 h the
concentration is 26.36 mg/cm3, after 24 h the concentration is 7.99 mg/cm3; and after 48 h the
concentration is 0.73 mg/cm®.

Exercises

9.1 Consider transient heat conduction in a rectangular slab. The total width of the
rectangular slab is 1 cm. Initially the temperature is uniform at 25°C. The
temperature of the end-faces of the rectangular slab is made 300°C at r = 0 s. Use
implicit discretization and take Ax = 0.1 cm, Ar =0.1 s, and & = 10~ m?s. List the
tridiagonal system of equations and determine the temperature at the centre and the
intermediate points of the slab after 5 s.

(Ans: The tridiagonal set of equations is
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9.2

9.3

__15 1 _‘ _7-v117+1 T __0.57-in ]
1 3 1 T217+1 _T217
1 -3 1 T3n+1 — _T3”
1 -3 1 T4I.l+1 _T4I.l
i b= Qe | | =1 = 3000 |
T, = T(0.0) = 87.43 T, = T(0.1) = 96.08
T; = T(0.2) = 122.44 T, = T(0.3) = 166.98
Ts = T(0.4) = 228.16.

Distance (in cm) is measured from the centre.

Consider a cylinder of radius 0.5 cm. Initially the temperature is uniform at 25°C.
The temperature of the cylinder surface is made 300°C at + = 0 s. Use implicit
discretization and take Ar = 0.1 ¢cm, Ar = 0.1 s, and & = 10~ m?s. List the
tridiagonal system of equations and determine the temperature at the centre and the
intermediate points of the cylinder after 5 s.

(Ans: The tridiagonal set of equations is

-5 4 T1n+l —T]n

0.5 3 L5 pn | |12

075 -3 125 i

Tn+1 — —T3

5, 7|5 i

6 6 m| |Ta
T, = T(0.0) = 150.81 T, = T(0.1) = 158.06
T; = T(0.2) = 179.46 T, = T(0.3) = 213.45

Ts = T(0.4) = 256.06

Distance (in cm) is measured from the centre.

Consider a sphere of radius 0.5 cm. Initially the temperature is uniform at 25°C.
The temperature of the sphere surface is made 300°C at r = 0 s. Use implicit
discretization and take Ar = 0.1 ¢m, Ar = 0.1 s, and o = 10 m?s. List the
tridiagonal system of equations and determine the temperature at the centre and the
intermediate points of the sphere after 5 s.
(Ans: The tridiagonal set of equations is

-7 6 ] [y 1
0o -3 2 T2,7+1 T
05 -3 15 TB”H |-
% -3 % Tim -1}

i 075 3]yt |-my - 1500
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9.4

9.5

T, = 7T(0.0) = 200.21 T, = T(0.1) = 205.72
T; = T(0.2) = 221.68 Ty = T(0.3) = 245.88
Ts = T(0.4) = 274.07

Distance (in cm) is measured from the centre.

Consider a concrete wall 0.5 m thick. Initially the temperature is uniform at 20°C.
The temperature of one surface of the wall x = 0 is suddenly raised to 80°C and
the right surface at x = 0.5 m remains always at 20°C. Use implicit discretization
and take Ax = 0.1 m, Ar = 10 s, and & = 1.25 x 10~ m?%s. List the tridiagonal
system of equations and determine the temperature distribution throughout the slab
after 1 h.

(Ans: The tridiagonal set of equations are

~1.025 00125 || -1 - 10
0.0125 -1.025  0.0125 Y I

00125 —1.025  0.0125 | 7o+t | | 72
00125 1025 ||zt | | _gn _ 5

T, = T(0.1) = 64.06 T; = T(0.2) = 49.66
T, = T(0.3) = 37.70 Ts = T(0.4) = 28.13
Distance (in m) is measured from surface at 80°C.

A large flat slab of clay is to be dried. The slab is dried from both sides, is 4 cm
thick and has an initial uniform water concentration of 0.5 g of water per cm>. The
movement of water within the clay occurs by diffusion. It is known that, with the
proposed drying conditions, the drying will occur in the constant rate period at a
rate of 0.1 g/cm>-h of water as long as the surface moisture concentration remains
above 0.2257 g of water per cm’. Use implicit discretization and take Ax = 0.2 cm,
At = 0.01 h, and D = 0.25 cm?h. List the tridiagonal system of equations and
determine the duration of the constant rate period and the distribution of water
within the clay at the end of the constant rate period. The partial differential
equation is

2
ac_ e
ot ox>
and the boundary conditions are: at x = 0 (centre), a_C:() and at x = 2 cm,
X
_ a_C:(),1
ox

(Ans: The solution of the problem is obtained by calculating the time required for
the surface concentration to fall to 0.2257 g/cm?>. This concentration is obtained at
1.5 h. The tridiagonal set of equations is
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C1.125 0125 et -ar
0.0625 —1.125 0.0625 it | -ch

0.0625 -1.125 0.0625 C1”0+1 ~Cly

_ 0125 —L125 || ot | | _cn 4001
Atr=15h:

Ci = C0.0) = 04947 ;= C(02) = 04937  C3 = C(0.4) = 0.4904
Cy= C(0.6) = 04841 C5=C(0.8) = 04738 Cq= C(1.0) = 0.4578

C; = C(1.2) = 0.4342 Cg = C(14) = 0.4011 Cy = C(1.6) = 0.3563
Cio = C(1.8) = 0.2983 Cy; = C(2.0) = 0.2257
Distance (in cm) is measured from the centre.



Chapter 10

Two-Dimensional Steady and
Transient Heat Conduction

Two-dimensional steady heat conduction is given by
*'T 0T
S22
ox“ dy

This is an elliptic partial differential equation and the temperature 7(x, y) must satisfy this

equation as well as the boundary conditions along the entire boundary of the plate. Two-
dimensional transient heat conduction is given by [see Eq. (9.20)]

oT [82T a2TJ
u T

0 (10.1)

o Mo o

This is a parabolic partial differential equation. Relaxation techniques are used for the
numerical solution of elliptic equations, whereas marching in time is used for parabolic
equations. The numerical solution of two-dimensional steady heat conduction is carried out by
the Gauss—Seidel, Red-Black Gauss—Seidel, and Alternating Direction Implicit (ADI)
methods. The boundary conditions like convection, exterior corner with convection, interior
corner with convection and insulation are discussed in this chapter. The numerical solution of
two-dimensional transient heat conduction is discussed using ADI method, which is an implicit
method and is therefore unconditionally stable. It is also called line-by-line TDMA.

10.1 Discretization in Two-Dimensional Space

Consider a two-dimensional body as shown in Fig. 10.1. Around each node a control volume
is made. If there is no net accumulation of mass in the body, then the mass balance equation
at a node can be interpreted as indicating that the net mass entering through all the four sides
of the control volume is zero. The depth of the body in the z-direction may be taken to be
unity. The temperature in the control volume is uniform and under steady conditions the heat
input through all the sides of the control volume is zero. The heat inputs are given by terms

. oT oT .. oT oT
like —kA— and —kA—. Therefore the derivatives — and —— have to be evaluated at the
ox 0 ox dy

y . .
control volume boundaries. The temperature gradients around the control volume (i, j) may be
written as
192
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aT Tin, Ty
Ox ny Ax (10.2)
oT T T,
S I ¥ A (10.3)
ox i1 Ax
>
oT T in—T,;
or - i,j+1 ij (104)
Oy l; ;L Ay
2
oT T .-T ._
S I Y (10.5)
ayl; ;L Ay
2
li,j +1
Lj+%
I i Ay
! I
' I
i-1 ! ij | i+ 1 i
d 1 d .1 . : ¢ . : 1 ‘l =
1_5’1 i :i+§,j
| I
A N i
l,j—%
4
ij-1
f—— A —>
Fig. 10.1 Control volume around node.
The second derivatives may be written as
or| ot
1 1,
aZT| _ ax 1+5,./ ax Z—E,J B T,'JrLj - T;/ - (T;/ - T;'_Lj) _ Ti+1,j + Ti—l,_i — ZTlaI (10 6)
ax2|,. X | —Xx Ax? Ax?
L] it 1—5
or|  _ar
2 Wl WL T (T -T
J T| T by L — Tl iy —Tija) T + T = 2T (10.7)
8y2|. Yy 1—Y 4 Ay? Ay?
o ST
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2 2
Discretizing the equation 8_72"+8_T=0 for any interior node in which the source term is

2
zero, we get dx dy

T+ T ;=21 N Tijo + 110 — 2T -0 10.8
Ax? Ay? (109
For Ax = Ay, we get
T j+Tia; =20 ;+T 0 + T, = 2T, ;=0
or
T, = T j+Tj+ T+ T (10.9)

4

10.2 Gauss-Seidel Method

In calculating T;; the values of the temperatures on the right hand side of Eq. (10.9) consist
initially of estimated values or known boundary values. However, as soon as an appropriate
temperature at a node is calculated, this calculated value supersedes the estimated value and
is used as the temperature at that point until it is, in turn, superseded by a new calculated value.
Thus the latest calculated values of the temperatures are always used in calculating newer and
better values.

Consider nodes in a two-dimensional space, with the bottom left node being (0,0) and the
top right node being (10,10). Suppose that node (0,0) is updated first followed by node (1,0),
(2,0),..., (10,0), (0,1), (1,1),..., (10,1), (0,2), (1,2),..., (10,2)...., (0,10), (1,10),..., (10,10).
Then, by the time the value of T;; is updated, the values T;_;; and T;; ; have already been
updated. On using the Gauss—Seidel method, Eq. (10.9) becomes

=

n n+l n n+l
1+ T+ T+ T
+1, -1, L+l Lj-1

Ti"j+1 _ tig Tl . i i (10.10)

10.3 Relaxation Parameter

The temperature taken at the beginning of an iteration is 7" and the new temperature computed
during the iteration is 7"*!. Now, for the next iteration the temperature can be taken to be either
7!, between T" and T"*', or more than T"*!, and is given by

T =T" + @AT"! (10.11)

The parameter @ is known as the relaxation parameter. The various cases are described in
Table 10.1.
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Table 10.1 Relaxation parameter values

Temperature New Temperature Relaxation Type of

taken at the temperature taken at the parameter Relaxation

beginning of computed beginning of

iteration during iteration next iteration
100 110 110 1 Gauss—Seidel
100 110 105 0.5 Underrelaxation
100 110 115 1.5 Overrelaxation

The method is convergent only for 0 < @ < 2. For overrelaxation the relaxation parameter lies
between 1 and 2 and for underrelaxation between 0 and 1. When @ = 1, it becomes the Gauss—
Seidel method. The optimum value of @ is different for each problem. It has to be determined
by hit and trial.

10.4 Red-Black Gauss—Seidel Method

When the Gauss—Seidel method is used, the nodes are processed down the rows (or columns)
or the mesh is divided into black and red nodes as shown in Fig. 10.2. This method for solution
of elliptic PDE is Red—Black Gauss—Seidel. Both Gauss—Seidel and Red—Black Gauss—Seidel
are pointwise methods. The Alternating Direction Implicit (ADI) method described in the next
section is a line-by-line method.

RBRBRBRBRBRBRBRB
BRBRBRBRBRBRBRBR
RBRBRBRBRBRBRBRB
BRBRBRBRBRBRBRBR
RBRBRBRBRBRBRBRB
BRBRBRBRBRBRBRBR
RBRBRBRBRBRBRBRB
BRBRBRBRBRBRBRBR

Fig. 10.2 Red-black nodes in two-dimensional space.

The nodes surrounding the black node are all red and the nodes surrounding the red node are
all black. The surrounding nodes are those nodes which are to the east, west, north and south
of a node. The other four nodes are called the corner nodes of node (i, j). Consider again the
finite difference equation (10.9):

T.

ivj T i+ T + T

Lj-1

iLj =
4
Red points depend only on the black points and black points depend only on the red points.
Thus we can carry out one half-sweep updating the red points and then another half-sweep
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updating the black points with the new red values. Thus, the Red—Black Gauss—Seidel method
is the one in which the red nodes are updated using black nodes and then the black nodes are
updated using the updated red nodes. This procedure is repeated till the following convergence
criterion is satisfied: ‘7}"’;’1 _ TI”J‘ <e.

EXAMPLE 10.1 Determine the temperature at various nodes shown in Fig. 10.3. The two-

O°T  9°T
dimensional heat transfer is given by the equation —-+——= =0. The boundary conditions
9 9

X y
are shown in Fig. 10.3. The size of the slab is 2 m X 2 m and Ax = Ay = 0.5 m. Use the Gauss—
Seidel method.

400°C
T3 T3 T33
T T T
20°C 12 22 3.2 20°C
T, T, T3,
20°C

Fig. 10.3 Example 10.1

Solution Since all the nodes are interior nodes, therefore the discretized equation at node (i, j)
is given by
T+ T+ T + T

ij 4
Thus
T 20 + T}, + Ty +20
’ 4
Tt = T+ Ty + Ty +20
’ 4
Tt = 75" + T35 +400 + 20
’ 4
1 = T+ T, + T, +20
’ 4

n+l n+l n n
Ly +Thy +T3+T15,
4

n+l _
T2,2 -
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TS + T35 + T35 + 400

n+l
L = 4
i 20473+ T, +20
31 = 4
Tt = T3t + T + T + 20
> 4
il = 400 + 735" + 135" +20
> 4

Note that the coefficient of the term on the left hand side is the highest among all the other
coefficients in the linear algebraic equation. That is why convergence is obtained when the
Gauss—Seidel method is used for solving the above set of linear algebraic equations. To start
the iteration, some initial values of all the nine variables are assumed and thereafter their latest
values are used to update the solution. The iterations are performed till there is no change in
the value of temperature ‘T,";r - T,-f,-‘ <& . Program 10.1 for the solution of the above problem
is given in the Appendix. The converged solution is

Ty, = 47.14 Ty, = 57.32 Ty, = 47.14
T1'2 = 9125 Tz’z = 11500 T3’2 = 9125
Ti5=182.86  Thy =220.18 Ty; = 182.86

EXAMPLE 10.2 Consider the following body in which the inner face is at 200°C and the
outer face is at 100°C. The body is very long so that heat transfer takes place in two
dimensions only. The thermal conductivity of the body is 1.21 W/m-K. The dimensions of the

body are shown in Fig. 10.4. Take Ax = Ay =% m.

< im —— »
A
I m
«— >
1
3m 200°C
I'm 100°C
2
5 4 3
A\ 4

Fig. 10.4 Example 10.2.
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Using the Gauss—Seidel method, solve for the temperatures at nodes 1 to 5.

Solution Since there is no source term, we get

wrl 273 +300
Tl = T

w1 T TS+ 300
T2 = f

w1 BT 4200
T = Y

w4300
;" = Y
T 277 4300

; 4

On modifying the Program 10.1, the following solution is obtained: 7| = 145.83°C,
T, = 141.67°C, Ty = 120.83°C, T, = 141.67°C, T5 = 145.83°C.

EXAMPLE 10.3 Determine the temperature at various nodes shown in Fig. 10.5. The heat

2 2
T T
transfer is given by the equation 8_2 + 3—2 =0. The boundary conditions are shown in
X
the figure. The size of the slab is 2 m x 2 m)a)md Ax = Ay = 0.5 m. Use the Red-Black Gauss—
Seidel method.

400°C
R4 B4 RS
B2 R3 B3
20°C 20°C
R1 B1 R2
20°C

Fig. 10.5 Example 10.3.

Solution Before starting the iterations the following initial values of temperatures at the
black nodes are assumed: Bl = 55, B2 = 90, B3 = 90, B4 = 220°C. Now we compute values
at the red nodes using the assumed values at the black nodes.

~90+20+20+55 185

R1 =—=46.25°C
4 4
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R2:55+20190+20:$:46.25°C

R3— 90 + 90 + 220 + 55 :ﬁ:113.75°c
4 4
_ 20 +220 +400 + 90 _ 730
4
R5 - 400 +90 + 220 + 20 :E:182.5°C
4 4
Now let us update the black node values using the updated values at the red nodes.

_ 11375 +20 + 46.25 + 46.25

R4 =182.5°C

B1 1 =56.5625°C
By — 113.75+20 +4182.5 +46.25 —00.625°C

B3 = 113.75+ 20 +446.25 +182.5 —90.625°C

B4 — 113.75 + 400 z 182.5+182.5 —219.6875°C

Updating the red nodes using the updated black node values, we get: R1 = 46.80, R2 = 46.80,
R3 = 114.375, R4 = 182.578, R5 = 182.578°C. Updating the black nodes using updated red
node values, we get: Bl = 56.994, B2 = 90.938, B3 = 90.938, B4 = 219.88°C. Note that even
after two iterations the temperatures are close to the converged values obtained using the
Gauss—Seidel method in Example 10.1. The iterations are performed till there is no change in
the value of temperature, ‘Tif’;l _ TL”J‘ <E€.
N 9T 9T - ,

EXAMPLE 10.4 Discretize the equation — +t——5=0 at node (i,j) of a convection
boundary as shown in Fig. 10.6. ox dy

i-1,j —p
L 2

Convection
boundary

Fig. 10.6 Convection boundary condition.
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Solution The given differential equation is at steady state and therefore in the control volume
around node (i, j), the summation of ¢ entering the control volume from all the four sides is

d T d oT
zero. From the left and right sides, 4__ kAa—, and from top and bottom, “__ kA— .
dt ox dt dy

To determine the area for heat transfer into the control volume, the depth is taken to be unity.
The various energy inputs into the control volume around node (i, j) are

di__kﬂ[Ti,j _Ti,jﬂj
Ay

dﬂ = — kAy —T;’] _ 7}_1’].
dt Ax

dﬁz_kﬁ(% ‘Tw'—l)
2

dt 2

Ay

d
(-1,

Thus, from the energy balance at node (i, J) we get

d
ﬂ+%+dﬂ+dﬂ:0
dt dt dt dt

T .-T . T .-T_ . T .-T
—kg LYY A By /) Y Y _kﬂ Zhj ThimL :hAY(Ti,'—Tw)
2 Ay Ax 2 Ay

where T, is the free stream temperature of the surrounding fluid and 4 is the convective heat
transfer coefficient between the convection boundary surface and fluid.
If Ax = Ay, the equation becomes

Thus

Tj1)=~hax(T;; ~T,)

i ij — ti

k k
E(T-,]- ~Tja ) vh(Ty =T ) + E(T'
Collecting the terms of T;; on one side and the rest of the terms on the other side, we get

T, ;+0.5(T; ;1 + T, )+ BiT,,

i Bi+2

where the Biot number is given by

_ hAx
k
An equation of this type is applicable for each node along the convection boundary surface.

Bi
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2 2
EXAMPLE 10.5 Discretize the equation (;_Z +3—Z= 0 at node (7, j) of an exterior corner
X y

with convection boundary condition as shown in Fig. 10.7.

. h i
ol g ' I

i-1,j-1

Fig. 10.7 Exterior corner with convection boundary condition.

Solution From the energy balance at node (i, j), we get

T..-T_,; T.,-T,;
—kg[ ij H"’J"‘H( i Z’J_lj:h%(T'

2 Ax 2 Ay L s~ T)

Ay
T,)+ h7(T

where T, is the free stream temperature of the surrounding fluid and 4 is the convective heat
transfer coefficient between the convection boundary surface and the fluid. If Ax = Ay, the
equation becomes

k k
_E(Ti-j ~Ti1j)- E(Ti-j ~T,jo)=hix (T, - T.,)

Collecting the terms of T; ; on one side and the rest of the terms on the other side, we get

05Ty + Ty ) + BT,

T .=
" Bi+1
o . 9T 0T . o
EXAMPLE 10.6 Discretize the equation a_2+a_2=0 at node (i, j) of an interior corner
X y

with the convection boundary condition as shown in Fig. 10.8.
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ij+ 1

i-1,j —p

«—— A —

Fig. 10.8 Interior corner with convection boundary condition.

Solution From the energy balance at node (i, j), we get

—k& Tij =T e Ty =T jn KAy Ty =T —kg Tij—Tij
2 Ax Ay Ax 2 Ay

Ax A
:hT(T», —Tw)+h?y(Ti ~T,)

i, J
where T, is the free stream temperature of the surrounding fluid and 4 is the convective heat
transfer coefficient between the convection boundary surface and the fluid. Taking Ax = Ay and
dividing by k, we get

1 1

—(T-’j—T-H’j)JrE(T- T, 1)+T- T+, —T,

o\l i i,j ij— ij — ti _Bi(Tiaj_T‘”)

-1,j =
Collecting the terms of T; ; on one side and the rest of the terms on the other side, we get

T +Tigj + 0'5(Ti+l,j +T 4 ) + BiT,

T . =
b Bi+3
N .9 9T . . .
EXAMPLE 10.7 Discretize the equation 8_2+8_2:0 at node (i, j) of an insulation
X y

boundary as shown in Fig. 10.9.
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- T

i-1,j —p Ay

® ; o\ ij

Insulation
boundary

/Q

\

Fig. 10.9 |Insulation boundary condition.

Solution The given differential equation is at steady state and therefore in the control volume
around node (7, j) the summation of ¢ entering the control volume from all the three sides is
zero. There is no heat flux across the insulation boundary. From the energy balance at node

(i, j), we get
_kﬂ M — kAy Tij =Ty B kg T =T, a -0
2 Ay Ax 2 Ay

If Ax = Ay, the equation becomes

%(T Tiju)+ Ty =Ty + l(TiﬁJ' = T;j1) =0

ij Y i-1,,

Collecting the terms of T; ; on one side and the rest of the terms on the other side, we get
7= 2T+ T +T

Note that the insulation boundary equation is obtained by setting 4 = 0 in the equation for
convection boundary.

EXAMPLE 10.8 Determine the temperature at various nodes shown in Fig. 10.10. The

2 2
. . T T . -
steady heat transfer is given by the equation (;—2 +3—2= 0. The left face is maintained at
X y
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100°C and the top face at 500°C, while the other two faces are exposed to an environment at
100°C. The convective heat transfer coefficient between the right and bottom walls to the
surrounding fluid is 10 W/m?-K. The block is 1 m x 1 m. Use the Gauss—Seidel method.

500°C
T3 T3 T35 =10 Wm>K
100°C
T1,2 T2’2 T3’2 To@ = IOOOC
T, T, T3,
T.. = 100°C h = 10 W/m>-K

Fig. 10.10 Example 10.8.

1
Solution Ax=Ay= gm.

At the interior nodes the discretized equation is

T A T 4 T + T

ij = 4
Atnodes Ty, Ty, T5,, and T3 5 the convection boundary condition exists, and at node T5; the
exterior corner convection boundary condition exists. These convection boundary conditions
have been described in previous examples. Thus the following nodal equations are obtained:

100
T +0.5(100+ T3, )+ ——
T]n]Jrl — : 3
24—
3
il _ T + T +100 + T3,
1,2 4
ol _ 500 + 775" +100 + 73
13 4
100
n n n+l
. T, +O.5(T3,1 + T )+ —
T2,1 - 1
24—
3
T _ T + T + T + T3,
2,2 4
ol _ 500 + 733 + T} + T34
23 -

4



Two-Dimensional Steady and Transient Heat Conduction 205

o.5(ry, + 1) + 1%

141
3

n+l _
Ly =

T3 +0.5(T + 735 ) + 100

2+ 1
3
7 +0. 5(T"+1 + 500) + 10
3
1

24—
3

Note that the coefficient of the term on the left hand side is the highest among all the other
coefficients in the linear algebraic equation and that is why convergence is obtained when the
Gauss—Seidel method is used. To start the iteration, some initial values of all the nine variables
are assumed and thereafter their latest values are used to update the solution. The iterations are
performed till there is no change in the value of the temperature at the given node, that is,

‘T”H < g . Program 10.1 can be modified for the solution of this problem. The converged
solutlon is (all T in °C)

n+l
T3,2 -

n+l
T3,3 -

Tl,l = 15768 TZ,I = 18451 T3’1 = 17532
T1’2 = 19234 T2’2 = 23103 T3’2 = 21701
T1’3 = 28065 T2’3 = 33025 T3’3 = 30932

EXAMPLE 10.9 For the L-shaped body shown in Fig. 10.11, determine the temperatures at

2 2
T
nodes 1 to 9. Steady heat conduction takes place in the body, a— + a— =0. The left surface
x*
is insulated and the bottom surface is at a uniform temperature of 90°C. The entire top surface
is subjected to convection to ambient air at 25°C. The heat transfer coefficient between the top
surface and the ambient air is 75 W/m>K. The right surface is subjected to uniform heat flux

of 4500 W/m?>. Ax = Ay = 1 cm. The thermal conductivity of the body, k = 15 W/m-K.

1 2 3 N
7'y
é h =175 WK
"8 ? T. = 25°C Ay =|l cm
E 47 5 6 7 8 e ¥
Z <
? 4_' Heat flux ,
? 4500 W/m
/ <

Surface at 90°C |4—>|
Ax=1cm

Fig. 10.11 Example 10.9.
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Solution Equation for node 1:

_kAx[Tl T4j kA)’(Tl sz hﬂ(Tl—Tw)
2 Ay 2 Ax 2
—k(T, = T,)—k(T, - T,) = hAx (T, - T,,)

L-T,+T - T2+h%( N -T,)=0

where h% = M =0.05.

Thus the equation for node 1 becomes
2.05T, - T, —T, +0.05(-T,,) =0
The coefficient of T; is the highest; therefore
T, +T, +1.25

T 205
Equation for node 2:

2 Boh ) A BB [ s | (- )
2 A 2 A Ay

Y- L 1) (1) =22, )

0.5(7; + Ty) + T5 +1.25
2.05

2 =
Equation for node 3:

kAy( sz kﬁ(ﬂj:hﬂ(u—n@)mﬂ(u—Tw)
2 Ax 2y 2 2

T3_T2+T3_T6:hAx(Tw—Tg)
2 2 k )
0.5(T, + T, ) +1.25
T, =
; 1.05
Equation for node 4:
—kgT“ T, Ax(T,-90 _ZA T, - T; 0
2 Ay 2 y
,-7T, T,-90 T, ~T, =0
2 2

_ T5 +0.5T} +45
2
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Equation for node 5:

—kAy -1 — kAy 516 ) e 52 ) a2 )
Ax Ax Ay Ay

T, +Tg +T, +90

’1—%:

Equation for node 6:

_T5+90+0.5(T; + ;) +1.25
- 3.05

S (R PR L PP B =hAx(T; - T,)
2\ Ax 2 Ax Ay

hAx(

—(T7 Tg)+— ( ~-T3)+(T; - 90) = T,-T,)

_05(T; +Tg) +90+1.25
- 2.05

Equation for node 8:

_kﬂ(u}kﬁ(ﬂj _kM(Ts —90} hax (T, - 1T,)

S0 =15+ (T =)+ (T~ 90) = 2(1,, = T;)

0.5(T; +Ty) +90+1.25
5 2.05

Equation for node 9:

T, - T, T, -
[ H Ty ) g AxfTo =90 4500Ay W21, -1,)
2| A 2 ay 2
1 4500 Ay _ hAx

(T, —90) - =22 T, T,
2(9 15 2 2k 5)

1
5(T9 ~Tg) +

05T +47.125
T 1025
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Program 10.1 can be modified for the solution of this problem. The converged solution is:
T, =83.19, T, = 82.86, T; = 81.49, T, = 86.43, Ts = 86.27, Ty = 85.78, T; = 86.72, Ty = 87.20,
and Ty = 88.54°C.

10.5 ADI Method for Steady Heat Conduction

The Alternating Direction Implicit (ADI) method can also be applied for the solution of the
two-dimensional steady heat conduction equation (10.1)

O’T 9T

S22

ox°~ dy
Using the central difference scheme, we get

T —2T; + T + Tijw =20 + T i

0

=0 [see Eq. (10.8)]
Ax? Ay*
This equation can be split into the following two half-steps:
1 1 1
n+5 n+5 n+5 " n "
Ty —2T; " 4Ty | Tiyn =20 + T (10.12)
Ax? Ay?
1
il el e+l n+5 I’H’E I’I+E
T =20 +T 0 _ | Tmi— 2T, " + Ty (10.13)
Ay? Ax?

The first half-step is executed on all the nodes. This is followed by computation of the second
half- step on all the nodes (see Fig. 10.12). The ADI method is also called the line-by-line

A A A A A
>
h > g
3
J Sweep direction > B
o
(5]
[ (5]
v 3
17
>
i i+ 1
(a) First half-step of iteration (b) Second half-step of iteration

Fig. 10.12 First half-step and second half-step in ADI iteration.



Two-Dimensional Steady and Transient Heat Conduction 209

TDMA, as in each line of nodes taken a tridiagonal set of linear algebraic equations is formed.
TDMA can be used to solve them, and thus the values of nodes along a line are updated.
Initially, Eq. (10.12) is considered for the first half of iteration, in which the sweep direction
is along the x-axis and each line of nodes along the x-axis is updated. Then Eq. (10.13) is
considered for the second half of iteration, in which the sweep direction is along the y-axis and
each line of nodes along the y-axis is updated. The iterations are performed till convergence

<g . ADI is a line-by-line method, whereas Gauss—

in temperature is achieved, J]"i”]frl — Tl."j
Seidel is a pointwise method.

EXAMPLE 10.10 Determine the temperature at various nodes shown in Fig. 10.13. The heat
2 2
T
transfer is given by the equation a_+a__0 The boundary conditions are shown in

Fig. 10.13. The size of the slab is 2 m x ﬁ-}m and Ax = Ay = 0.5 m. Use the ADI method.

400°C
T4 Th4 Ts,
T T T
Tos 13 23 33 Tus
T T T
20°C T, 12 22 32 Tiy 20°C
Ty, Ty, 13,
To, Ty,
Tip Tho T30
20°C

Fig. 10.13 Example 10.10.

Solution The first half iteration is performed (scanning various i nodes for given j) using the
discretized equation

Tl+1§+T13'_2T','2 T]+1+7-;j1 2Tn
Ax? Ay?

=0

At node 1,1
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Let us assume the following initial temperatures: T}, = 90, T,, = 110, T5, = 90. Since T,
is always at 20°C, the above equation becomes
1

n+l nt— nJrl
AT, P+ Ty 2 =-Ty, > - T - T =—20-90-20=-130

At node 2,1
s n+% n+% " "
T +T1, = -4, - =-T,, - T
| |
n+— n+— nt—
At node 3,1
n+5 n+5 n+% n .
T),°+T1, 7 4T, - =-T;, —Txy
1 1
n+5 n+5 n+5 n .
T2,1 - 4T3,1 =- T4,1 - T3,2 - T3,0

Since T, is always at 20°C, the above equation becomes
1 1 1
nt— nt— nt—

The following tridiagonal set of linear algebraic equations is obtained for various i nodes at
J=1

n+y
-4 1 0T -130
1 4 1|1 =]-130
0 1 —4|pms| |-130

3,1
1 1 1
. . n+— n+— n+—
The solution by TDMA is T, 2 = 4643, T, 2 = 55.71, Ty, 2 = 46.43°C.
Now let us write the equations for various | nodes at j = 2.
At node 1,2

n+5 n+5 n+% n n
Tp° +Ty,° =41, =-Ti3 - T}

Let us assume the following initial temperatures: 73 = 180, T3 = 220, T55 = 180.
Since T, is always at 20°C, the above equation becomes

1 1

1
n+— n+ n+—

At node 2,2
1 1

nts nts nts n ;
T~ + T, —4T," =-T53 - Th

I1Jrl n+l I1Jrl
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At node 3,2
1 1
n+— nt— n+—
Typ? +Tyn? —4T3,% =-T35 — T
it . n+—
Ty, AT =T, - T35 — T
Since T, is always at 20°C, the above equation becomes
n+— s P
Ty,? —4T3,2 ==T,,° = T5s = T3 =—20 — 180 — 46.43 = - 246.43
The following tridiagonal set of linear algebraic equations is obtained for variousi nodes at
j=2:
nt+i
-4 1 0] N2’ | [-24643
1 -4 1| =] 27571
0 1 —Afgrt: —246.43
3.2

1 1 1
n+— n+— n+—
The solution by TDMA is: T,52 = 90.10, T,,> = 113.98, Ty, = 90.10°C.
Now let us write the equations for various i nodes at j = 3.
At node 1,3
1 1
nt— nt— n+—
T3% +Tos” — 4T3 =-T4 — T{h
Since T is always at 20°C, the above equation becomes

n+— n+— il

At node 2,3
1 1 1
n+5 n+5 n+5 . n
Ti3°+ T3 —4T5° =-T4 —Th,
1 1 1
nt— nt— nt—
At node 3,3
1 1
n+5 n+5 n+5 n "
T3 + 13" =405 =-T;, — Tz,
1 1
n+5 n+5 n+5 n n
T2,3 - 4T3,3 =- T4,3 - T3,4 - T3,2

Since T, 3 is always at 20°C, the above equation becomes

1 1 1
nt+— nt+— nt+—
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The following tridiagonal set of linear algebraic equations is obtained for various i nodes at
j=3:
4 1 0]|TE| [-s10.10
1 -4 1|7 =] -513.98
0 1 —4 Eﬂf -510.10

1
nt+—

1 1
n+— n+—
The solution by TDMA is: T;, 2 = 18246, Tp;2 = 219.72, Ty > = 182.46°C.

The second half iteration (scanning various j nodes for given i) is performed using the
discretized equation

1 1 1
fd e o em ooy
sz Ay2 -
Since Ax = Ay, the discretized equation becomes
Ll
Tn]trll + Tnﬂ - 4'Tiil;rl == T:—lzz - Ti—l,_]

At node 1,1

1
n+l n+l1 n+l _ n+5 2
Ty +Ty —4T; —T - T
1,0 1,1 = 2,1 0.1

|
ot n+

n+l n+l _ n+l 2
AL+ T, =-Ty —1,,° —Tp,

Since T is always at 20°C, the above equation becomes

+1 +1 +1 ”Jrl "Jrl
AT + T =-Ty - Ty, 2 - Ty, > =—20-55.71-20=-95.71

At node 1,2 . |
Tn+l n+l 4Tn+l _ TZ;E _ TQ’ZE

T -4 + T =~ 113.98 — 20 =~ 133.98
At node 1,3 1 1

n+l n+l n+l 17+5 n+5
Ny +T, —4T 5 =-T,5° —Tj;

Since T4 is always at 400°C, the above equation becomes

TS — 4T = - 400 - 219.72 - 20 = - 639.72

The following tridiagonal set of linear algebraic equations is obtained for various j nodes at
i=1:
4 1 o)1y [ -9571
1 -4 1|15 |=|-133.98

0 1 -4y —639.72
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The solution by TDMA is: /' = 46.63, T/%' = 90.81, T/y' = 182.63°C.
At node 2,1

1 1

T17+1 + Tn+1 _ 4Tn+1 _ _T’HE _ T,HE
2,2 2,0 2,1 = 3,1 11

1

+= n+=

n+l1 n+l _ n+l n 2 2
-4l + T, =-T,5 -T;,° - T,

Since T, is always at 20°C, the above equation becomes
1 1
n+l n+l n+l IHE n+5
At node 2,2
1

nt+— nt+—
Tz’f;rl + TerlJrl - 4T2r5rl = T3,2 ? - TI.Z 2
T - 415 + 193 =-90.10 — 90.81 = —180.91
At node 2,3

1
nt—

1
n+l n+l1 n+l1 n+5 2
Ly +Ty —4hy =-T35° - T3
Since T, 4 is always at 400°C, the above equation becomes
T35t — 4T3 = — 400 — 182.46 — 182.63 = — 765.09
The following tridiagonal set of linear algebraic equations is obtained for various j nodes at
i=2:
4 1 0B | [-113.06
1 -4 1|74 |=]-180.91
0o 1 —4 Tzﬂgrl —765.09

The solution by TDMA is: T37' = 56.87, To3' = 114.41, T3} = 219.88°C.
At node 3,1

n+l n+l n+l _ 17+5 2
I, +Ty —45G, =-T,," - T,
l7+1 n+

n+l n+l _ n+l B 2
AL+ TG, =-T; —T,,° - T,

Since T3 is always at 20°C, the above equation becomes

1 1
n+l n+l1 n+1 n+5 n+E
_4T3,1 + T3,2 =-Tyy — T4¢1 ~T,, 2 ==20-20 - 56.87 = — 96.87
At node 3,2
1

n+—

+= +
n+l n+l n+l _ n 2 2
Iy +T —4h, =-T,,° -T,,

T - AT + T =-20 - 114.41 = 134.41
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At node 3,3

1
nt—

+1 +1 +1 nty
Ty + T —4T5 =-Ty3% —Th5°
Since T34 is always at 400°C, the above equation becomes

735" — 475" = - 400 — 20 - 219.88 = — 639.88

The following tridiagonal set of linear algebraic equations is obtained for various j nodes at
i=3:

4 1 0B [ -96.87
1 -4 1|74 =] 13441
0 1 —4]7m| [-639.88

The solution by TDMA is: Ty = 46.97, Ty3' = 91.03, 733" = 182.73°C.

Program 10.2 for the solution of the above problem is given in the Appendix. After 25
iterations when convergence is obtained, the results from the computer program are: T} ; = 47.14,
Ty, = 91.25, T3 = 182.86, T,; = 57.32, T,, = 115.00, T,; =220.16, T;; = 47.14,
T5, = 91.25, T;5; = 182.86°C.

Similar results are obtained in Example 10.1 in which the problem was solved using the
Gauss—Seidel method.

10.6 ADI Method for Transient Heat Conduction

The ADI method can be extended for the solution of two-dimensional transient heat
conduction. The explicit schemes are stable only with some constraints on Ax and Af, whereas
implicit schemes are not associated with these constraints. Therefore the ADI method, which
is an implicit method shall be used. Transient heat conduction in two-dimensional space is
given by [see Eq. (9.20)]

ar_ (1 o
or | ox? 9y*

Taking the first half-step in time, we get

n+15 n n+% n+% ) n+% n n ’ n
L~ -1, —a Ty + Ti—l,,i — 27, 4 Tijm * i’j;I — 2T (10.14)
At/2 Ax® Ay*

OAt
Letting A = Ax = Ay and M=A—, we get

2
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T3 + T3 =20 ;2 + T + T — ZTf;J (10.15)

i,

2 n+5 1 n+% n+% n+% N N n
w =T |=Tin5 +Toy; =20 ;= + T 0 + T — 2T (10.16)
1 1 1
n+5 2 n+5 n+5 n . 1 2
T .5+ 2"‘& L= =T =T n+T 4 +1; M_Z (10.17)
Now let us carry out the second half of the iteration

1
n+—

1
o2 T o e e gt
ij b _ o] it t—LJz ij | Zhjtl ”-7—21 b (10.18)
Atl2 Ax Ay
nJrl M nJrl nJrl n+l
T =Ty 2 = | T+ T =20 4 T+ T 5 =21, 2 (10.19)
2
Multiplying both sides by R we get
2 +1 s +1 +1 +1 s i s
I Ti.r,l/ -T:; 2= Ti,r_li+1 + Ti.rf/'—l - 2Ti,rfi + Ti+13 + Ti—l,% -2T; ; 2 (10.20)
1 1
2 n+— n+— nt—( 2
re(2e 2t mp =nl e e (22) o2

ADI is an implicit method and is therefore unconditionally stable; moreover, because it is a
line-by-line method, TDMA can be used to update the temperature for nodes in a line. Initially
Eq. (10.17) is considered for1 the first half of the iteration. In this equation, 7" is the

nt—
temperature at time ¢t and T 2 are the updated temperatures computed in this first half of

iteration. Sweeping of each line along the x-axis is carried out from bottom to top. Then

Eq. (10.21) is considered for the second half of the iteration. In this equation, TnJrE are known

and 7" are computed. The sweeping of each line along the y-axis is carried out from left to
right and the temperature profile at time ¢ + Az is computed. This temperature profile at # + At
can be used to obtain the temperature profile at r + 2Ar by again carrying out the
first half and the second half of the iteration. Thus marching in time is carried out for this
parabolic PDE.
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EXAMPLE 10.11 A slab of size 2 m X 2 m is initially at 0°C, and at ¢ = 0 all the four sides
of the slab are made at 400°C. Take A = Ax = Ay = 0.1 m and & = 1 m%s. Determine the
temperature of the slab at various nodes at r = 0.5 s. Take Az = 0.05 s and for computing
consider the upper quadrant of the slab.

Solution The upper quadrant of the slab is shown in Fig. 10.14. The size of the quadrant is
1 m x 1 m and 10 parts along an axis are made; therefore A = Ax = Ay = 0.1 m. Let us take

oAr  0.05 2 2
At = 0.05 s; therefore M=—7=—2=5. Thus 2+—=24 and ——2=-1.6.
A 0.1 M M
400°C
(L,11) (11,11)
or _ 400°C
ox =0
(1,1) 5 (11,1)
T
=0
dy

Fig. 10.14 Upper quadrant of slab in Example 10.11.

First half of iteration
Equations for node (1,1) to node (10,1) 1 1
ot ot
At node (1,1), using Eq. (10.17) and from symmetry T,,% =T,,2 and T{, =T}, we get

wid el
24T, P21, = 217, — 1.6}

At node (2,1), using Eq. (10.17) and from symmetry Ty, =T,,, we get

17+l 17+l n+l " .

At node (3.1), using Eq. (10.17) and from symmetry Ty, =T3,, we get
1 1 1
nt— nt— nt+—
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At node (10,1), using Eq. (10.17) and from symmetry Ty, =Tjy,, We get

s n+% " " s
Ty, = +24T " =2T}, —1.6Tp; +Tjy;

In the above equation on the right hand side, 7T};; = 400. The above set of 10 equations
constitute a tridiagonal matrix and can be solved using TDMA.

Equations for node (1,2) to node (10,2)
n+— 17"'l
At node (1,2), using Eq. (10.17) and from symmetry Ty, =T,,2, we get
i i
et =
247,72 -2T,,% =T{5 + T} - L.6T,
At node (2,2), using Eq. (10.17), we get
1 1 1
n+5 17+5 17+5 N " N
—Ti,° +24T,,° =T, " =Th3 + T, —1.6T,,
At node (3,2), using Eq. (10.17), we get
1 1 1
s nts s ; ; ;
15" +24T5,° —Ty," =T33 + T3 —1.6T3,
At node (10,2), using Eq. (10.17), we get
n+% n+% . . . n+%
—Ty,° +2.4T 5 =Tz +Tigg —1.6T9, + 711y 5

In the above equation on the right hand side, 7;, = 400. The above set of 10 equations
constitute a tridiagonal matrix and can be solved using TDMA.

Equations for node (1,10) to node (10,10) | |
nt—

nt—
At node (1,10), using Eq. (10.17), and from symmetry T,# =T, 7, we get

i s
2-4T1,102 - 2T2,102 =Ty + Ty — 1.6T}}
At node (2,10), using Eq. (10.17), we get
n+% n+5 n+5 . n .
T~ +24T,,5 — T3¢ =Tr1 +Tho —1.6T55
At node (3,10), using Eq. (10.17), we get
- PP
Ty +24Ty,¢ —Ty1¢ =Ty + T3l — 163
At node (10,10) using Eq. (10.17) we get
n+% 17+E n N " n+5
115" +24T0,15 = Thoar + Tioo —1.6Tp10 + 11115
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In the above set of equations on the right hand side, 7;;; = 400 and Ty, ;, = 400. The above
set of 10 equations constitute a tri-diagonal matrix and can be solved using TDMA.

Second half of iteration
Equations for node (1,1) to node (1,10)

n+— nt+—
At node (1,1), using Eq. (10.21) and from symmetries T} ,% =T},% and Ty, =Ty, we get
1

1
ntl _ ntl _ n+5 _ n+5
2'4'T1.1 2T1.2 _2T2,1 1'6Tl,l

At node (1,2), using Eq. (10.21) and from symmetry Ty, =75, , we get

1
n+l n+l n+l _ n+§ n+5
Ty +240, -T;5 =2T,,° —1.6T,

At node (1,3), using Eq. (10.21) and from symmetry Ty'3 =755, we get

1
T 0T Z ol 2 6T 2
1,2 413 1,4 — 2.3 . 1.3

At node (1,10), using Eq. (10.21) and from symmetry T, =Ty, We get

1 1
n+l nl _ ATy nty n+l
Ty +24T ) =2T,,; —1.6T},o" +Tj 13

In the above equation on the right hand side, 7;;; = 400. The above set of 10 equations
constitute a tridiagonal matrix and can be solved using TDMA.

Equations for node (2,1) to node (2,10)
1 1
n+— n+—

At node (2,1), using Eq. (10.21) and from symmetry T,,2 =T,,2, we get

1 1
QAT 2T =Ty 2 4T, 2 — 16T 2
At node (2,2), using Eq. (10.21), we get
L 2T T e
2,1 ) 2,3 32 1.2 EP)
At node (2,3), using Eq. (10.21), we get
1 1
ST 24T ST =T 4T - 16T,
At node (2,10), using Eq. (10.21), we get

1 1
nt=

1

n+- n+-
n+l n+l _ 2 2 2 n+l
Ty +24T,, =Tsg + 1,0 —1.6T5,5 +T1y;



Two-Dimensional Steady and Transient Heat Conduction 219

In the above equation on the right hand side, 7,;; = 400. The above set of 10 equations
constitute a tridiagonal matrix and can be solved using TDMA.

Equations for node (10,1) to node (10,10)

1 1
nt+— nt+—

At node (2,1), using Eq. (10.21) and from symmetry T, @ =Ty 7, we get
1 1
n+l ntl _ 2"ty my
24Ty —2Ton =Ty 11" + Ty, = —1.6T}g,
At node (2,2), using Eq. (10.21), we get
1
nt+= n+— nt—
- 1’(1)J,r11 + 24T — 1’621 =T12* +To5* —1.6T5
At node (2,3), using Eq. (10.21), we get
1

1
n+— n+— n+—
- 17(')J,r21 + 2-4T1r(')fr31 - 1%? =Ty +Tos* — 16T ¢
At node (2,10), using Eq. (10.21), we get

1 1 1
n+— n+

n+l n+l _ n+5 2 2 n+1
—Tioo +24T0 0 =Th115 + To15° —1.6T3015 + Tho.n

In the above set of equations on the right hand side, 77, ; = 400 and Ty, = 400. The above
set of 10 equations constitute a tridiagonal matrix and can be solved using TDMA. Note that
for both the first-half and second-half iterations the tridiagonal matrix that is formed has the
following coefficients:

Uy =ay =0y =05 = a5 =07 = a3 = dy = ag =1
€ ==2,0,=C3=C4=C5=C4=C;=Cg=Cyg=—1
Program 10.3 for the solution of the above problem is given in the Appendix. The temperatures

(in °C) at t = 0.5 s are presented in Table 10.2.

Table 10.2 Temperatures in Example 10.11

Ty, = 329.77 T,, = 331.09 Ty, = 334.21 T,, = 339.01 Ts, = 345.20
TLZ = 329.83 T2,2 = 331.70 T3A’2 = 334.86 T4A’2 = 339.65 T5,2 = 345.80
T1%3 = 330.02 T2,3 = 333.54 Tg'; = 336.81 T4A’3 = 341.58 T53 = 347.61
T1%4 = 33042 T2,4 = 33668 T3A’4 = 34010 T4A’4 = 34482 T5,4 = 35064
T1%5 = 33119 T2,5 = 34122 T3A’5 = 34480 T4A’5 = 34939 T55 = 35486
TLG = 33264 T2,6 = 34731 T356 = 35096 T456 = 35529 T5,6 = 36025
Ty, = 335.34 T,, = 355.10 Ty, = 358.61 Ty, = 362.43 Ts, = 366.68
T158 = 34039 TZ,S = 36485 T358 = 36776 T458 = 37077 T5,3 = 37410
T159 = 34980 T2,9 = 37694 T3A’9 = 37859 T4A’9 = 38049 T59 = 38271
Tl,l() = 36733 TZ.]O = 38930 T3,10 = 38885 T4,10 = 38960 T5.10 = 39070
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Tey = 35252 T, = 360.60 Ty = 369.54 To; = 381.09 Tio1 = 388.03
Tso = 353.06 T;, = 361.06 T, = 369.90 Ty, = 38131 Tio, = 388.17
Tes = 354.67 Ty5 = 362.42 Ty = 370.96 Tos = 381.98 Tio3 = 388.60
Tes = 35735 Ty4 = 364.68 Tys = 372.73 Tos = 383.07 Tio4 = 389.30
Tes = 361.08 T,5 = 367.81 Tys = 375.16 Tos = 384.59 Tios = 390.27
Teo = 365.79 Ty = 37175 Ty = 37822 To = 386.49 Tio6 = 391.47
Te; = 37137 T,, = 37638 Ty, = 381.80 Ty, = 388.71 Tio, = 392.88
Tes = 377.76 T;5 = 381.65 Ty = 385.87 Tog = 391.25 Tios = 394.47
Teo = 385.18 T;o = 387.81 Tyo = 390.63 Too = 394.16 Ti00 = 396.38
T6,10 = 39198 T7.10 = 39337 T&l() = 39488 T9,10 = 39686 TlO,l() = 39796
Exercises

10.1 Using the Gauss-Seidel method, determine the temperatures at positions 1, 2, 3 and
4 shown in Fig. 10.15.

100°C

400°C

700°C
4 1
3 2
500°C

Fig. 10.15 Exercise 10.1.

(Ans: T, = 487.5, T, = 437.5, Ty = 362.5, T, = 412.5°C)

10.2 Using the Gauss-Seidel method, determine the temperature of the heated plate
shown in Fig. 10.16. The dimension of the plate is 40 cm X 40 cm and is made of

aluminium. The thermal conductivity of aluminium is 0.5 W/m-K.

75°C

100°C
T3 T3 T3
T T T
12 22 3.2 50°C
T, T, T3,
0°C

Fig. 10.16 Exercise 10.2.
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(AHS: Tl,l = 4286, T1,2 = 6317, T1,3 = 7857, T2,1 = 3326, T2,2 = 5625,
T2’3 = 7612, T3'1 = 3393, T3'2 = 5246, T3'3 = 6964OC)

10.3 Using the Gauss-Seidel method, determine the steady state temperatures for nodes
1 to 6 shown in Fig. 10.17. The thermal conductivity of the body is 1.5 W/m-K.
Ax = Ay = 25 cm.

1 2 h=12 Wm*K, T, = 15°C
3 4
50°C 50°C
5 6
50°C

Fig. 10.17 Exercise 10.3.

(Ans: Ty = 27.6, T, = 27.6, Ty = 41.6, Ty = 41.6, Ts = 47.2, Ty = 47.2°C)

10.4 Calculate the steady state temperatures for nodes 1 to 16 shown in Fig. 10.18. Take
Ax = Ay = 20 cm and k = 2.3 W/m-K.

h =23 Wim*K, T., = 25°C

1 2 3 4
5 6 7 8
Insulation 9 10 11 12 100°C
13 14 15 16
100°C

Fig. 10.18 Exercise 10.4.

(Ans: T, = 35.28, T, = 35.89, T; = 38.49, T, = 48.36, Ts = 55.24, T = 56.66, T; =
6184, TS = 7420, Tg = 7237, TlO = 7367, T11 = 7801, T12 = 8658,
T13 = 8691, T14 = 8763, T15 = 8994, T16 = 94130C)

10.5 A slab of size 2 m X 2 m shown in Fig. 10.19 is initially at 0°C. At r = 0 s, all the
four sides of the slab are made at 600°C. Take Ax = Ay = 0.1 m. Take
o = 1 m?/s. Determine the temperature of the slab at various nodes at 7 = 0.25 s.
Take At = 0.05 s, and for computing, consider the upper quadrant of the slab as
shown in Fig. 10.19.
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600°C
(1,11) (11.11)
T _, 600°C
ox
(LD aT_O (11,1)
dy

Fig. 10.19 Exercise 10.5.

(Ans: Program 10.3 can be modified and the temperatures (in °C) at ¢t = 0.25 s are
presented in Table 10.3.

Table 10.3 Temperatures in Exercise 10.5

Ty, = 290.10 T,, = 294.61 Ty, = 308.63 T, = 329.39 Ts, = 356.77
T152 = 290.34 T2,2 = 297.26 T3A’2 = 31143 T4_2 = 332.19 T5,2 = 359.39
T1%3 = 291.18 T2,3 = 305.32 Tg'; = 319.95 T4_3 = 340.64 T53 = 367.31
T1%4 = 29295 T2,4 = 31918 T3A’4 = 33448 T4_4 = 35495 T5,4 = 38066
T, 5 = 296.35 T,5 = 339.47 Tys = 355.48 Tys = 375.40 Tss = 399.59
T156 = 30274 T2,6 = 36694 T356 = 38330 T4.6 = 40210 T5,6 = 42403
Ty, = 314.69 T,, = 401.84 Ty, = 417.53 T, = 434.20 Ts, = 452.99
T158 = 336.96 TZ,S = 443.29 T358 = 456.10 T4.8 = 469.16 T5,8 = 483.88
T159 = 37848 T2,9 = 49107 T3A’9 = 49767 T4_9 = 50561 T59 = 51551
Tl,l() = 45584 TZ.]O = 56332 T3,10 = 56267 T4_10 = 56637 T5.10 = 57109
Te, = 390.11 T,, = 427.17 Ty, = 462.90 To, = 496.07 Tio1 = 576.63
T6%2 = 39245 T7,2 = 429.12 T&z = 464.48 T9A’2 = 497.27 T10,2 = 576.89
T6%3 = 39947 T7,3 = 43500 T&:; = 46920 T953 = 50088 T10,3 = 57769
T6%4 = 41125 T7,4 = 44485 T&4 = 47709 T9A’4 = 50692 T10,4 = 57901
T6%5 = 42788 T7,5 = 45870 T&S = 48817 T955 = 51538 TlO,S = 58087
Teo = 449.20 Ty = 47639 Ty = 502.28 Tog = 526.13 Tio6 = 583.23
Ton = 474.24 T;, = 497.03 Ty, = 518.67 To, = 538.58 Tio7 = 586.01
Tes = 500.60 T,s = 518.57 Tys = 535.63 Tog = 551.33 Tios = 589.01
Teo = 527.28 T;o = 540.20 Tyo = 552.54 Too = 563.91 Tio0 = 592.14
T6,10 = 57602 T7.10 = 58089 T&]o = 58536 T9,10 = 58941 TlO,l() = 59694
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10.6 Solve Exercise 10.5 to determine the temperature profile at 0.5 s.
(Ans: Program 10.3 can be modified and the temperatures (in °C) at = 0.5 s are

presented in Table 10.4.

Table 10.4 Temperatures in Exercise 10.6

T\, = 494.66 T, = 496.64 Ty = 501.32 T,; = 508.51 Ts; = 517.80
T\, = 494.74 T,, = 497.55 Ty, = 502.29 Ty, = 509.48 Ts, = 518.71
T,; = 495.03 Ty3 = 50031 Ty = 50521 Tys = 51237 Tsy = 521.42
T,4 = 495.63 Ty4 = 505.01 Ty4 = 51015 Tys = 517.23 Tsy = 525.95
T,s = 496.78 Tps=511.83 Tys = 517.20 Tys = 524.09 Tss = 532.29
T, = 498.96 Ty = 520.96 Ty = 52645 Tyq = 532.93 Tsg = 54037
T,; = 503.02 T,, = 532.65 Ty, = 53791 Ty, = 543.65 Ts, = 550.03
Tys = 510.59 Tyg = 54727 Ty5 = 551.64 T,s = 556.16 Tsg = 561.14
Tio = 52471 Tyo = 565.42 Ty = 567.89 Ty = 570.73 Tso = 574.06
Ty =551.00 T, = 583.95 Ty10 = 583.27 Ty10 = 584.40 Ts.10 = 586.05
Tey = 52878 T;; = 54091 Ty, = 55431 Toy = 571.64 Tio1 = 582.04
T, = 529.59 T,, = 541.59 Ty, = 554.84 Ty, = 571.97 Tion = 582.26
Tes = 532.01 T,5 = 543.63 Tys = 556.44 Tos = 57297 Tios = 582.90
Tes = 536.03 Ty, = 547.02 Tgs = 559.09 Toy = 574.61 Tio4 = 583.95
Tes = 541.62 T,5 = 551.72 Tys = 562.75 Tos = 576.89 Tios = 585.40
Teo = 548.69 Ty = 557.62 Ty = 567.33 Tog = 579.73 Tio6 = 587.21
Ts, = 557.06 T,, = 564.57 Ty, = 572.70 Ty, = 583.08 Tio7 = 589.32
Tes = 566.64 T,g = 57248 Tys = 578.81 Tog = 586.87 Tios = 591.71
Teo = 577.77 Ty = 581.71 Tyo = 585.94 Too = 591.24 Ti00 = 594.56
Teio = 587.97 Ty, = 590.05 Ty.10 = 592.32 To10 = 595.29 Ti0.10 = 596.94
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Programs in C++

Program Title

1.1 Program for the solution of tridiagonal equations

1.2 Program for the solution of linear algebraic equations by the Gauss Elimination
method

1.3 Program for the solution of linear algebraic equations by the Gauss—Seidel method

2.1 Program to solve for pressure drop in a pipe (nonlaminar case)

2.2 Program to solve for minimum fluidization velocity

2.3 Program to solve for terminal velocity

2.4  Program for the solution of two simultaneous nonlinear equations

3.1 Program to calculate the molar volume in the liquid and vapour phases at the given
temperature and pressure

3.2 Program to calculate the bubble point temperature and the dew point temperature
of a mixture of given composition, assuming Raoult’s law to be true

33 Program to calculate the compositions of the vapour and liquid phases at the given
temperature and pressure under flash conditions, assuming Raoult’s law to be true

34 Program to calculate the bubble point pressure, bubble point temperature, dew
point pressure and dew point temperature of a mixture of given composition,
assuming the modified Raoult’s law to be true

3.5  Program to calculate the compositions of the vapour and liquid phases at the given
temperature and pressure under flash conditions, assuming the modified Raoult’s
law to be true

3.6 Program to calculate the vapour pressure at the given temperature using the Peng—
Robinson equation of state by comparing the fugacities of the liquid and vapour
phases

3.7  Program to calculate the bubble point pressure using the gamma—phi approach

3.8 Program to calculate the bubble point pressure using the Peng—Robinson equation
of state

3.9 Program for the solution of two simultaneous chemical reactions in chemical
equilibrium

3.10 Program to calculate the adiabatic flame temperature (AFT) for a fuel

4.1 Program to solve an ordinary differential equation by the Runge—Kutta method

4.2 Program to determine the velocity of a particle in a pneumatic conveyor

225
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4.3

4.4

4.5

4.6

4.7

7.1

7.2

8.1

8.2

9.1

9.2

10.1

10.2

10.3

Program to solve two simultaneous ordinary differential equations by the Runge—
Kutta method

Program to solve three simultaneous ordinary differential equations by the Runge—
Kutta method

Program to solve three simultaneous ordinary differential equations for the reaction
A — B — C by the Runge—Kutta fourth order method

Program to solve four simultaneous ordinary differential equations for the reactions
A+ B — Cand B + C = D by the Runge—Kutta method

Program to solve ordinary differential equations in a non-isothermal tubular reactor
by the Runge—Kutta method

Program to calculate the concentration profile in a tubular reactor with axial
dispersion (second order reaction)

Program to calculate the concentration profile in a tubular reactor with axial
dispersion in which two parallel reactions take place

Program to calculate the concentration profile along the radius for reaction—
diffusion in a spherical catalyst pellet (second order isothermal reaction)
Program to calculate the concentration profile along the radius for reaction-
diffusion in a spherical catalyst pellet (non-isothermal, beta = 1)

Program to calculate the temperature profile in a rectangular slab during transient
heat conduction

Program to calculate the concentration profile in a sphere during transient diffusion
of drug from spherical pellet

Program to calculate the temperature profile in a two-dimensional body during
steady heat conduction using the Gauss-Seidel method

Program to calculate the temperature profile in a two-dimensional body during
steady heat conduction using the ADI method

Program to calculate the temperature profile in a two-dimensional body during
transient heat conduction using the ADI method

PROGRAM 1.1

//PROGRAM 1.1

//program for the solution of tridiagonal equations
#include<iostream.h>

#include<conio.h>

#include<math.h>

void main /()

{

clrscr();

int i,j,n,il,nl,k;

float af21],b[21],c[21],d[21],x[2]1],betal[21],gammal[21];
//a 1is subdiagonal, b is diagonal and ¢ is superdiagonal
for (i=2;i<=7;++1)

{
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=b[1];
gamma [i]=d[i]/betali];
1i1=1i+1;
for(j=1il;j<=n;++3j)
{
betal[jl=b[j]l-aljl*c[]j-1]/betalj-1];
gamma [j]=(d[j]-al[j]l*gamma[]j-1]) /betalj];
}
x[n]=gamma[n];
nl=n-1i;
for (k=1;k<=nl;++k)
{
j=n-k;
x[jl=gammal[j]-c[]jl*x[J+1]/betal]];
}
cout<<“\t\t\t THE SOLUTION BY TDMA”<<endl;
for (i=1;1i<=7;++1i)
{
cout<<x[i]<<endl;
}
getch();
}
PROGRAM 1.2

//PROGRAM 1.2

//program for the solution of linear algebraic equations
//by the Gauss Elimination method

#include<iostream.h>
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#include<conio.h>
#include<math.h>
void main()

{

clrscr();

int n,m,1,i,3,k,33,kpl,nn,ipl;
float a[l10][11],x[10],sum,big,ab, quot, t;
n=4;

cout<<n<<endl;
m=n+1;

1=n-1;

cout<<“Input the elements of A rowwise and elements of B”<<endl;
for(i=1;i<=n;i++)

{

for(j=1;j<=m;j++)

{

cin>>aflil[j];

}

}

for(i=1;i<=n;i++)

{

for(j=1;j<=m; j++)

{

cout<<al[i] [j]<<endl;
}

}

for (k=1;k<=1; k++)

{

big=fabs(alk] [k]);
Ji=k;

kpl=k+1;

for (i=kpl;i<=n;i++)
{

ab=fabs(a[i][k]);
if((big-ab)<0.0)

{

big=ab;

Ji=1;

}

}

i£((39-k)>0)

{

for(j=k;j<=m; j++)

{

t=aljjll3l;
aljjlljl=alklldl;
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for(i=kpl;i<=n;i++)
;uot=a[i][k]/a[k][k];

for (j=kpl;j<=m; j++)
;[i][j]=a[i][j]—quot*a[k}[j];
i

for(i=kpl;i<=n;i++)

x[n]=a[n][m]/a[n] [n];
for (nn=1;nn<=1;nn++)
{

sum=0.0;

i=n-nn;

ipl=i+1;

for (j=ipl;j<=n;j++)

{

sum=sum+al[i] [J]*x[]];
}

x[i]=(ali] [m]-sum)/ali] [i];
}

for (i=1;i<=n;i++)
{cout<<x[i]<<endl;}
getch();

}

PROGRAM 1.3

//PROGRAM 1.3

//program for the solution of linear algebraic
//by the Gauss-Seidel method
#include<iostream.h>

#include<conio.h>

#include<math.h>

void main ()

{

clrscr();

float xlold,x2o0ld,x30ld,xlnew, x2new, x3new;
x1lnew=2.0;

equations
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x2new=3.0;

x3new=4.0;

do

{

xlold=xlnew;

x20ld=x2new;

x30ld=x3new;

xlnew=(44.0-x201d-2*x301d)/10.0;

x2new=(51.0-2*x1lnew-x301d) /10.0;

x3new=(61.0-xlnew-2*x2new) /10.0;

twhile (fabs (xlnew-xlold)>le-6&&fabs (x2new-x20ld)>le-6&&fabs (x3new-
x30ld)>1le-06);

cout<<xlnew<<" “<<x2new<<"“ "“<<x3new<<endl;

getch ()

}

PROGRAM 2.1

//PROGRAM 2.1

//program to solve for pressure drop in a pipe (nonlaminar case)
#include<iostream.h>

#include<conio.h>

#include<math.h>

void main ()

{

clrscr();

float fricf,epsilon,d,mu, rho, v, fricfnew, £, fdash, Re,deltap, length,al, a2, a3;
int n;
d=0.004,v=50.0,rho=1.23,mu=1.79e-5,epsilon=0.0015e-3,length=1.0;
cout<<™\t\t\t OUTPUT”<<endl;

cout<<“\nEnter the initial value of fricfact”;

cin>>frict;

al=epsilon/d;

Re=rho*v*d/mu;

a2=2.51/Re;

n=0;

fricfnew=0.01;

do

{

fricf=fricfnew;

f=(1.0/sqrt (fricf))+2.0*1logl0((al/3.7)+(a2/sqrt (fricf)));
a3=-0.5*pow (fricf,-1.5);
fdash=a3+2.0%a2*a3/((al/3.7)+(a2/sqrt(fricf)));
fricfnew=fricf-f/fdash;

n=n+1;
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twhile (fabs (fricfnew-fricf)>1le-06);
deltap=fricfnew*length*v*v*rho/ (2.0*d);

cout<<“\t Friction factor is “<<fricfnew<<endl;
cout<<“Pressure drop 1is "“<<deltap<<endl;
cout<<“Number of iterations performed "“<<n<<endl;
getch ()

}

PROGRAM 2.2

//PROGRAM 2.2

//program to solve for minimum fluidization velocity

#include<iostream.h>

#include<conio.h>

#include<math.h>

void main ()

{

clrscr();

float epsilon,mnu,vmf,phis,dp, rhop,rhog,al,a2,a3,v,vnew, f, fdash;

const g=9.81;

int n;

dp=0.00012, phis=0.88, rhog=2.374, rhop=1000.0, mu=1.845e-5,
epsilon=0.42;

cout<<™\t\t\t OUTPUT”<<endl;

cout<<“\nEnter the initial value of wvmf in m/s “;

cin>>vmf;

al=1.75*rhog* (1.0-epsilon)/ (phis*dp*pow(epsilon,3.0));

a2=150.0*mu* (1.0-epsilon)* (1.0-epsilon)/ (phis*phis*dp*dp*pow(epsilon,3));

a3=(1.0-epsilon) * (rhop-rhog) *g;

n=0;

vnew=0.01;

do

{

v=vnew;

f=al*v*v+a2*v-a3;

fdash=2.0*al*v+a2;

vnew=v-f/fdash;

n=n+1;

twhile (fabs (vnew-v)>1le-6) ;

cout<<™\t Velocity at minimum fluidization 1is "“<<vnew<<

AN

m/s “<<endl;
cout<<“Number of iterations performed were "“<<n<<endl;

getch ()

}
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PROGRAM 2.3

//PROGRAM 2.3

//program to solve for terminal velocity
#include<iostream.h>

#include<conio.h>

#include<math.h>

void main()

{

clrscr();

float vt,vtnew,rhop,rhog,dp,cd,rep,mu,al;

float g=9.81;

int n;

rhog=1.18,rhop=900.0,dp=0.002,mu=1.85e-5;
cout<<“\nEnter the value of initial value of terminal velocity in m/
s v

cin>>vtnew;

do

{

vt=vtnew;

rep=rhog*vt*dp/mu;

cd=24.0*(1.0+0.15*pow (rep,0.687)) /rep;

al=4.0* (rhop-rhog) *g*dp/ (3.0*cd*rhogqg) ;

vtnew=sqrt (al);

n=n+1;

twhile (fabs (vtnew-vt)>1le-6);

cout<<™\t Value of terminal velocity is “<<vtnew<<endl;
cout<<“number of iterations performed is "“<<n<<endl;
getch ()

}
PROGRAM 2.4

//PROGRAM 2.4

//program for the solution of two simultaneous nonlinear equations
#include<iostream.h>

#include<conio.h>

#include<math.h>

void main ()

{

clrscr();

float x1,x2,xlnew,x2new,fl,f2,dfldxl,dfldx2,df2dx1,df2dx2;
float d,deltaxl,deltax?2;

int n;

xlnew=0.1;



Appendix:  Programs in C++ 233

x2new=0.5;
n=0;
do
{
x1l=xlnew;
X2=X2NEW;
fl=pow (2.71828,x1)+x1*x2-1.0;
f2=sin(x1*x2)+x1+x2-1.0;
dfldxl=pow(2.71828,x1)+x2;
dfldx2=x1;
df2dxl=x2*cos (x1*x2)+1.0;
df2dx2=x1*cos (x1*x2)+1.0;
d=dfldx1*df2dx2-dfldx2*df2dx1;
deltaxl=(f2*dfldx2-f1*df2dx2)/d;
deltax2=(fl*df2dx1-f2*dfldx1l)/d;
xlnew=xl+deltaxl;
x2new=x2+deltax?2;
n=n+1;
twhile (fabs (xlnew-x1)>le-6&&fabs (x2new-x2)>1e-06);
cout<<“The number of iterations performed is "“<<n<<endl;
cout<<xlnew<<“ “<<x2new<<endl;
getch ()
}

PROGRAM 3.1

//PROGRAM 3.1

//program to calculate the molar volume in the liquid and vapour phases at the

//given temperature and pressure

#include<iostream.h>

#include<conio.h>

#include<math.h>

void main()

{

clrscr();

float w,s,t,tc,k,a,b,r=8.314,1pha,sol[2],vold,vnew,B,tr,b0,bl;

float p,pc,f,£f1;

cout<<“Enter the value of temperature in deg K and pressure in Pa”;

cin>>t>>p;

cout<<“Enter the value of critical temperature in deg K and critical
pressure in Pa”;

cin>>tc>>pc;

cout<<“Enter the wvalue of acentric factor”;

cin>>w;

//

//VIRIAL GAS EQUATION OF STATE Z(T,P)

//
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tr=t/tc;
b0=.083-0.422*pow (tr,-1.6);
bl=.139-0.172*pow (tr,-4.2);
B=(b0+w*bl) *r*tc/pc;
vnew=r*t/p+B;
cout<<“Volume of wvapour by virial eos Z(T,P) “<<vnew<<“m3/mol”<<endl;
//
//VIRIAL GAS EQUATION OF STATE Z(T,V)
//
vhnew=r*t/p;
do
{
vold=vnew;
f=p*vold/ (r*t)-1-B/vold;
fl=p/(r*t)+B/ (vold*vold) ;
vnew=vold-f/fl;
}

while (fabs (vnew-vold)>1le-6);

cout<<“Volume of wvapour by virial eos Z(T,V) “<<vnew<<“m3/mol”<<endl;
//

//PENG-ROBINSON CUBIC EQUATION OF STATE

//

int 1=0;

k=.37464+1.54226*Ww—-.26992*w*w;
s=1+k* (1-pow(t/tc,.5));
lpha=pow (s, 2);
a=.45724*r*r*tc*tc*1lpha/pc;
b=.07780*r*tc/pc;
vnew=b;
for (i=0;i<=1;++1)
{
do
{
vold=vnew;
f=pow(vold, 3) *ptvold*vold* (p*b-r*t)-vold* (3*p*b*b+2*b*r*t-a);
f=f+ (p*b*b*b+b*b*r*t-a*b) ;
fl=pow(vold, 2)*3*pt+vold*2* (b*p-t*r)+ (a-3*b*b*p-2*r*t*b);
vnew=vold-f/fl;
}
while (fabs (vnew-vold)>1e-6);
sol[i]=vnew;
vnew=r*t/p;
}

cout<<“Volume of saturated liquid by Peng-Robinson "“<<sol[0]<<“m3/
mol”<<endl<<
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“Wolume of saturated vapour by Peng-Robinson “<<sol[1]<<“m3/mol\n”;
//
//REDLICH-KWONG CUBIC EQUATION OF STATE
//
i=0;
a=.42748*r*r*pow(tc,2.5) /pc;
b=.08664*r*tc/pc;
vnew=b;
for (i=0;1i<=1;++1)
{
do
{
vold=vnew;
f=pow (vold, 3) *p-r*t*vold*vold-vold* (p*b*b+b*r*t-a/sqrt (t))-a*b/
sgrt(t);
fl=pow(vold, 2)*3*p-vold*2*r*t- (p*b*b+b*r*t-a/sqrt (t));
vnew=vold-f/fl;
}
while (fabs (vnew-vold)>1le-6);
sol[i]=vnew;
vnew=r*t/p;
}
cout<<“Volume of saturated liquid by Redlich-Kwong "“<<so0l[0]<<“m3/
mol”<<endl<<
“WVWolume of saturated vapour by Redlich-Kwong "“<<sol[1]<<“m3/mol\n”;
//
//VAN DER WAALS CUBIC EQUATION OF STATE
//
i=0;
a=27*r*r*tc*tc/ (64*pc);
b=r*tc/ (8*pc) ;
vnew=b;
for (i=0;i<=1;++1)
{
do
{
vold=vnew;
f=pow(vold, 3) *p-vold*vold* (p*b+r*t)+a*vold-a*b;
fl=pow(vold, 2)*3*p-vold*2* (b*pt+t*r)+a;
vnew=vold-f/fl;
}
while (fabs (vnew-vold)>1e-6);
sol[i]=vnew;
vnew=r*t/p;

}
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cout<<“Volume of saturated 1liquid by van der Waals “<<sol[0]<<“m3/
mol”<<endl<<

“Wolume of saturated vapour by van der Waals “<<sol[1l]<<“m3/mol\n”;
getch ()

}

PROGRAM 3.2

//PROGRAM 3.2

//program to calculate the BPT and DPT

//of a mixture of given composition, assuming Raoult’s law to be true
//BPT is calculated by taking the given composition to be in liquid phase
//DPT is calculated by taking the given composition to be in vapour phase
#include<iostream.h>

#include<conio.h>

#include<math.h>

void main ()

{

clrscr();

float p,plsat,p2sat,plsatn,tlsat,t2sat;

float told,tnew,x1,x2,yl,v2,z1,al,bl,cl,a2,b2,c2;

float £,f1;

cout<<“\nEnter the mole fraction of component 17;

cin>>z1;

cout<<“\nEnter the pressure 1in kPa”;

cin>>p;

// the Antoine constants are for acetone (1) and water (2). For use of

// these constants temperature is in deg C and pressure in kPa.
al=14.39155;
b1=2795.317;

c1=230.002;
a2=16.26205;
b2=3799.887;

c2=226.346;

//CALCULATION OF BUBBLE POINT TEMPERATURE
xl=z1;
x2=1-2z1;
tlsat=bl/(al-log(p))-cl;
t2sat=b2/(a2-log(p))-c2;
tnew=xl*tlsat+x2*t2sat;
do

{

told=tnew;

plsat=exp(al-bl/(told+cl));
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p2sat=exp(a2-b2/(told+c2));
f=p-xl*plsat-x2*p2sat;
fl=-x1*plsat*bl/((told+cl)* (told+cl))-x2*p2sat*b2/
((told+c2)*(told+c?2));
tnew=told-f/f1l;
}while (fabs (tnew-told)>1le-6);
cout<<™\nThe bubble point temperature is:”<<tnew;
//CALCULATION OF DEW POINT TEMPERATURE
yl=z1;
y2=1-z1;
tlsat=bl/(al-log(p))-cl;
t2sat=b2/(a2-log(p))-c2;
tnew=yl*tlsat+y2*tZl2sat;
do
{
told=tnew;
plsat=exp(al-bl/(told+cl));
p2sat=exp(a2-b2/(told+c2));
f=(1/p)-(yl/plsat)-(y2/p2sat);
fl=(yl*bl/((told+cl)*(told+cl)))/(plsat)+(y2*b2/
((told+c2)*(told+c2)))/ (p2sat);
tnew=told-f/f1l;
}while (fabs (tnew-told)>1e-6);
cout<<™\nThe dew point temperature 1is “<<tnew;
getch ()
}

PROGRAM 3.3

//PROGRAM 3.3

//program to calculate the compositions of the vapour and liquid phases
//at the given

//temperature and pressure under flash conditions, assuming Raoult’s law
//to be true

#include<iostream.h>

#include<conio.h>

#include<math.h>

void main()

{

clrscr();

int i;

float psat([4],k[4],z[4],x[4],y[4],dpp,bpp,V,p,Vo,£f,£f1;

// dpp 1s the dew point pressure, bpp 1s bubble point pressure and
// V is the number of moles in the wvapour phase.
psat[1]=195.75,psat[2]=97.84,psat[3]=50.32;
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cout<<“Enter the composition of acetone (1), acetonitrile (2),
nitromethane (3)”;
cin>>z[1]1>>z[2]>>z[3];
bpp=z[l]*psat[l]+z[2]*psat[2]+z[3]*psat[3];
dpp=1/(z[1]/psat[1]1+z[2]/psat[2]+z[3]/psat[3]);
cout<<“Bubble point pressure of the mixture is “<<bpp<<“ kPa”<<endl;
cout<<“Dew point pressure of the mixture is "“<<dpp<<“ kPa”<<endl;
cout<<“\nEnter the pressure in kPa in between DPP and BPP \n”;
cin>>p;
for(i=1;i<4;1i++)

{

k[i]=psat[i]/p;

}
cout<<™\n Enter an assumed value for the vapour fraction V”;
cin>>V;
f =1f1 = 0.0;

for (i=1;1i<4;1i++)

{

f=f+z[1]*(k[1]-1)/(1-Vo+Vo*k[i]);

fl1=f1-z[i]*(k[1]-1)*(k[i]-1)/pow((1-Vo+Vo*k[i]),h2);

}

V=Vo-£f/f1l;

}
while (fabs (V-Vo)>1le-6);
for(i=1;1i<4;1i++)

{

x[1]=z[1]/(1-V+V*k([i]);

ylil=x[i]*k[i];

}
cout<<“Mole fraction of acetone in the liquid phase 1is "“<<x[1l]<<endl;
cout<<“Mole fraction of acetone in the vapour phase 1is "“<<y[l]<<endl;
cout<<“Mole fraction of acetonitrile in the liquid phase is “<<x[2]<<endl;
cout<<“Mole fraction of acetonitrile in the vapour phase is “<<y[2]<<endl;
cout<<“Mole fraction of nitromethane in ligquid phase is "“<<x[3]<<endl;
cout<<“Mole fraction of nitromethane in vapour phase is "“<<y[3]<<endl;
cout<<“Number of moles in vapour phase is "“<<V<<endl;
cout<<W“x[1]+x[2]+x[3]="<<x[1]+x[2]+x[3]<<endl;
cout<<“y[1]+y[2]+y[3]="<<y[ll+y[2]+y[3]<<endl;
getch();
}
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PROGRAM 3.4

//PROGRAM 3.4

//program to calculate the bubble point pressure, bubble point temperature,
//dew point pressure and dew point temperature, assuming the modified
//Raoult’s law to be true

#include<iostream.h>

#include<conio.h>

#include<math.h>

void main()

{

clrscr();
floatp,t,al,bl,cl,a2,b2,c2,plsat,p2sat,r=8.314,pold,pnew,gll,g22,tlsat, t2sat;
float tnew, told, x1,x2,vy1l,y2,h12,h21,9l,92,m,al2=437.98*4.186,a21=1238*4.186;
float V1=76.92,V2=18.07;

al=16.678;

bl1=3640.2;

cl=219.61;

a2=16.2887;

b2=3816.44;

c2=227.02;

//the component 1 is acetone and 2 is water. The pressure in Antoine equation
//is in kPa and temperature in deg C. al2 and a2l are in cal/mol.
//

//CALCULATION OF BPP (temperature and liquid phase composition are given)
cout<<“Calculation of BPP”<<endl;

cout<<“Enter the value of temperature in deg C and mole fraction x1”;
cin>>t>>x1;

x2=1-x1;

plsat=exp(al-bl/ (cl+t));

p2sat=exp (a2-b2/ (c2+t));

hl12=V2*exp(-al2/(r* (t+273.15)))/V1;

h21=Vl*exp(-a2l/(r* (t+273.15)))/V2;

m=hl2/(x1+x2*h12)-h21/ (x2+x1*h21);

gl=exp(-log (x1+x2*hl2)+x2*m) ;

g2=exp(-log (x2+x1*h21)-x1*m) ;

p=xl*gl*plsat+x2*g2*p2sat;

COUt<<“BPP="<<p<<“kPa\n”;

//

//CALCULATION OF BPT (pressure and liquid phase composition are given)
cout<<“Calculation of BPT”<<endl;

cout<<“Enter the value of pressure in kPa and x1\n”;

cin>>p>>x1;

x2=1-x1;

tlsat=bl/(al-log(p))-cl;

t2sat=b2/(a2-log(p))-c2;

r
r
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tnew=xl*tlsat+x2*t2sat;

do
{
told=tnew;
plsat=exp(al-bl/(cl+told));
p2sat=exp(a2-b2/ (c2+told));
hl12=V2*exp(-al2/(r* (told+273.15)))/V1;
h21=Vl*exp(-a2l/(r* (told+273.15)))/V2;

m=hl2/(x1+x2*h12)-h21/ (x2+x1*h21);
gl=exp(-log(x1+x2*hl2)+x2*m) ;
g2=exp (-log(x2+x1*h21)-x1*m);
plsat=p/(gl*x1+g2*x2* (p2sat/plsat));
tnew=bl/ (al-log(plsat))-cl;
}
while (fabs (tnew-told)>.0001);
COUt<<“BPT="<<tnew<<“deg C\n”;
//
//CRLCULATION OF DPP (temperature and vapour phase composition are given)
cout<<“Calculation of DPP”<<endl;
cout<<“Enter the temperature in deg C and yl\n”;
cin>>t>>yl;
y2=1-y1l;
plsat=exp(al-bl/ (cl+t));
p2sat=exp (a2-b2/ (c2+t));
gl=g2=1;
gll=g22=1;
pnew=1/(yl/ (gl*plsat)+y2/(g2*p2sat));
do
{
pold=pnew;
do
{
gl=gll;
g2=q922;
x1=yl*pold/ (gl*plsat);
x2=y2*pold/ (g2*p2sat) ;
x1l=x1/(x1+x2);
x2=1-x1;
hl2=V2*exp(-al2/(r* (t+273.15)))/V1;
h21=Vl*exp(-a2l/(r* (t+273.15)))/V2;
m=hl2/(x1+x2*h12)-h21/ (x2+x1*h21);
gll=exp(-log(x1+x2*hl2)+x2*m) ;
gz22=exp(-log(x2+x1*h21)-x1*m);
}
while ((fabs(gll-gl)>.001)&& (fabs(g22-g2)>.001));
pnew=1/(yl/ (gl*plsat)+y2/(g2*p2sat));
}
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while (fabs (pnew-pold)>.0001);
cout<<“DPP="<<pnew<<“kPa\n”;
//
//CALCULATION OF DPT (pressure and vapour phase composition are given)
cout<<“Calculation of DPT”<<endl;
cout<<“Enter the pressure in kPa and yl\n”;
cin>>p>>yl;
y2=1-y1l;
tlsat=bl/(al-log(p))-cl;
t2sat=b2/(a2-log(p))-c2;
tnew=yl*tlsat+y2*tZl2sat;
gll=g22=1;
do
{
told=tnew;
plsat=exp(al-bl/(cl+told));
p2sat=exp(a2-b2/ (c2+told));
do
{
gl=gll;
g2=q922;
x1=yl*p/(gl*plsat);
x2=y2*p/ (g2*p2sat) ;
x1=x1/(x1+x2);
x2=1-x1;
hl2=V2+*exp(-al2/(r* (told+273.15)))/V1;
h21=Vl*exp(-a2l/(r* (told+273.15)))/V2;
m=hl12/(x1+x2*h12)-h21/(x2+x1*h21);
gll=exp(-log(x1+x2*hl2)+x2*m) ;
gz22=exp(-log(x2+x1*h21)-x1*m);
}
while ((fabs(gll-gl)>.0001)&& (fabs(g22-g2)>.0001));
plsat=p* (yl/gl+y2*plsat/ (g2*p2sat));
tnew=bl/ (al-log(plsat))-cl;
}
while (fabs (tnew-told)>.0001);
cout<<“DPT="<<tnew<<“deg C\n”;
getch();
}

PROGRAM 3.5

//PROGRAM 3.5

//program to calculate the compositions of the liquid and vapour phases under
//flash conditions, assuming the modified Raoult’s law to be true
#include<iostream.h>
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#include<conio.h>

#include<math.h>

void main()

{

clrscr();

// the component 1 is acetone and 2 is water. The pressure in Antoine equation
// is in kPa and temperature in deg C. al2 and a2l are in cal/mol.
float t,p,zl,22,al2=292.66,a21=1445.26,V1=74.05,Vv2=18.07,h12,h21;
float r=1.987,m,91,92,g9ln,g2n,gbl,gb2,qgdl,gd2;
float plsat,p2sat,kl,k2,V,Vnew,bpp,dpp,pnew,pold;
float Al,A2,B1,B2,C1,C2;

float x1,x2,vyl,vy2,£f,£f1;

cout<<“Enter the temperature in deg C”;

cin>>t;

cout<<“Enter the overall composition of species 1”;
cin>>z1;

z2=1-z1;

//Listing the values of the Antoine parameters
Al=14.39155;

A2=16.26205;

B1=2795.817;

B2=3799.887;

C1=230.002;

C2=226.346;

//Calculation of BPP

xl=z1;

X2=22;

plsat=exp (Al-(B1/(t+C1)));
p2sat=exp (A2- (B2/(t+C2)));

hl12=V2*exp(-al2/(r* (t+273.15)))/V1;
h21=Vl*exp (-a2l/(r* (t+273.15)))/V2;
m=(hl2/(x1+x2*h12))-(h21/ (x2+x1*h21));
gl=exp(-log (x1+x2*hl2)+x2*m) ;

g2=exp(-log (x2+x1*h21)-x1*m) ;
p=xl*gl*plsat+x2*g2*p2sat;
COUt<<“BPP="<<p<<“kPa\n”;

bpp=p;

gbl=gl;

gb2=g2;

//Calculation of DPP

yl=z1;

y2=z2;

plsat=exp (Al-(B1/(t+Cl1)));
p2sat=exp (A2- (B2/(t+C2)));

gl=g2=1;

pnew=1/(yl/ (gl*plsat)+y2/(g2*p2sat));
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gln=gl;g2n=g2;
do
{
pold=pnew;
do
{
gl=gln;
g2=g2n;
x1=yl*pold/ (gl*plsat);
x2=y2*pold/ (g2*p2sat) ;
x1=x1/(x1+x2);
x2=1-x1;
hl2=V2*exp(-al2/(r* (t+273.15)))/V1;
h21=Vl*exp(-a2l/(r* (t+273.15)))/V2;
m=(hl2/(x1+x2*h12))-(h21/ (x2+x1*h21));
gln=exp(-log(x1+x2*hl2)+x2*m) ;
gz2n=exp (-log(x2+x1*h21)-x1*m);
}
while (fabs(gln-gl)>.0001&&fabs(g2n-g2)>.0001);
pnew=1/(yl/ (gln*plsat)+y2/(g2n*p2sat));
}
while (fabs (pnew-pold)>.0001);
cout<<“DPP="<<pnew<<“\n”;
dpp=pnew;
gdl=gln;
gd2=g2n;
cout<<“Enter a pressure between "“<<dpp<<“ and “<<bpp<<“\n”;
cin>>p;
V= (bpp-p) / (bpp-dpp) ;
gl=((p-dpp) * (gbl-gdl))/ (bpp-dpp) +gdl;
g2=((p-dpp) * (gb2-gd2)) / (bpp-dpp) +gd2;
//Calculation of distribution coefficients
do
{
gln=gl;
g2n=g2;
kl=gln*plsat/p;
k2=g2n*p2sat/p;
do
{
V=Vnew;
yl=(kl*z1l)/(1-V+V*kl);
y2=(k2*z2)/(1-V+V*k2);
x1=y1l/k1l;
x2=y2/k2;
f=yl-xl+y2-x2;
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fl==(z1* (kl-1)*(kl-1)/((1=-V+V*kl)* (1-V+V*kl))+
z2* (k2=-1)*(k2-1)/ ((1-V+V*k2)* (1-V+V*k2)));
Vnew=V-£f/f1l;
}
while (fabs (Vnew-V)>.00001) ;
h12=V2*exp (-al2/ (r* (t+273.15)))/V1;
h21=Vl*exp (-a2l/(r* (t+273.15)))/V2;
m=(hl2/(x1+x2*h12))-(h21/ (x2+x1*h21));
gl=exp(-log(x1+x2*hl2)+x2*m) ;
g2=exp (-log(x2+x1*h21)-x1*m);
}
while (fabs(gl-gln)>.0001l&&fabs(g2-g2n)>.0001);
cout<<“The number of moles 1in vapour phase 1s”<<Vnew<<“\n”;
cout<<W“xl+x2="<<(x1+x2)<<™\n";
cout<<“yl+y2="<<(yl+y2)<<™M\n”;
cout<<“x1l="<<x1<<™\n"”;
cout<<Myl="<<yl<<™\n”;
getch ()
}

PROGRAM 3.6

//PROGRAM 3.6

//program to calculate the vapour pressure at the given
//temperature using the Peng-Robinson eos by comparing the fugacities of the
//liquid and vapour phases

#include<iostream.h>

#include<conio.h>

#include<math.h>

void main()

{

clrscr();

float w,s,t,tc,%k,a,b,r=8.314,1lpha,vold, vnew;

float vliqg,vvap,zliq,zvap,c,d, fl, fv,pnew,p,pc,f,fl;

cout<<“Enter the temperature in deg K and assumed pressure in Pa”;
cin>>t>>pnew;

cout<<“Enter the value of the critical temperature in deg K and the
critical pressure in Pa”;

cin>>tc>>pc;

cout<<“Enter the value of the acentric factor”;

cin>>w;

k=.37464+1.54226*W-.26992*w*w;

s=1+k* (1-pow(t/tc,.5));

lpha=pow (s, 2);

a=.45724*r*r*tc*tc*1lpha/pc;

b=.07780*r*tc/pc;
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do
{
p=pnew;
vnew=b;
do
{
vold=vnew;
f=pow(vold, 3.0)*ptvold*vold* (p*b-r*t)-vold* (3.0*p*b*b+2.0*b*r*t-a);
f=f+ (p*b*b*b+b*b*r*t-a*b) ;
fl=pow(vold,2.0)*3.0*p+vold*2.0* (b*p-t*r)+(a-3.0*b*b*p-2.0*r*t*b);
vnew=vold-f/fl;
}
while (fabs (vnew-vold)>1le-6);
vlig=vnew;
zlig=p*vliq/ (r*t);
c=(a/(2.0*sgrt (2.0)*b*r*t))*(log((zlig+(1.0+sqgrt(2.0))*b*p/(r*t))/
(zlig+(1.0-sgrt(2.0))*b*p/ (r*t))));
fl=p*exp(zlig-1-log(zlig-p*b/(r*t))-c);
vnew=r*t/p;
do
{
vold=vnew;
f=pow(vold, 3.0)*ptvold*vold* (p*b-r*t)-vold* (3.0*p*b*b+2.0*b*r*t-a);
f=f+ (p*b*b*b+b*b*r*t-a*b) ;
fl=pow(vold,2.0)*3.0*p+vold*2.0* (b*p-t*r)+(a-3.0*b*b*p-2.0*r*t*b);
vnew=vold-f/fl;
}
while (fabs (vnew-vold)>1e-6);
vvap=vnew;
zvap=p*vvap/ (r*t);
d=(a/(2.0*sqrt (2.0)*b*r*t))* (log((zvap+ (1l.0+sqgrt(2.0))*b*p/ (r*t))/
(zvap+ (1.0-sqgrt (2.0))*b*p/ (r*t))));
fv=p*exp(zvap-1.0-log(zvap-b)-d);
pnew=p*fl/fv;
}
while (fabs (pnew-p)>1le-6);
cout<<“The saturated vapour pressure at “<<t<<“ deg K 1is “<<pnew<<"“
Pa”’<<endl;
getch();
}

PROGRAM 3.7

//PROGRAM 3.7

//program to calculate the bubble point pressure using the gamma-phi approach
#include<iostream.h>
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#include<conio.h>

#include<math.h>

void main ()

{

clrscr();

float p,t,plsat,p2sat,r=8.314,pnew,vcl,vc2,x1,x2,vy1l,y2,hl2,h21,bll;
float b22,bl2,vcl2,pcl,pc2,pcl2,wl,w2,wl2,tcl,tc2,tcl2,zcl,zc2,zcl2;
float fcl,fc2,snew=0.0,gl1,g92,£f1,£2,b0,bl,trl,tr2,trl2,%k1l,%k2,s0ld,vl;
float v2,al2,a2l,z,d12,A1,A2,B1,B2,C1,C2;

// read the values of tcl,tc2,pcl,pc2,wl,w2,zcl,zc?2

// the data given are for the methanol (1) - water (2) system

// Al, B1, Cl, A2, B2, C2 denote the Antoine constants in this program
al2=107.38%4.186;a21=469.55%4.186;
tcl=512.6;tc2=647.1;pcl=80.97*pow (10,5);pc2=220.55*pow (10,5);
wl=0.564;w2=0.345;2zcl=0.224;2c2=0.229;,v1=40.73*pow(10,-6);
v2=18.07*pow (10,-6) ;

//feed the temperature in degree C

t=100.0;x1=0.958;x2=1-x1;

Al1=16.5938;

A2=16.2620;

B1=3644.3;

B2=3799.89;

Cl1=239.76;

C2=226.35;

plsat=exp (A1-B1/(Cl+t));

p2sat=exp (A2-B2/ (C2+t) ) ;

plsat=plsat*1000; // converting kPa to Pa

p2sat=p2sat*1000;

t=t+273.15;

hl2=(v2/vl)*exp(-al2/(r*t));

h21=(v1l/v2)*exp(-a2l/(r*t));

z=hl12/(x1+x2*h12)-h21/ (x2+x1*h21);

gl=exp(-log (x1+x2*hl2)+x2*z);

g2=exp(-log (x2+x1*h21)-x1*z);

trl=t/tcl;

b0=.083-0.422*pow (trl,-1.6);

bl1=.139-0.172*pow (trl,-4.2);

bll=(r*tcl/pcl)* (b0+wl*bl);

tr2=t/tc2;

b0=.083-0.422*pow (tr2,-1.6);

bl=.139-0.172*pow (tr2,-4.2);

b22=(r*tc2/pc2)* (b0+w2*bl) ;

wl2=(wl+w2)*0.5;

tcl2=pow((tcl*tc2),0.5);

zcl2=(zcl+zc2)*0.5;

vcl=zcl*r*tcl/pcl;vec2=zc2*r*tc2/pc2;
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vcl2=pow ( (pow(vcl,0.333333)+pow(vc2,0.33333))*0.5,3);
pcl2=zcl2*r*tcl2/vcl2;
trlz=t/tcl2;
b0=.083-0.422*pow (trl2,-1.6);
bl=.139-0.172*pow (trl2,-4.2);
bl2=(r*tcl2/pcl2)* (b0+wl2*bl) ;
dl12=2*b12-bl11-b22;
p=xl*gl*plsat+x2*g2*p2sat;
yl=xl*gl*plsat/p;y2=x2*g2*p2sat/p;
pnew = p;
do
{
p=pnew;
fl=plsat* (exp(bll*plsat/(r*t)))*(exp((vl*(p-plsat)/(r*t))));
f2=p2sat* (exp (b22*p2sat/ (r*t))) * (exp((v2* (p-p2sat)/(r*t))));
do
{
sold=snew;
fecl=exp ((p/(r*t))* (bll+y2*xy2*dl2));
fec2=exp ((p/(r*t))* (b22+yl*xyl*dl2));
kl=gl*fl/ (fcl*p);
k2=g2*f2/ (fc2*p);
snew=x1*kl+x2*k2;
yl=x1*k1l/snew;
y2=x2*k2/snew;
}
while (fabs (snew-sold)>1e-6);
pnew=(x1*gl*fl/fcl)+ (x2*g2*£f2/fc2);
yl=x1*gl*fl/ (fcl*pnew) ;y2=x2*g2*f2/ (fc2*pnew) ;
}
while (fabs (pnew-p)>1le-6);
cout<<W“fcl="<<fcl<<endl<<“fc2="<<fc2<<endl;
cout<<%“gl="<<gl<<endl<<%“g2="<<gz2<<endl;
cout<<W“kl="<<kl<<endl<<“k2="<<k2<<endl;
cout<<“p="<<p<<Kendl<<Myl="<<yl<<endl;
getch ()
}

PROGRAM 3.8

//PROGRAM 3.8

//program to calculate the bubble point pressure using the Peng-Robinson eos

#include<iostream.h>
#include<conio.h>
#include<math.h>
void main()

{
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float t,x1,x2,vy1l,v2,tcl,tc2,v,vnew,pnew,p,zliq,zvap,avap,bvap;
float fcll,fc2l,fclv,fc2v,yln,y2n;
float k1,k2,wl,w2,£f,fl,1phal,lpha2,r,snew,sold,pcl,pc2;
float aliqg,bliqg,bl,b2,all,a22,al2,ml,m2;
clrscr();
//the data are for the CO2 (1) - n-pentane (2) system
t=377.65;x1=0.5;
cout<<“The wvalue of x1="<<xl<<endl;
cout<<“Enter an assumed value of yl greater than x1 \n”;
cin>>yl;
tcl=304.2;tc2=469.7;pcl=73.83e5;pc2=33.70e5;wl=0.224;w2=0.252;
r=8.314;x2=1-x1;y2=1-y1;
k1=0.37464+1.54226*w1-0.26992*wl*wl;
k2=0.37464+1.54226*w2-0.26992*w2*w2;
ml=1+k1*(l-pow(t/tcl,0.5));
m2=1+k2* (1-pow(t/tc2,0.5));
lphal=ml*ml;
lpha2=m2*m2;
all=0.455724*r*r*tcl*tcl*1lphal/pcl;
a22=0.455724*r*r*tc2*tc2*1pha2/pc2;
al2=(pow(all*a22,0.5));
bl1=0.07780*r*tcl/pcl;
b2=0.07780*r*tc2/pc2;
alig=(x1*x1*all+x2*x2*a22+2*x1*x2%*al2);
blig=x1*bl+x2*b2;
pnew=50e5; // assumed value for pressure in Pa
snew=0.0;
do
{
p=pnew;
vnew=bliqg;
do
{
v=vnew;
f=pow (v, 3) *p+tv*v* (p*blig-r*t)-v* (3*p*blig*blig+2*blig*r*t-aliq);
f=f+(p*blig*blig*blig+blig*blig*r*t-alig*bliq);
fl=pow (v,2) *3*p+v*2* (blig*p-r*t)+(alig-3*blig*blig*p-2*r*t*bliq);
vnew=v- (£/f1);
}
while (fabs (vnew-v)>1e-6);
zlig=p*vnew/ (r*t);
fcll=exp ((bl/bliq)*(zlig-1)-log(zlig-blig*p/(r*t))-(aliq/
(2*sgrt (2)*r*t*bliq))*
((2*(x1*all+x2*al2)/aliq)-(bl/bliqg))*log((zlig+(2.414*blig*p/
(r*t)))/(zlig-
(.414*blig*p/(r*t)))));
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fc2l=exp ((b2/bliqg)*(zlig-1)-log(zlig-blig*p/(r*t))-(aliq/
(2*sgrt (2)*r*t*bliq))*

((2*(x1*al2+x2*a22)/aliq)-(b2/bliqg))*log((zlig+(2.414*blig*p/
(r*t)))/(zlig-

(.414*blig*p/(r*t)))));

do

{

sold=snew;

avap=(yl*yl*all+y2*y2*a22+2*yl*y2*al2);

bvap=yl*bl+y2*b2;

vnew=r*t/p;

do

{

v=vnew;

f=pow (v, 3) *p+v*v* (p*bvap-r*t)-v* (3*p*bvap*bvap+2*bvap*r*t-avap) ;

f=f+ (p*bvap*bvap*bvap+bvap*bvap*r*t-avap*bvap) ;

fl=pow (v, 2)*3*p+v*2* (bvap*p-r*t)+ (avap-3*bvap*bvap*p-2*r*t*bvap) ;

vnew=v- (£/f1);

}

while (fabs (vnew-v)>1le-6);

zvap=p*vnew/ (r*t);

fclv=exp ((bl/bvap)* (zvap-1)-log(zvap-bvap*p/(r*t))-(avap/
(2*sqrt (2) *r*t*bvap) ) *

((2*(yl*all+y2*al2)/avap)-(bl/bvap))*log((zvap+(2.414*bvap*p/
(r*t)))/(zvap-

(.414*bvap*p/ (r*t)))));

fc2v=exp ((b2/bvap) * (zvap-1)-log(zvap-bvap*p/ (r*t)) - (avap/
(2*sqrt (2) *r*t*bvap) ) *

((2*(yl*al2+y2*a22)/avap)-(b2/bvap)) *log((zvap+(2.414*bvap*p/
(r*t)))/(zvap-

(.414*bvap*p/(r*t)))));

kl=fcll/fclv;k2=fc2l/fc2v;cout<<“kl="<<kl<<endl<<“k2="<<k2<<endl;

snew=kl1*x1+k2*x2;

yl=kl*x1/snew;

y2=k2*x2/snew;

}

while (fabs (snew-sold)>1e-6);

pnew=p*snew;

}
while (fabs (pnew-p)>1le-6);
cout<<“kl="<<kl<<endl<<“k2="<<k2<<endl<<“bpp="<<pnew<<endl<<“yl="<<yl<<endl;
getch();
}
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PROGRAM 3.9

//PROGRAM 3.9
//program for the solution of two simultaneous chemical reactions
#include<iostream.h>
#include<conio.h>
#include<math.h>
void main()
{
clrscr();
float x1,x2,xlnew,x2new,fl,f2,dfldx]l,dfldx2,df2dx1,df2dx2;
float dl1,d2,d3,d4,d5,d6,d7,d8,d9,d10,d11,d,deltaxl,deltax2;
int n;
x1lnew=0.9;
x2new=0.5;
n=0;
do
{
x1l=xlnew;
X2=X2NEW;
dl=(x1-x2)*pow( (3*x1+x2),3);
d2=(1-x1)*(5-x1-x2)*pow((6+2*x1),2);
fl1=(d1/d2)-0.575;
f2=(x2* (3*x1+x2)/ ((x1-x2)* (5-x1-x2)))-2.21;
d3=pow ( (3*x1+x2),2)*(12.0*x1-8.0*x2)/((1-x1)* (5-x1 x2)
*(6+2*x1)* (6+2*x1));
dd=pow ( (3*x1+x2),3)* (x1-x2)* (8*x1*x1+6*x1*x2-24*x1+2*x2-16) ;
db=pow ((1-x1),2)*pow((5-x1-x2),2)*pow((6+2*x1),3);
dfldx1=d3-(d4/d5);
d6=3*(x1-x2)* (3*x1+x2)* (3*x1+x2)-pow ((3*x1+x2),3);
d7=(1-x1)*(5-x1-x2)* (6+2*x1)* (6+2*x1);
d8=((x1-x2)* (pow( (3*x1+x2),3)))/ ((1-x1)*(5-x1-%x2)* (5-x1-x2)
*(6+2*x1)* (6+2*x1));
dfldx2=(d6/d7)+d8;
d9=(x1-x2)* (x1-x2)* (5-x1-x2)* (5-x1-x2);
df2dx1=3*x2/((x1-x2)* (5-x1-x2)) - (x2* (3*x1+x2)* (5-2*x1))/d9;
dl10=(3*x1+2*x2)/ ((x1-x2)* (5-x1-x2));
dll=x2* (3*x1+x2)* (2*x2-5)/ ((pow ((x1-x2),2))*pow( (5-x1-x2),2));
df2dx2=d10-d11;
d=dfldx1*df2dx2-dfldx2*df2dx1;
deltaxl=(f2*dfldx2-f1*df2dx2)/d;
deltax2=(fl*df2dx1-f2*dfldx1l)/d;
xlnew=xl+deltaxl;
x2new=x2+deltax?2;
n=n+1;
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twhile (fabs (xlnew-x1)>le-6&&fabs (x2new-x2)>1e-06);
cout<<“The number of iterations performed is "“<<n<<endl;
cout<<xlnew<<“ “<<x2new<<endl;

getch ()

}

PROGRAM 3.10

//PROGRAM 3.10
//program to calculate the adiabatic flame temperature (AFT) for a fuel
//case of complete conversion
#include<iostream.h>
#include<conio.h>
#include<math.h>
void main ()
{
clrscr();
float sa, sb,sc,sd,da,db,dc,dd, t, tnew,t0=298.15,t1,nl,n2,n3,nd4, £, £f1l,h0;
float ul=1l,u2=3.5,u3=2,u4=3;
// nl, n2, n3, nd are the number of moles entering of species
// 1, 2, 3, 4 respectively and ul, u2, u3, and ud4 are their stoichiometric
// coefficients. The data 1is given for the reaction
// C2H6 + 3.502 = 2C02 + 3H20
// C2H6 is 1, 02 is 2, CO2 is 3 and H20 is 4
float al=1.648,a2=6.085,a3=5.316,a4=7.700;
float bl=4.124e-2,b2=.3631e-2,b3=1.4285e-2,b4=.04594e-2;
float c¢l=-1.530e-5,c2=-.1709e-5,c3=-.8362e-5,cd4=.2521e-5;
float dl1=1.740e-9,d2=.3133e-9,d3=1.784e-9,d4=-.8587e-9;
cout<<“Enter the wvalue of nl,n2,n3,n4\n”;
cin>>nl>>n2>>n3>>n4;
cout<<“\nEnter the inlet temperature in deg C”;
cin>>t1l;
tl=t1+273.15;
sa=nl*al+n2*az2+n3*a3+nd*ad;
sb=nl*bl+n2*b2+n3*b3+nd*bd;
sc=nl*cl+n2*c2+n3*c3+nd*c4d;
sd=nl*dl+n2*d2+n3*d3+nd*d4;
da=ud*ad+u3*a3-u2*az2-ul*al;
db=ud*bd+u3*b3-u2*b2-ul*bl;
dc=ud*cd+u3*c3-u2*cz2-ul*cl;
dd=ud4*d4+u3*d3-u2*d2-ul*dl;
hO=(ud* (-57.7979)+u3* (-94.052) -u2*0-ul* (-20.236))*1000;
tnew=1000;
//for various old values of tnew the final answer 1is the same
do
{
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t=tnew;
f=sa* (t-tl)+(sb/2)* (t*t-tl*tl)+ (sc/3)* (t*t*t-tl*tl*tl)+(sd/4)
FlorFoALFE-tlFtlrtlrtl)
f=f+h0+da* (t-t0)+ (db/2) * (£t*t-t0*t0)+ (dc/3) * (t*t*t-t0*t0*t0) + (dd/4)
FEFLFLFE-t0*t0*t0*t0);
fl=sa+sb*t+sc*t*t+sd*t*t*t+da+db*t+dc*t*t+dd*t*t*t;
tnew=t-f/f1;
}while (fabs((tnew-t)/tnew)>le-6);
COULKKM“AFT="<<tnew;
getch ()
}

PROGRAM 4.1

//PROGRAM 4.1

//program to solve an ordinary differential equation by the Runge-Kutta method
#include<iostream.h>
#include<conio.h>
#include<math.h>

void main ()

{

clrscr();

float h,x0,xf,y,kl,k2,%k3,k4;
int n;

x0=0.00000,y=2.00000;

float func(float, float);
cout<<“\t\t\t OUTPUT”<<endl;

cout<<“\nEnter the value of x at which y 1is required: “;
cin>>xf;

cout<<“\tEnter the value of step length (h): “;

cin>>h;

=(xf-x0) /h;

for(int 1i=0;i<=n-1;i++)

{

kl=h*func (x0,y)

k2=h*func (x0+0. 5*h y+0.5*%k1l);
k3=h*func (x0+0.5*h, y+0.5%k2) ;
kd=h*func (x0+h, y+k3);

y=y+ ((k1+2.0*k2+2.0*k3+k4)/6.0)
x0=x0+h;

}

cout<<“\t Value found by Runge-Kutta method at given x: “<<y;
cout<<endl;

getch();

}

float func(float x, float vy)

{
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float f=-y/(1.0+x);
return(f);

}

PROGRAM 4.2

//PROGRAM 4.2

//program to determine the velocity of a particle in a pneumatic conveyor
#include<iostream.h>

#include<conio.h>

#include<math.h>

void main ()

{

clrscr();

float h,z0,z,z£f,vy0,vy,vp,kl,k2,k3,k4;

int n;

z0=0.00000,y0=0.00000;

float func(float,float);

cout<<™\t\t\t OUTPUT”<<endl;

cout<<“\nEnter the value of z in m at which vp is required: “;
cin>>zf;

cout<<“\tEnter the value of step length (h): “;
cin>>h;

n=(zf-z0) /h;

for(int 1=0;i<=n-1;1i++)

{

kl=h*func(z0,vy0);

k2=h*func (z0+0.5*h, y0+0.5*k1) ;

k3=h*func (z0+0.5*h, y0+0.5%k2) ;

kd=h*func (z0+h, yO0+k3);

y=y0+ ((k1+2.0*k2+2.0*k3+%k4)/6.0);

z0=z0+h;

y0=y;

vp=sqgrt (y);

cout<<™\t Value found at z = “<<z0<< “ = “<<yp<<endl;
}

cout<<™\t Value found by Runge-Kutta method at given z: “<<vp;
cout<<endl;

getch();

}

float func(float a, float Db)

{

float rep=19.648*(12.0-sqgrt (b))

float ¢d=24.0*(1.0+0.15*pow(rep,0.687)) /rep;

float f=6.55*cd*(12.0-sqgrt(b))*(12.0-sqgrt(b))-19.594;
return(f);

}
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PROGRAM 4.3

//PROGRAM 4.3
//program to solve two simultaneous ordinary differential equations
//by Runge-Kutta method
#include<iostream.h>
#include<conio.h>
#include<math.h>
void main ()
{
clrscr();
float h,x0,xf,vy,z,k1,k2,%k3,k4,11,12,13,14;
int n;
x0=0.00000,y=2.00000,2z=1.00000;
float funcl(float, float, float);
float func2(float, float, float);
cout<<™\t\t\t OUTPUT”<<endl;
cout<<“\nEnter the value of x at which y and z are required: “;
cin>>xf;
cout<<“\tEnter the value of step length (h): “;
cin>>h;
n=(xf-x0)/h;
for(int 1=0;i<=n-1;i++)
{
kl=h*funcl (x0,vy,z);
11=h*func2 (x0,vy,z);
k2=h*funcl (x0+0.5*h, y+0.5*k1l,z+0.5*11)
12=h*func2 (x0+0.5*h, y+0.5*k1,z+0.5*11) ;
k3=h*funcl (x0+0.5*h, y+0.5*k2,2z+0.5*%12)
13=h*func2 (x0+0.5*h,y+0.5*k2,z+0.5*12)
(
(

kd=h*funcl (x0+h, y+k3, z+13) ;
l4=h*func2 (x0+h, y+k3,z+13);

y=y+ ((k1+2.0*k2+2.0*k3+k4)/6.0);
z=z+ ((11+42.0*12+42.0*13+14)/6.0)
x0=x0+h;

}

cout<<™\t Value at given =x: "“<<y<<“ “<z;
cout<<endl;

getch();

}

float funcl(float x, float vy, float z)

{

float f=z;

return(f);

}

float func2(float x, float vy, float z)

{
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float f=-y;
return(f);

}
PROGRAM 4.4

//PROGRAM 4.4

//program to solve three simultaneous ordinary differential equations
//by the Runge-Kutta method

#include<iostream.h>

#include<conio.h>

#include<math.h>

void main ()

{

clrscr();

double h,t0,tf,templ, temp2, temp3, k1,k2,k3,k4;

double 11,12,13,14,ml1,m2,m3,m4;

long n;

£0=0.00000, templ=20.00000, temp2=20.00000, temp3=20.00000;

double funcl (double,double,double, double);

double func?2 (double,double,double, double);

double func3(double,double,double, double);

cout<<™\t\t\t OUTPUT”<<endl;

cout<<“\nEnter the value of t in sec at which temperatures are required: “;
cin>>tf;

cout<<“\tEnter the value of the step length (h): “;
cin>>h;

n=(tf-t0)/h;

cout<<“The number n is = "“<<n<<endl;

for(long 1i=0;i<=n-1;i++)

{

kl=h*funcl (t0, templ, temp2, temp3) ;
11=h*func2 (t0, templ, temp2, temp3) ;
ml=h*func3(t0, templ, temp2, temp3);

k2=h*funcl (t0+0.5*h, templ+0.5*k1l, temp2+0.5*11, temp3+0.5*ml)
12=h*func2 (t0+0.5*h, templ+0.5*kl, temp2+0.5*11, temp3+0.5*m1)
m2=h*func3 (t0+0.5*h, templ+0.5*k1l, temp2+0.5*11, temp3+0.5*ml) ;
k3=h*funcl (t0+0.5*h, templ+0.5*k2, temp2+0.5*12, temp3+0.5*m2)
13=h*func2 (t0+0.5*h, templ+0.5*k2, temp2+0.5*12, temp3+0.5*m2)
m3=h*func3 (t0+0.5*h, templ+0.5*k2, temp2+0.5*12, temp3+0.5*m2)
kd=h*funcl (t0+h, templ+k3, temp2+13, temp3+m3) ;

l4=h*func2 (t0+h, templ+k3, temp2+13, temp3+m3) ;

md=h*func3 (t0+h, templ+k3, temp2+13, temp3+m3) ;

templ=templ+ ((k1+2.0*k2+2.0*k3+k4)/6.0);

temp2=temp2+ ((11+2.0*12+2.0%13+14)/6.0);

temp3=temp3+ ((ml+2.0*m2+2.0*m3+md) /6.0) ;
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t0=t0+h;

}

cout<<™\t Value at given t: “<templ<<“ "“<<temp2<<“ “<<temp3;
cout<<endl;

getch ()

}

double funcl (double t, double templ, double temp2, double temp3)
{

double £=0.065-0.0021*templ;

return(f);

}

double func2(double t, double templ, double temp2, double temp3)
{

double £f=0.002*templ-0.0021*temp2+0.025;

return(f);

}

double func3(double t, double templ, double temp2, double temp3)
{

double £f=0.002*temp2-0.0021*temp3+0.025;

return(f);

}
PROGRAM 4.5

//PROGRAM 4.5

//program to solve three simultaneous ordinary differential equations
//for the reaction a -> b -> c¢ by the Runge-Kutta fourth order method
#include<iostream.h>

#include<conio.h>

#include<math.h>

void main ()

{

clrscr();

float h,t0,tf,a,b,c,kl,k2,k3,k4;

float 11,12,13,14,m1,m2,m3,m4;

int n;

£0=0.00000,2=1.00000,b=0.00000,c=0.00000;

float funcl (float,float,float,float);

float func2(float,float,float,float);

float func3(float,float,float,float);

cout<<™\t\t\t OUTPUT”<<endl;

cout<<™\nkEnter the value of t in sec at which concentrations are required: “;
cin>>tf;

cout<<“\tEnter the value of step length (h): “;

cin>>h;

n=(tf-t0) /h;
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cout<<“The number n is “<<n<<endl;
for(int 1=0;i<=n-1;1i++)

{
kl=h*funcl
11=h*func?
ml=h*func3
k2=h*funcl

(t0,a,b,c);
(t0,a,b,c);
(t0,a,b,c);
(t0+0.5*h,a+0.5*k1,b+0.5*11,c+0.5*m1l)
12=h*func2 (t0+0.5*h,a+0.5*k1,b+0.5*11,c+0.5*ml)
m2=h*func3 (t0+0.5%*h,a+0.5*k1,b+0.5*11,c+0.5*ml)
k3=h*funcl (t0+0.5*h,a+0.5*k2,b+0.5*12,c+0.5*m2) ;
13=h*func2 (t0+0.5*%h,a+0.5*k2,b+0.5*12,c+0.5*m2)
m3=h*func3(t0+0.5%*h,a+0.5*k2,b+0.5*12,c+0.5*m2)
kd=h*funcl (t0+h,a+k3,b+13,c+m3) ;
l4=h*func?2 (

(

t0+h,a+k3,b+13, c+m3

’

)

m4d=h*func3 (t0+h,a+k3,b+13,c+m3)

a=a+ ((kl+2.0*k2+2.0*k3+k4)/6.0);
b=b+ ((114+2.0*12+2.0*13+14)/6.0)

c=c+ ((ml+2.0*m2+2.0*m3+m4)/6.0)

t0=t0+h;

}

cout<<™\t Value at given t: "“<<a<<V “<<pb<<“ “<<ce<<endl;
getch ()

}

float funcl(float t, float a, float b, float c)

{

float f=-a;

return(f);

}

float func2(float t, float a, float b, float c)

{

float f
return (
}

float func3(float t, float a, float b, float c)
{

float f=b;

return(f);

}

’

’

’

a-b;
);

f

PROGRAM 4.6

//PROGRAM 4.6

//program to solve four simultaneous ordinary differential equations
//for the reactions a + b -> ¢ and b + ¢ -> d by the Runge-Kutta method
#include<iostream.h>

#include<conio.h>
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#include<math.h>

void main()

{

clrscr();

double h,t0,tf,a,b,c,d,kl,k2,k3,k4;

double 11,12,13,14,ml1,m2,m3,m4,nl,n2,n3,n4;

long n;
£0=0.00000,2=1.00000,b=1.00000,c=0.00000,d=0.00000;
double funcl (double,double,double, double,double);
double func2 (double,double,double, double,double);
double func3(double,double,double, double,double);
double funcd (double,double,double,double,double)
cout<<™\t\t\t OUTPUT”<<endl;

cout<<™\nkEnter the value of t in sec at which concentrations are required: “;
cin>>tf;

cout<<“\tEnter the value of step length (h): “;

’

(
(
(
(

cin>>h;
n=(tf-t0) /h;
cout<<“The number n 1is = "“<<n<<endl;

for(long 1=0;i<=n-1;i++)
{

kl=h*funcl
11=h*func?2
ml=h*func3
nl=h*funci
k2=h*funcl
12=h*func2
m2=h*func3
n2=h*funcd
k3=h*funcl
13=h*func2
m3=h*func3
n3=h*funcd
kd=h*funcl
l4=h*func?2

) ;
)
).

’

0,a,b,c,d
0,a,b,c,d
0,a,b,c,d
t0,a,b,c,d);

£t0+0.5*h,a+0.5*%k1,b+0.5*%11,c+0.5*m1,d+0.5*n1
£t0+0.5*h,a+0.5*%k1,b+0.5*%11,c+0.5*m1,d+0.5*n1
£t0+0.5*h,a+0.5*%k1,b+0.5*%11,c+0.5*m1,d+0.5*n1

)
)
)
t0+0.5*h,a+0.5*k1l,b+0.5*11,c+0.5*ml,d+0.5*nl) ;
)
)
)
)

t
t
t

£t0+0.5*h,a+0.5*k2,b+0.5*%12,c+0.5*m2,d+0.5*n2
£t0+0.5*h,a+0.5*k2,b+0.5*%12,c+0.5*m2,d+0.5*n2
£t0+0.5*h,a+0.5*k2,b+0.5*%12,c+0.5*m2,d+0.5*n2
£t0+0.5*h,a+0.5*k2,b+0.5*%12,c+0.5*m2,d+0.5*n2
t0+h, a+k3,b+13, c+m3,d+n3) ;

t0+h, a+k3,b+13, c+m3,d+n3) ;

m4d=h*func3 (t0+h, a+k3,b+13, c+m3,d+n3) ;

n4d=h*func4 (t0+h,a+k3,b+13, c+m3,d+n3)
a=a+ ((k1+2.0*k2+2.0*k3+k4)/6.0);

b=b+ ((114+2.0*12+2.0*13414) /6.0
c=c+((ml+2.0*m2+2.0*m3+m4) /6.
d=d+ ((nl+2.0*n2+2.0*n3+n4) /6.
t0=t0+h;

}

cout<<™\t Value at given t: “<<a<<W “<<b<<M Mo« “W<<d<<endl;
getch();

}

’

(
(
(
(



Appendix:  Programs in C++ 259
double funcl (double t, double a, double b, double c, double d)
{
double f=-a*b;
return(f);
}
double func?2(double t, double a, double b, double c, double d)
{
double f=-a*b-b*c;
return(f);
}
double func3(double t, double a, double b, double c, double d)
{
double f=a*b-b*c;
return(f);
}
double funcd (double t, double a, double b, double c, double d)

{
double f=b*c;
return(f);

}

//PROGRAM 4.7

PROGRAM 4.7

//program to solve ordinary differential equations in a non-isothermal

//tubular reactor by the Runge-Kutta method

#include<iostream.h>
#include<conio.h>
#include<math.h>
void main()

{

clrscr();

float h,z0,zf,x,t,kl,%k2,%k3,%k4,11,12,13,14;

int n;

z0=0.00000,x=0.00000,t=294.15;

float funcl(float,float,float);
float func2(float,float, float);
cout<<™\t\t\t OUTPUT”<<endl;

cout<<“\nEnter the value of z in m at which x and t are required:

cin>>zf;

cout<<“\tEnter the value of step length

cin>>h;
n=(zf-z0) /h;
for(int 1=0;i<=n-1;1i++)

{

(h):

W,
4

W,
4
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kl=h*funcl (z0,x,t);
ll=h*func2(z0,x,t);
k2=h*funcl (z0+0.5*h,x+0.5*k1,t+0.5*11)
12=h*func2(z0+0.5*h,x+0.5*k1,t+0.5*11);
k3=h*funcl (z0+0.5*h,x+0.5%k2,t+0.5*12)
13=h*func2 (z0+0.5*h,x+0.5*k2,t+0.5%12)
kd=h*funcl (zO0+h, x+k3,t+13
l4d=h*func2 (z0+h, x+k3, t+13
x=x+((k1+2.0*k2+2.0*k3+k4
t=t+((11+2.0%12+2.0*13+14
z0=z0+h;

}

cout<<™\t Value at given z: "“<<x<<“ “<t<<endl;

cout<<endl;

getch ()

}

float funcl(float =z, float x, float t)

{

float £=0.0527*(1-x)*exp(33.68*(1-388.71/t));

return(f);

}

float func2(float z, float x, float t)

{

float f=7.665*(388.71-t)-29554.1*0.0527* (1-x)*exp(33.68* (1-388.71/t));
return (f);

}

) ;
)

)/6.0);
)/6.0);

PROGRAM 7.1

//PROGRAM 7.1

//program to calculate the concentration profile in a

//tubular reactor with axial dispersion (second order reaction)
#include<iostream.h>

#include<conio.h>

#include<math.h>

void main ()

{

clrscr();

int i,3j,n,1il,nl,k,iter;

float a[101],b[101],c[101],d[101],x[101],x1[101],betal[101],gammal[l101];
for (1=2;1<=20;++1)

{ali]=2.0004;

}

al21]1=2.0008;
c[11=2.0008;
for (i=2;1<=20;++1)
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{c[1]=0.0004;

}

d[1]=-20004.0;
for(i=2;i<=21;++1)
{d[1]=0.0;

}

for(i=1;i<=21;++1)

{x[1]1=0.0;
}

iter=0;

do

{

iter=iter+l;
for(i=1;i<=21;++1)
{x1[i]=x[1i];}
b[1]=-20005.9992-x1[1];
for(i=2;i<=21;++1)
{b[1]=-2.0008-x1[1i];

}

i=1;
n=21;
beta[1i]
gamma [ i
il=1+1;
for(j=1il;j<=n;++3j)

{

betaljl=b[jl-aljl*c[]j-1]/betalj-1];
gamma [j]=(d[j]-al[j]l*gamma[]j-1]) /betalj];
}

x[n]=gamma[n];

nl=n-1i;

for (k=1;k<=nl;++k)

{

j=n-k;
x[jl=gammal[j]-c[]jl*x[J+1]/betal]];

}

=b[1i
]=dl

17
i]/betali];

twhile(fabs (x[12]-x1[12])>le-6&&fabs (x[18]-x1[18])>1e-06);

cout<<“\t\t\t THE SOLUTION BY TDMA”<<endl;
for(i=1;i<=21;++1)

{

cout<<W“x [“"<<i<<M] = “<x[1]<<endl;

}

cout<<“Number of iterations 1s "“<<iter;
getch();

}
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PROGRAM 7.2

//PROGRAM 7.2

//program to calculate the concentration profile in a tubular reactor
//with axial dispersion in which two parallel reactions take place
#include<iostream.h>

#include<conio.h>

#include<math.h>

void main()

{

clrscr();

int n,m,1,i,3,k,33,kpl,nn,ipl;

float a[90][91],x[90],x1[90],sum,big,ab,quot,t;

n=84;

cout<<n<<endl;

m=n+1;

l=n-1;

for(i=1;i<=n;i++)

{

for(j=1;j<=m;j++)

for(i=1;i<=84;1i++)
{x[1]=0.01;}

do
{
for(i=1;i<=84;1i++)
{x1[i]=x[1i];}
all][1]1=-20005.9992-x1[2];
al[l]l[5]1=2.0008;
al2][2]1=-20005.9992-x1[1]-x11[3];
al2][6]1=2.0008;
al[3][31=-20005.9992-x1[2];
al[3]1[71=2.0008;
al4]1[4]1=-20005.9992;
al4]1[81=2.0008;
al[5][11=2.0004;
al[5][5]=-2.0008-x1[6];
al[5]1[91=0.0004;
al6][2]1=2.0004;
al6][6]=-2.0008-x1[5]-x1[7];
al[6][10]=0.0004;
al[7]1[31=2.0004;
al7][7]1=-2.0008-x1[6];
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for (k=1;k<=1;k++)

{

fabs(alk] [k]);

k;

big

33

kpl=k+1;

=kpl;i<=n;i++)

for (i

fabs (ali] [k]);
if((big-ab)<0

ab=
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big=ab;
ji=i;

}

}
1£((33-k)>0)
{

for (j=k;j<=m; j++)

J1031:
[(§]=alk][]];
jl=t

for(i=kpl;i<=n;i++)

{

quot=a[i] [k]/al[k][k];

for (j=kpl;j<=m;j++)

{
alil[jl=alil[j]l-quot*alk][]j];
}

}

for(i=kpl;i<=n;i++)

{

ali][k]=0.0;

}

}

x[n]=a[n][m]/a[n] [n];

for (nn=1;nn<=1;nn++)

{

sum=0.0;

i=n-nn;

ipl=i+1;

for (j=ipl;j<=n;j++)

{

sum=sum+al[i] [J]*x[]];

}

x[i]=(ali]l [m]-sum)/a[i] [1];
}

twhile(fabs (x[21]-x1[21])>1le-6&&fabs (x[84]-x1[84])>1e-06);
for (i=1;1i<=n;i++)
{cout<<x[i]<<endl;}
getch();

}
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//PROGRAM 8.1

PROGRAM 8.1

//program to calculate the concentration profile along the radius for

//reaction-diffusion in a
//1isothermal reaction)
#include<iostream.h>
#include<conio.h>
#include<math.h>

void main()

{

clrscr();

int 1i,3j,n,il,nl,k,iter;

float a[105],b[105],x1[105],

for (i=1;1i<=100;++1)
{x[1]1=0.0;

}

//loop starts from here
iter=0;

do

{

iter=iter+1;

for (i=1;1i<=100;++1)
{x1[i]=x[1];

}

for (i=2;1i<=100;++1)
{ali]=1.0-(1.0/(1i-1.0));
}

b[1]=-6.0-0.01*x1[1];
for (1i=2;1i<=100;++1)
{b[1]=-2.0-0.01*x1[1];
}

cl[1l]=6.0;
for(i=2;i<=99;++1i)
{c[1]1=1.0+(1.0/(1-1.0));;

}
for(i=1;1i<=99;++1)
{d[1]=0.0;

}
d[100]=-100.0/99.0;
i=1;
n=100;
betal[i]=b]
gamma [i]=d
il=1+1;
for(j=1il;j<=n;++3j)

{

il;
[i]/betali];

spherical catalyst pellet (second order

c[105],d[105],%x[105],beta[105],gamma[105];
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betal[jl=b[j]l-aljl*c[]j-1]/betalj-1];

gamma [j]=(d[j]-al[j]l*gamma[]j-1]) /betalj];

}

x[n]=gamma[n];

nl=n-1i;

for (k=1;k<=nl;++k)

{

j=n-k;

x[jl=gamma[j]l-c[Jj]l*x[j+1]/betal]j];

}

twhile(fabs(x[1]-x1[1])>le-6&&fabs (x[100]-x1[100])>1e-06);
cout<<“\t\t\t THE SOLUTION BY TDMA”<<endl;
for (i=1;1<=100;++1)

{

cout<<W“x [W<<i<<M] = “<x[1]<<endl;

}

cout<<“Number of iterations 1s "“<<iter;
getch ()

}

PROGRAM 8.2

//PROGRAM 8.2

//program to calculate the concentration profile along the radius for
//reaction-diffusion in a spherical catalyst pellet (non-isothermal, beta=1)
#include<iostream.h>

#include<conio.h>

#include<math.h>

void main ()

{

clrscr();

int i,3j,n,1il,nl,k,iter;

float a[105],b[105],%x1[105],c[105],d[105],%x[105],beta[105],gammal[l05];
for (i=1;1<=100;++1)

{x[1]=0.0;

}

iter=0;

//loop starts from here
do

{

iter=iter+1;

for (i=1;1<=100;++1)
{x1[i]=x[1];

}

for (i=2;1<=100;++1)
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{al[i]1=1.0-(1.0/(i-1.0));

}
b[1]=-6.0-0.01*exp((1.0-x1[1])/(2.0-x1[1]));
for (i=2;1i<=100; ++1)

{b[1]=-2.0-0.01*exp ((1.0-x1[1])/(2.0-x1[1]));
}

cl[l]= 6.0,
for(i=2;1i<=99;++1)
{c[1]1=1.0+(1.0/(i-1.0));;

}
for(i=1;1i<=99;++1)
{d[1]=0.0;

}
d[100]=-100.0/99.0;
i=1;
n=100;
beta[i]=b[1
gamma [i]=d][
il=1+1;
for(j=1il;j<=n;++3j)

{

betaljl=b[jl-aljl*c[]j-1]/betalj-11];

gamma [j]=(d[j]l-alj]l*gamma[]j-1]) /betal]];

}

x[n]=gamma[n];

nl=n-1i;

for (k=1;k<=nl;++k)

{

j=n-k;

x[jl=gamma[j]l-c[Jj]l*x[j+1]/betal]j];

}

twhile(fabs(x[1]-x1[1])>le-6&&fabs (x[100]-x1[100])>1e-06);
cout<<“\t\t\t THE SOLUTION BY TDMA”<<endl;
for(i=1;1<=100;++1)

{

cout<<Mx [W<<i<<V] = “<<x[i]<<endl;

}

cout<<“Number of iterations 1is “<<iter;

getch();

}

1;
i]/betali];

PROGRAM 9.1

//PROGRAM 9.1
//program to calculate the temperature profile in a rectangular
//slab during transient heat conduction
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#include<iostream.h>

#include<conio.h>

#include<math.h>

void main()

{

clrscr();

int i,j,n,1il,nl, k;

float a[21],b[21],c[21],d[21],x[21],betal21],gammal21];
float xlold,x20ld,x30ld,x40ld,time,timef;

x[1]1=20.0;
x[2]1=20.0;
x[3]1=20.0;
x[4]1=20.0;
time=0.0;

timef=3.0;

//a 1is subdiagonal, b is diagonal and c is superdiagonal

time=0.1;time<timef;time=time+0.1)

17

i]/betali];

1l=1i+1;

for (j=il;j<=n;++7j)

{

betal[jl=b[jl-aljl*c[j-1]/betalj-11;
gamma [j]=(d[j]l-al[j]l*gamma[]j-1]) /betalj];
}
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x[n]=gamma[n];

nl=n-1i;

for (k=1;k<=nl;++k)

{

j=n-k;
x[jl=gamma[j]l-c[Jj]l*x[j+1]/betal]j];
}

cout<<“™\t\t\t THE SOLUTION BY TDMA AT TIME = “<<time<<“ seconds”<<endl;
cout<<x[1]<<Y MW<<x[2]<<™ “<x[3]<<N “<<kx[4]<<endl;
}
getch ()
}
PROGRAM 9.2

//PROGRAM 9.2

//program to calculate the concentration profile in a sphere
//during transient diffusion of drug from spherical pellet
#include<iostream.h>

#include<conio.h>

#include<math.h>

void main ()

{

clrscr();

int i,j,n,il,nl,k;

float af21],b[21],c[21],d[21],x[2]1],betal[21l],gamma[21];
float xlold, x20l1d, x30l1d, x40l1d, x501d, x60ld, x70ld, x80l1d, x901d, x100ld, time, timef;
for (i=1;1<=10;++1)

{

x[1]=68.9;

}

time=0.0;

timef=10800.0;

//a 1s subdiagonal, b is diagonal and c¢ is superdiagonal
for (i=2;1<=10;++1)

{

ali]=-(1.0-1.0/(1i-1.0));

}

for (i=2;1<=10;++1)

{

b[i]1=3544.5;

}

b[1]=591.4;

for (i=2;i<=9;++1)

{
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c[i]=-(1.041.0/(i-1.0));

}

cl[1l]=-1.0;
for(time=0.0;time<timef;time=time+1.0)

x100l1ld=x[10];
d[1]=x101d*590.4;

d[2]=x201d*3542.5;
d[3]=x301d*3542.5;
d[4]=x401d*3542.5;
d[5]=x501d*3542.5;
d[6]=x601d*3542.5;
d[7]=x701d*3542.5;
d[8]=x801d*3542.5;
d[9]=x901d*3542.5;
d[10]=x1001d*3542.5;
i=1;

n=10;

betal[i]=b[i];

gamma [i]=d[i]/betali];
il=1i+1;

for (j=il;j<=n;++7j)

{
betal[jl=b[j]l-aljl*c[]j-1]/betalj-1];
gamma [j]=(d[j]-al[j]l*gamma[]j-1]) /betalj];
}

x[n]=gamma[n];

nl=n-1i;

for (k=1;k<=nl;++k)

{

j=n-k;
x[jl=gammal[j]-c[jl*x[J+1]/betal]];
}

}
cout<<™\t\t\t THE SOLUTION BY TDMA AT TIME = “<<time<<“ seconds”<<endl;
for(i=1;i<=10;++1)
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{
cout<<x[i]<<endl;
}

getch ()

}

PROGRAM 10.1

//PROGRAM 10.1

//program to calculate the temperature profile in a 2-D body
//during steady heat conduction using the Gauss-Seidel method
#include<iostream.h>

#include<conio.h>

#include<math.h>

void main ()

{

clrscr();

float tllold,tl20ld,tl30ld,tllnew,tl2new,tl3new;
float t2lold,t220ld,t230ld,t2lnew, t22new, t23new;
float t3lold,t320ld,t330ld,t31lnew, t32new, t33new;
tllnew=tl2new=t13new=101.0;
t2lnew=t22new=t23new=101.0;
t3lnew=t32new=t33new=101.0;

do

{

tllold=tllnew;

tl2o0ld=tl2new;

tl130ld=t13new;

t2lold=t21lnew;

t220ld=t22new;

t230ld=t23new;

t3lold=t31lnew;

t320ld=t32new;

t330ld=t33new;
tllnew=(t1201d+5040.5%t2101d+100.0/3.0)*3/7;
tl2new=(tllnew+t1301d+t2201d+100)/4.0;
tl3new=(tl2new+t2301d+600)/4;

(

(
t2lnew=(t2201d+0.5*t1lnew+0.5*t3101d+100/3)*3/7;
t22new=(tl2new+t320ld+t230ld+t21lnew) /4;
t23new=(tl3new+t22new+t3301d+500)/4;
t3lnew=(0.5*t21lnew+0.5*t3201d+100/3) *3/4;
t32new=(t22new+0.5*t31lnew+0.5*t3301d+100/3)*3/7;

(

t33new=(t23new+250+0.5*t32new+100/3)*3/7;

}while(fabs(tllnew-tllold)>le-6&&fabs(tl2new-tl201d)>1le-

6&&fabs (tl3new-tl30l1ld)>1e-6
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&&fabs (t2lnew-t2lold)>le-6&&fabs (t22new-t220l1d)>1le-6&&fabs (t23new-
t230l1d)>1e-6

&&fabs (t3lnew-t3lold)>le-6&&fabs (t32new-t320l1d)>1le-6&&fabs (t33new-
t330l1ld)>1e-6);

cout<<tllnew<<“ “<<tl2new<<“ "“<<tl3new<<endl;

cout<<t2lnew<<“ W“W<<t22new<<“ “<<t23new<<endl;

cout<<t3lnew<<“ “<<t32new<<“ "“<<t33new<<endl;

getch ()

}

PROGRAM 10.2

//PROGRAM 10.2

//program to calculate the temperature profile in a 2-D body
//during steady heat conduction using the ADI method
#include<iostream.h>

#include<conio.h>

#include<math.h>

void main ()

{

clrscr();

int i,3,1i,3jj,n,nn,nmax,il,nl, k;

float al21],b[21],c[21],d[21],x[21],beta[21],gamma[21], t[21][21];
float tstar[21]([21];

al2]=1.0;
al[3]1=1.0;
b[1]=-4.0;
b[2]=-4.0;
b[3]=-4.0;
c(1l]=1.0;
c(2]=1.0;

A\

cout<<“Enter the maximum number of iterations ;
cin>>nmax;

t[0][1]=tstar[0][1]=20.0;
t[0][2]=tstar[0][2]=20.0;
t[0][3]=tstar[0][3]=20.0;
t[1][0]=tstar[1][0]=20.0;
t[2][0]=tstar[2][0]=20.0;
t[3][0]=tstar[3]1[0]=20.0;
t[4][1]=tstar[4][1]=20.0;
tl4][2]=tstar[4][2]=20.0;
t[4][3]=tstar[4][3]1=20.0;
t[1][4]=tstar[1][4]=400.0;
t[2][4]=tstar[2][4]=400.0;
t[3][4]=tstar[3]1[4]=400.0;
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for (i=1;1i<=3;1i++)

{

for(j=1;3<=3;J++)

{

t[1][31=20.0;

}

}

for (nn=1;nn<=nmax;nn++)
{
for(33=1;33<=3;3j++)
{

dll]=-t[0][33]-t[1][Jj+1]-tstar[1][J]-1];
dl2]=-t[2][jj+1]-tstar[2][7]-11;
dl3]=-t[4][37]-t[3][Jj+1]l-tstar[3][J]-11;
i=1;

n=3;

betali]=b[i];

gamma [i]=d[i]/betali];

il=1i+1;

for (j=il;j<=n;++7j)
{
beta[j]=
gamma [ ]
}
x[n]=gamma[n];

nl=n-1i;

for (k=1;k<=nl;++k)

{

j=n-k;
x[j]l=gamma[j]l-c[]j]*x[j+1]/betal]];
}

tstar([1][jj]l=x[1];
tstar([2][jj]1=x[2];
tstar([3][jj]1=x[3];

}

for(ii=1;1i<=3;1ii++)

b[jl-aljl*c[j-1]/betal]j-11;
=(d[j]l-aljl*gamma[]j-1]) /betal[]];

d[1]=-t[11][0]-tstar[ii+1][1l]-tstar[i1-1][1];
d[2]=-tstar[ii+1][2]-tstar[1i-1]11[2];
d[3]=-t[1ii][4]-tstar[ii+1][3]-tstar[11-1]1[3];
i=1;

n=3;

betal[i]l=b[i];

gamma [i]=d[i]/betali];

il=1i+1;
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for (j=il;j<=n;++7j)

{
betal[jl=b[j]l-aljl*c[]j-1]/betalj-1];
gamma [j]=(d[j]-al[j]l*gamma[]j-1]) /betalj];
}

x[n]=gamma[n];

nl=n-1i;

for (k=1;k<=nl;++k)

{

j=n-k;
x[jl=gammal[j]-c[]jl*x[J+1]/betal]];

cout<<“\t\t\t THE SOLUTION BY ADI”<<endl;
cout<<t [1][1]<<™ W<<t[1][2]<<™ Mt [1][3]<<endl;
cout<<t [2] [1]<<N W<t [2] [2]<<N "<t [2] [3]<<endl;
cout<<t [3] [1]<<N W<t [3][2]<<N "<t [3][3]<<endl;
getch ()

}

PROGRAM 10.3

//PROGRAM 10.3

//program to calculate the temperature profile in a 2-D body
//during transient heat conduction using the ADI method
#include<iostream.h>

#include<conio.h>

#include<math.h>

void main()

{

clrscr();

int 1i,3,1ii,33,n,nn,nmax,1il,nl, k, kk, count;

float afl21],b[21],c[21],d[21],x[21],betal[21],gamma[21],t[21]([21];
float tstar[21][21],time,timef;

timef=0.5;

for (k=1;k<=10; k++)

{

alk]=-1.0;
blk]=2.4;
clk]=-1.0;

}
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cl[l]1=-2.0;

for (k=1;k<=11;k++)
{

t[11][k]=400.0;
tstar[11] [k]1=400.0;
t[k][11]=400.0;
tstar[k] [111=400.0;
}
for(i=1;i<=10;1++)
{

for (§=1;3<=10;j++)
{
tlil[] ;
tstar| =0.0;

}

}

for(time=0.0;time<=timef;time=time+0.05)

{

for(jj=1;33<=10;33++)

{

if(33==1)

{

for(ii=1;11i<=10;1ii++)

{

dlii]=2*t[d1i][2]-1.6*t[d1i][1];

}

d[10]=d[10]+400.0;

}

else

{

for(ii=1;11i<=10;1ii++)

{

dlii]=t[ii] [JJ+1]+t[ii])[JF-1]-1.6*tc[ii][3J1~
}

d[10]=d[10]+400.0;

}

i=1;

n=10;
betal[i]=b]
gamma [i]=d
1l=1i+1;
for(j=1il;j<=n;++7j)
{
beta[j]=
gamma [ ]

}

1=0.0;
i][3]

il;
[1]/betalil;

b[jl-aljl*c[j-1]/betal]j-11;
=(d[j]l-aljl*gamma[j-1]) /betal[]];
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x[n]=gamma[n];

nl=n-1i;

for (k=1;k<=nl;++k)

{

j=n-k;

x[jl=gammal[j]-c[]jl*x[J+1]/betal]];

}

for (count=1;count<=10;count=count+1)

{

tstar[count] [jj]=x[count];

}

}

for(ii=1;11i<=10;1ii++)

{

if(ii==1)

{

for(jj=1;33j<=10;33j++)

{

dljjl=2*tstar[ii+1][1]-1.6*tstar[ii][1];

}

d[10]=d[10]1+400.0;

}

else

{

for(jj=1;33j<=10;33j++)

{
d[jjl=tstar[ii-1][jj]l+tstar[ii+1l][jj]-1.6*tstar[ii]l[]]];
}

d[10]=d[10]1+400.0;

}

i=1;
n=10;
beta[i]=b[1
gamma [i]=d][
il=1+1;
for(j=1il;j<=n;++3j)

{
betaljl=b[jl-aljl*c[]j-1]/betalj-11];
gamma [j]=(d[j]l-al[j]l*gamma[]j-1]) /betalj];
}

x[n]=gamma[n];

nl=n-1i;

for (k=1;k<=nl;++k)

{

17
i]/betali];
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]=gamma[j]l-c[J]*x[j+1]/betaljl;
or (count=1; count<=10;count=count+1)

[1ii] [count]=x[count];

cout<<™\t\t\t THE SOLUTION BY ADI AT TIME = “<time<<“ s”<<endl;
for(i=1;i<=10;1i++)

{

for (§=1;3<=10;j++)

{

cout<<ME [W<<I<<M] [N ] = W< (i) [JI<<M\t;

}

}

getch ()

}
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Adiabatic flame temperature, 49-50
Alternating direction implicit (ADI) method,
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Axial dispersion, 119

Backward difference scheme, 86
Batch reactor, 69-74
Block tridiagonal matrix, 150
Boundary conditions, 87
Dirichlet, 87
mixed, 87
Neumann, 87
Boundary value problem (BVP), 85
Bubble point temperature, 33-34, 38
using modified Raoult’s law, 38
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Central difference scheme, 86, 113
Chemical reaction and diffusion
first order reaction, 155-158
non-isothermal conditions, 161-168
in a pore, 97
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Chemical reaction engineering, 68-79, 119-170
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Classification of partial differential equations,
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elliptic, 171
hyperbolic, 171
parabolic, 171
Colebrook equation, 20
Comparison of central and upwind difference
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Control volume, 193
Convection—diffusion problems, 105
Crank-Nicolson method, 173
Cubic equations of state, 31-33
Peng-Robinson, 33
Redlich-Kwong, 32
van der Waals, 31

Danckwert’s boundary conditions, 121
Dew point temperature, 34-35, 39-40

using modified Raoult’s law, 3940

using Raoult’s law, 34-35
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of drug from a spherical gel matrix, 186-188
Dirichlet boundary condition, 87
Discretization
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in two-dimensional space, 192-194

of differential equations, 86, 172, 192-194
Double pipe heat exchanger, 55-56
Drag coefficient, 23, 60

Effective diffusion coefficient, 114
Elliptic partial differential equation, 171
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Ergun equation for packed beds, 21
Explicit method, 172

Fin, 94
Finite difference schemes, 86, 105-107, 172-173
backward difference, 86
central difference, 86
forward difference, 86
FTCS Crank-Nicolson scheme, 173
FTCS explicit scheme, 172
FTCS implicit scheme, 173
upwind difference, 105-107
Flash calculations, 35-37, 4042
using modified Raoult’s law, 4042
using Raoult’s law, 35-37
Forward difference scheme, 86
Forward in time and central in space (FTCS)
difference scheme, 172-173
Fourier stability analysis, 174-176
Friction factor, 20-21

Gamma-phi approach, 43-44
Gauss-Seidel method, 10
Gaussian elimination method, 5

Heat conduction, 93, 176, 195, 208, 214
one-dimensional steady, 93
one-dimensional transient, 176
two-dimensional steady, 195, 208
two-dimensional transient, 214

Implicit method, 172

Initial value problems (IVP), 53-79
batch reactor, 69
in chemical reaction engineering, 68—79
nonisothermal plug flow reactor, 76
plug flow reactor, 74
stirred tank reactor, 69

L’ Hospitals rule, 182, 187
Line-by-line TDMA (see ADI method)
Linear algebraic equations, 1-12

Log mean temperature difference, 56

Minimum fluidization velocity, 21

Neumann boundary conditions, 87

Newton’s method, 17

Newton-Raphson method (see Newton’s method)
Nonlinear algebraic equations, 17-29
Numerical diffusion term, 114

One-dimensional
steady heat conduction, 93
transient diffusion in a sphere, 186188
transient heat conduction, 176-185
in a cylinder, 181-183
in a rectangular slab, 176-181
in a sphere, 183-185
Optimum step size, 53
Ordinary differential equation, 53, 87, 105, 155
Overall heat transfer coefficient, 56

P-x-y diagram, 43-47
using cubic equation of state, 44-47
using gamma-phi approach, 43-44
Partial differential equation (PDE), 171
parabolic, 176-185, 214-220
Particle Reynold’'s number, 24
Peclet number, 108-114
local, 109
effective, 114
Plug flow reactor, 74
Pneumatic conveying, 60
Pressure drop in a pipe under
conditions, 20

nonlaminar

Raoult’s law, 33-37
Rate constant, 69, 120, 129, 155, 158
first order reaction, 69, 120, 155
second order reaction, 129, 158
Red-black Gauss-Seidel method, 195
Relaxation
parameter, 194
technique, 194-195
Gauss-Seidel, 194
overrelaxation, 195
underrelaxation, 195
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Reynold's number, 20
Round-off error, 53, 87
Runge-Kutta fourth order method, 54

Stability, 87, 174-176
Standard enthalpy change of reaction, 49
Step size, 53
Stirred tank with coil heater, 57
series of, 66
System
of linear algebraic equations, 1-12
of nonlinear algebraic equations, 25
of ordinary differential equations, 63, 131
boundary value problem, 131
initial value problem, 63

Taylor series expansion, 85
Terminal velocity, 23
Thomas algorithm (see Tridiagonal matrix
algorithm)
Tridiagonal matrix, 1
algorithm (TDMA), 2
diagonal elements, 1
sub-diagonal elements, 1
super-diagonal elements, 1
Tridiagonal set of linear algebraic equations, 1,
94, 96, 99, 110, 111, 124, 126, 128, 130,

158, 160, 166, 168, 178, 180, 182, 185,
188, 210-214, 217-219
Truncation error, 53, 87
Tubular reactor with axial dispersion, 119-153
first order reaction, 120-128
multiple reactions, 131-153
second order reaction, 129-131
Two-dimensional
steady heat conduction, 192-214
using ADI method, 208
using Gauss-Seidel method, 194
using red-black Gauss-Seidel method, 195
transient heat conduction, 214-220
using ADI method, 214-220

Upwind difference schemes, 105-108
first-order, 105

second-order, 106-108

Vapour—liquid equilibrium calculations, 33-47
using Gamma-Phi approach, 4344
using modified Raoult’s law, 3742
using Phi-Phi approach, 44-47
using Raoult’s law, 33-37
Vapour pressure using cubic equation of state,
42-43
Von Neumann stability analysis, 174-176
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